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Here we provide a background and framework for readers who are not familiar with the any published 

part of the cross linking entropy model (Dawson et al., 2001ab; 2005; 2006; 2007).  

From the start, the picture that should be impressed upon the mind to represent this coarse-grained 

modeling is shown in Figure A1.  The featureless gray elliptical beads are the monomers.  These beads are 

connected together forming beads on a string.  The coarse-grained local and global entropy focuses on the 

behavior of these beads on a string. “Local” is understood to mean the local behavior of the beads. When we 

seek the fine-grained detailed entropy, then we turn to local statistical thermodynamic pairing potentials 

(LSTPPs). LSTPPs contribute the fine-grained detailed corrections to this rough coarse-grained entropy 

model. The total free energy (FE) represents the sum of all the coarse-grained and LSTPP contributions.  

A1. The Kuhn Length and Renormalization Theory  

In the Gaussian polymer chain (GPC) model, the Kuhn length (ξ ) strongly affects the way we treat 

individual monomers that comprise the polymer under study.1  The Kuhn length is a measure of the 

correlation between the monomers (Kuhn, 1934 and 1936) . When the distance between two monomers is 

shorter than the Kuhn length, the correlation (or coupling) is strong and the monomers tend to behave 

effectively as though they were a single unit. This is referred to here as an “effective mer”. When the 

distance between the mers exceeds the Kuhn length, the correlation (or coupling) decreases significantly 

(Grosberg and Khokhlov, 1994).  It is the weak coupling region (Nash, 1974) where the coarse-grained 

entropy operates on the Gaussian polymer chain model. 

                                                   
1 There are two descriptions of this parameter in the literature; the Kuhn length (ξ) and the persistence length (A).  The Kuhn 
length has its origins in the GPC model (Kuhn 1934). The persistence length is derived from the worm-like-chain model 
(Flory, 1969; Marko et al., 1995). For long polymer chains, A~ξ/2. 



 

Figure A1: An example of the concept of beads on a string and how they interact in the coarse-grained picture of a 
polymer. In this case, a single bead (one of the metallic ellipsoids) describes an entire nucleic acid base. The beads 
compose two strands arranged in a double helix of A-RNA. The ellipsoid shaped balls indicate the center of the 
monomer. The separation distance between the monomers ( bλ ) on opposing sides of the double strand helix is shown 
in the Figure by the double sided arrow (lavender). A similar picture applies for interacting beta-stands and interacting 
alpha-helices for proteins.  

 

The consequence of the Kuhn length is that the unit of measure for a polymer is not the monomer but 

the effective mer.  This effective mer is an abstract entity that does not yield well to study in experiment or 

theory. 

Renormalization theory is used as a means to express the effective mers in terms of the monomers (de 

Gennes, 1979). Renormalization theory scales the free energy (and therefore the entropy) with respect to the 

monomer dimensions such that 
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where )1( =∆ ξS  refers to the entropy measured at the monomer scale, d  is the dimensionality (here 1=d ), 

( 1)S ξ∆ >  is the entropy of a set of beads on a string where the distance between the beads has increased by 

a factor of ξ, and ξS∆  expresses the local coarse-grained entropy correction that accounts for this freezing 

out of the additional degrees of freedom (Ma, 1973). 

For a sequence of N -mers whose mer-to-mer separation distance is b  (for an A-RNA helix: 5.9 Å and 

for amino acids approximately 3 Å), and whose maximum stretched-out contour length is L , the polymer 

can be expressed as a collection of effective mers of number ( /N N ξ=% ) whose separation distance is bb ξ=
~

. 

This leads to the following relationships 
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In general, and particularly for the problems of interest here, the Kuhn length is certainly longer than the 

monomer-to-monomer distance (Flory, 1969; Grosberg and Khokhlov, 1994).2  

A2. The Root-mean-squared (rms) End-to-end Separation Distance  

In as much as any real polymer in the denatured state can be approximated by a random walk model 

like a GPC, it has long been known that the root mean square (rms) end-to-end separation distance between 

the ends of the sequence (
1/ 22

r ) is a function of the number of effective mers in the sequence. This quantity 

usually is measurable from the radius of gyration (Grosberg and Khokhlov, 1994). 

Since the radius of gyration is a function of sequence length and the principle of similarity applies to 

these systems, the rms end-to-end distance must also be true for any fragment of the polymer containing the 

same sequence length. Hence, for any pair of effective mers i% and j% , it follows that the rms mer-to-mer 

separation distance between them (
2/1

~~
2

ji
r ) must be a function of the difference in the number of effective 

mers that separate them (Dawson et al., 2001a; Dawson et al., 2006).   

It is not practical to evaluate 
2/1

~~
2

ji
r  with respect to the effective mers ( , )i j% %  because they are abstract 

quantities that depend on specific environmental conditions. Instead, the model is best evaluated in terms of 

the measurable mers ),( ji  and the corresponding parameters are then scaled (or transformed) to the effective 

mers.  

Using monomers as the unit of length b, the rms end-to-end distance is 
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2 Flory (1969) provides an example of a case where the Kuhn length is shorter than the mer-to-mer distance. 



 

where ijN  is the number of residues separating i and j  ( 1ijN j i= − + ), νξκ −= 1  and ν  is dependent on ijN  

and roughly ranges between 1 / 3 3 / 5ν< < . From the central limit theorem (Feller, 1968), we find the 

variance 22
r ijij

N bξ= ; i.e.,  the square of the rms when 1/ 2ν = . (Cases where 1 / 2ν ≠  will not be considered 

in this work.) For a GPC, 1 / 2ν ≡ , 1/ 2κ ξ=  and 22r ijN bξ= .  

A further consequence of the previous relationship of monomers i and j  is that, if one shifts by a 

distance k to ( , )i k j k+ + , the same behavior is observed for a sequence of identical monomers (Grosberg and 

Khokhlov, 1994). Therefore, the property is essentially translation invariant (for identical monomers)  
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where i k N j− < < − . 

 

A3. Probability and Entropy 

Boltzmann originally defined the entropy as the logarithm of a probability (Swendsen, 2005, 2008). In 

the now famous expression on his tombstone “ logS k W= ”, the W stands for Wahrscheinlichkeit which 

means probability (Swendsen, 2008). Therefore, if we can find a way to describe the probability of different 

states of a given biopolymer, we can use Boltzmann’s expression to describe the entropy. 

Entropy, in this definition, is actually an ensemble (a group) and therefore is an expression of the 

“average state” of the system.  One can imagine taking snap shots of the structure over time and collecting 

them up and comparing how often the same structure appears. With sufficient samples, one can estimate the 

likelihood that some particular structure will appear again. In some cases, that could mean a large collection 

of structures all with the same energy and no other particularly distinguishing features beyond some average 

parameters such as the rms distance.  On the other hand, if there is some highly dominant structure that is 

present, then it will be seen very often and takes the lion’s share of the probability. 

Given that an RNA molecule or protein has a distinct structure that is measureable with X-ray 

crystallography or NMR spectroscopy, then when that biomolecule is far below its melting temperature 

( mT ), that distinct structure should be the dominant observed structure. That structure k should also 

corresponds to the minimum free energy 

 

( )B Bln ln /k k oS k k g= Ω Ω Ω  (A5) 

 

where Bk  is the Boltzmann constant, oΩ  is the total partition function (the sum of all the contributions from 

all the states of that exist), Ω  is the partition function for the particular conditions, kΩ  represent microstate 
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k  of Ω , /k oΩ Ω  is the normalized thermodynamic probability, and kg  is the degeneracy of state k . 

Biomolecules tend to fold up into unique and therefore distinguishable structures. Therefore, there is often 

very little degeneracy even at the coarse-grained length scales; 1kg ≡ . 

Given a biopolymer settles to a distinct and dominant state k when mT T , and given the probability of 

state k is /k k op = Ω Ω  with 1kk
p =∑ , then the entropy can be approximated as 

 

( )B ln k kS k p S= . (A6) 

 

Given these conditions are satisfied, the total entropy S in Equation (A6) corresponds roughly to a single 

structure (Sk).  However, it can happen that many structures have a similar entropy, in which case one must 

search for an average set of structures to obtain a more realistic picture of the “state” of the structure. 

The internal structure of a structured biomolecule typically has many bonds and many interactions 

involved.  This is partly what makes that molecule distinguishable. The system is highly coupled making it 

difficult to compute the entropy of a particular state. However, we invoke the subadditivity of entropy 

theorem 12 1 2S S S≤ +  and assume that the beads can be treated as “reasonably independent”. In effect, we 

ignore this coupling (in part because we are stuck if we don’t).  

To find the particular entropy of state k , we express the individual contributions to kp  as independent 

contributions from stable structures caused by the monomer-monomer interactions 1 1 2 2( , ), ( , ), ( , )n ni j i j i jK  

such that 1 1 2 2( , ) ( , ) ( , )k k k k n np p i j p i j p i j= ⋅ L . Then based on Equation (A6)  
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where bp( ) ( , )l lij i j=  serves as a shorthand for saying “summed over all binding pairs (bp)” and ijr  

expresses the distance between mers i and j.3 The term ( )bp ijS r  becomes important in the sections that 

follow.  

 

                                                   
3 We confess that we have made several very dicey assumptions in writing these “equalities”. First, these probabilities may 
not be sufficiently independent that we can simply add them. Second, in passing from kS  to bpS , we have assumed that the 

entropy of the binding pairs is independent of any particular structure k. Neither of these assumptions are necessarily so. 
However, this additive principle is currently used by all existing approaches in the RNA/protein structure prediction 
thermodynamics and indeed, most applied entropy calculation approaches in almost every field.  Certainly in this context, 
all purported approaches assume (at some level) that folded structures can and do form independently of any other 
structures that are present in the final native state fold and that these interactions can be treated with a minimum of context 
dependence.  Finally, we have explicitly stated these assumptions here, acknowledged these shortcomings and asked “what 
are the statistics saying?” and “what does that mean?”. 
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A4. The Gaussian Polymer Chain (GPC) Model 

To help understand the concepts, we start with the simplest model: the Gaussian polymer chain (GPC). 

In the subsequent section, we will generalize these concepts. 

Starting from the observations indicated in Equation (A3–A4), with the GPC, the probability that one 

should find the end-to-end distance between mers i and j  equal to ijr  with a tolerance of r∆  

( / 2 / 2ij ijr r r r r− ∆ < < + ∆ ) is  
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where  
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and b is the mer-to-mer separation distance. The corresponding probability distribution function (pdf) is  
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Since r r∆  and the resolution is on the scale of mers, one can set ~r b∆ .  

Therefore, when stable interaction occurs, and the entropy approximates the properties given in 

Equation (A7), then the entropy of contribution ),( ji  can be approximated by the product of the probability 

generated by Equation (A8). Further, since there is no explicit temperature dependence in Equation (A8), the 

global contribution to the entropy for mers i  and j  becomes (after weighting by the renormalization scaling 

factor ξ/1  for 1ξ > nt as in Eq (A1)) 
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where according to Equation (A1), ξ  (the Kuhn length) scales the contribution from each binding pair to the 

dimensions of the effective mers. If 1ξ ≤ , then ξ  should not appear as a weight in Equation (A11) (Dawson 

et al., 2001a).  

For large ijN , the error introduced by using the finite increment ( r∆ ) is (ln( / ))O r b∆ .  For small ijN , the 

error in Equation (A11) is larger than (ln( / ))O r b∆  because there is local structure in a real polymer that 
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simply cannot be approximated properly as “spherically symmetric balls” as in (Figure A1). These 

corrections can only come from experimental measurements or from a more detailed theoretical model of 

local interactions.  

In Equation (A11), we have implicitly assumed that ξ  is a constant in this model because the 

monomers are similar in chemical behavior and composition.  The entropy-loss is reduced in inverse 

proportion to the correlation between bases in the sequence (the factor 1 / ξ ). This is a well known principle 

in renormalization theory (Ma, 1973; McKenzie, 1976; de Gennes, 1979; Grosberg and Khokhlov, 1994) 

and asserted in Equation (A1).  It is almost certain that ξ  is a variable. Nevertheless, a good thermodynamic 

model should be robust and should only prove stronger when such weaknesses are removed.4  

A5. Generalizing the GPC Model 

Now, generalizing, the probability that one should find the end-to-end distance between mers i and j  

equal to ijr  with a tolerance of r∆  (
2 2
r r

ij ijr r r
∆ ∆

− < < + ) becomes  
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where b is the monomer-to-monomer separation distance, δ  is a finite positive constant and γ (>0); see 

Dawson et al. (2006) and references therein. Of the other parameters, Aδγ  is the spherically symmetric 

contribution to the volume term,  
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− −Γ = ∫  is the Gamma-function; ijϑ  weights the variance (
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r2 ) in Equation (A12),  
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where [ ]
/ 2

( , ) ( 3 / ) / ( 1/ )
δ

ζ γ δ γ δ γ δ= Γ + Γ + , and ijC
γδ  is a normalization constant for the pdf 

                                                   
4 The details of errors introduced by these assumptions will have to be discussed elsewhere.  However, suffice it to say that 
if a reasonable average for ξ  can be found and the variation is not too large, the errors tend to cancel each other out.  
Therefore, the basic concepts are not changed by these assumptions. In the main text, we derive a method for handling a 
variable ξ  and therefore variable flexibility.  However, it should be reflected upon that, whereas this represents the ideal 
situation, rarely are we blessed with such a priori knowledge and it is still necessary to ferret out the mechanisms that cause 
these variations. 
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with 
ij

r2  defined in Equation (A3); a consequence of the central limit theorem (Feller 1968). Equation 

(A12) has the the property of being self-similar and scalable. For a GPC, the parameters are 2δ ≡ , 1γ ≡  and 

1/ 2ν ≡ , and the terms in Equation (A12-A15) reduce to 4Aδγ π= , 22r ijij
N bξ= , ( )3/ 2ij ijNϑ ξ=  and 

3/ 2[3/(2 )]ij ijC Nπξ= .   

The parameter δ  expresses the type of correlation or coupling effects in the interaction where the GPC 

with 2δ ≡  (Gaussian) indicates a highly localized coupling. A decrease in δ ( 20 << δ ), yields the coupling 

diffusive ( 1δ → ) or even glassy ( 5.0→δ ; locally order but globally disordered) and reduces the global 

contribution drastically. An increase in δ  ( 2>δ ), generates strongly decoupled interactions, causes 

considerable swelling of the polymer and a large increase in the global CLE. For RNA and proteins, the 

interactions are largely attractive suggesting that 1 2δ< < .  

Since r r∆  and the resolution is on the scale of mers, one can set ~r b∆ . The global contribution to 

the entropy for mers i  and j  becomes 
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where again, ξ  scales the entropy contribution of a single member of a group of binding pairs by a 

corresponding reduction in degrees of freedom. 

 

A6. Coarse-grained Entropy Loss 

Here we present the basic equations used in the CLE-model. There are two aspects to the coarse-

grained entropy model: a local effect and a global effect.  Finally, there is the overall contribution which is a 

summation of all these interactions. 

 

Global Contributions to the Coarse-grained Entropy Loss 

The global change in entropy is measured by considering two stable states of the system: the 

denatured structure, where 1/ 22
rij ijij

r N b
νκ= = , and the native state, where ij ijr bλ= . For RNA, ijλ λ=  (shown 

in Figure A1). Since the polymer involves very crude approximations of shape, the value of bλ  is not 

equivalent to the chemical bond length of a nucleic acid. Rather it reflects the distance between two similar 

spheres (shown schematically in Figure A1). (In general, this also applies to proteins though the side chains 
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can require different values for ijλ .) By finding the end-to-end separation distance, a way to describe the 

denatured state of an RNA molecule or a protein is also found. The coarse-grained entropy-loss due to 

binding pair formation as the structure folds from the denatured state to the native state has the form 
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  (A17) 

 

for the Gaussian function; where we have shifted the notation to ijN  because ijr  is a function of ijN .  

Expressed in the general form, Equation (A17) becomes 
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Substituting Equations (A4) and (A14) into Equation (A18) and simplifying, a relatively compact 

expression emerges 
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where 1 1/( / ) ν
ν ξ ξ λ−Ψ =  and [ ]

/2
( , ) ( 3 / ) / ( 1 / )

δ
ζ γ δ γ δ γ δ= Γ + Γ +  (c.f., Equation (A14)). In this manuscript, we 

will simply assume that 1 / 2ν ≡  (the athermal condition; (Flory 1953)), and defer consideration of 1 / 2ν ≠  

elsewhere. When Gaussian parameters are used, Equation (A19) yields  
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Local Contributions to the Coarse-grained Entropy Loss 

 In case it has not been made clear up to this point, the local coarse-grained entropy should not be 

confused with the local statistical thermodynamic pairing potentials (LSTPP) (Zhang et al., 1997; Mintseris 

and Weng, 2003; Mathews et al., 1999).  This local coarse-grained entropy exists and is affected by the 

LSTPPs; however, the objects that are affected are the sizes of the beads in Figure A1. Increasing the Kuhn 

length introduces local order and strong coupling between monomers over a similar length scale as the Kuhn 

length and contributes a negative entropy that is a function of ξ .  As the local structure couples and hardens, 

the global contribution to the CLE will decrease due to the ξ/1  scaling factor in Equation (A11) and (A16). 



This later effect can be strong enough to cause a favorable change in the FE in some cases.  

The Kuhn length does not express an ensemble of straight rigid rods in this model, rather Kuhn length 

represents substructures in a more or less fixed conformation that move collectively rather than 

independently (Hagerman, 1997; Friederich et al., 1998). The origin of these effects may be due to base 

stacking or to the stabilizing effects of mono-valent and divalent cations (in RNA in particular), hydrophobic 

interactions (in proteins in particular), as well as constraints introduced by lack of free rotation and the 

limited angles on the chemical bonds themselves. It may also represent damping effects due to quantum 

mechanical interactions between the polymer and the water buffer including the hydrogen bonding network 

of water molecules and the polymer, and interactions with ions in the buffer. In other words, the precise 

coupling between the LSTPPs and this local coarse-grained entropy is currently not understood. 

To describe the segmentation in the polymer chain relative to some independent reference, we introduce 

a fundamental reference Kuhn length of an effective-mer segment ( oξ : measured in units of mers relative to 

N ). Since the reference here is the monomer, the reference Kuhn segment length is 1≡oξ  mer.  

Changes in the entropy for a finite sequence are accompanied with a change in the number of effective 

mers. This implies that the effect we are looking at is associated with the chemical potential µ .  Solving this 

as outlined in (Dawson et al., 2006), the change in the FE due to variation in ξ  is  
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where ox ξξ /= . For the case where 0δ >  and 2δ ≠ , and 1ξ >  nt,  

 

(1 )
B

1

(1 )( 1)ln( ) 1
( , )

1 1

k TN x x
T S G dx

d x x

δ νξ

ξγδ ξγδ

ν δγ
ϖζ γ δ

ξ

−

+

   − + − 
− ∆ = ∆ = +  

− −    
∫  (A22) 

 

where, ( )1/ / ( , )ϖ γ δ ζ γ δ= +  is a stretching weight on the gamma function, and 3d = .  When 2δ ≡ , 1ϖ ≡  and 

Equation (A22) simplifies to Equation (A21).  

 

Total Contributions to the Coarse-grained Entropy Loss 

The total coarse-grained entropy-loss is the sum of the local correction (renormalization constant) and 

the global contribution caused by stem formation5   

 

∑∆+∆=∆
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ijbp

ijbpcle NSSS ξγδ , (A23) 

 
                                                   

5 The derivation of the total contribution from the global component of the CLE is explained in detail the main 
manuscript. Here we simply write the result.  

ξ

and oξ = 1



where )( ijbp NS∆  is the global contribution in Equation (A19) and Sξγδ∆  is the local contribution from 

Equation (A22). Equation (A23) is summed over all binding pairs of a given structure using Equation (A19).  

 

Appendix B: Estimation of the Effective Coordination 

 Number for a Self Avoiding Random Walk 

Here we briefly describe how one can estimate the effective coordination number ( q% ) as discussed in 

the main text.  For a random walk of an infinite number of steps, this value converges to a finite non-zero 

value (Sykes, 1963).  The number is always larger for finite N (White et al., 2005). This appendix is not 

intended to be a comprehensive review of the vast literature on the subject.   

 

Figure B1:  Examples of the minimum number of steps necessary to reduce the number of options in the next move 
by 1. (a) The first step reduces the maximum number of all subsequent steps to have a coordination number of 3 (note 
the blue arrows). (b) Where there is no other structure in the same vicinity, the shortest possible number of steps 
needed to reduce this option to two is 4 steps. (c) To reduce the options to 1 requires 6 steps. (d) To completely 
immobilize the structure eliminating it all together requires 8 steps.  
 



 

To estimate this number we consider a square planar lattice of initial coordination number 4 (Figure 

B1). The first move has all 4 directions allowed. The second move already allows only 3 (Figure B1a). The 

third step also allows 3.  It is at the fourth move that there is some chance to reduce the options to 2 moves 

(Figure B1b). From the initial position in Figure B1a, it takes a total of 6 moves to reduce the options to 1 

move (Figure B1c) and 8 moves to completely trap the pattern where no further move is possible (Figure 

B1d). If we assume that at each move, this is the general probability trend, then the chance for two 

unobstructed moves is 2(1 / 3) 1 / 9= .  At the next position, the chance for 2 more unobstructed moves, which 

is dependent on the previous independently produced step, is 2(1 / 9) 1 / 81= .  The third move again reduces 

this in a dependent fashion 3(1 / 9) 1 / 729= .  Each new step incorporates new cycles of this.  The likelihood 

that the chain in the lattice will continue appears to roughly fit a succession of dependent geometric 

probabilities 
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  
% L .  (B1) 

The average for a calculation on a square lattice ( 4oq = ) with chain of length 500 is approximately 

2.642 0.014q ≈ ±% , where the best know value for a chain of infinite length is 2.6381585(10) and the error is 

indicated by the parenthesis (White et al., 2005).   

It is quite easy to check this with modern computers. However, there is significant attrition of the data 

as N gets larger.  Using trial and error runs to generate the successful lattice configurations, for 100  

successful configurations ( 100h = ), we found an attrition where the number of necessary trials ( ( , )T N h ) 

grew at the rate of ( , ) ( / 100)exp(0.0225 3.85)T N h h N= + , consistent with reported attrition trends (Wall et al., 

1955; Wall and Erpenbeck, 1959).  In this example, we had 128 successful runs out of 4.25 M trials for a 

chain of length 500 mers. 

Hence, for 4oq = , 2 3q< <%  is clearly safe to say.  It is also safe to say that 2 1o oq q q− < < −%  for 2oq > .  

A generalization of Equation (B1) would be approximately 
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where corrections for 2 moves (Fig B1b) and 1 move (Fig B1c) are neglected.  For a cubic lattice ( 6oq = ), 

the reported value for this constant is 4.68q =%  (Sykes, 1963), where Equation (B2) yields 4.79q%  which 

slightly over estimates the effective lattice parameter. 
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