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Abstract

A k-order generalization of the linear diagonals-parameter symmetry model is proposed, and related orthogonal
decompositions of the generalization are inspected. Applications to randomized clinical trials are given.
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Introduction

Consider an r*square contingency table with the same row and
column classifications. Let p, denote the probablhty that an observation
will fall in the (3,j) th cell of the table (i=1,...,r;j=1,...,r). For the analysis
of square contingency tables, one of our interests is whether or not there
is a structure of symmetry (or asymmetry) rather than independence in
the table. The symmetry (S? ) model is defined by

Pvy
where y, =y, This indicates that the probability that an observation will
fall in the (i,j)™ cell is equal to the probability that the observation falls
in the (j,i)" cell. As a model that has the weaker restrictions than the

$? model, Caussinus [1] considered the quasi-symmetry (Q; ) model
defined by

where y,=y,. A special case of this model with {a;, = } is the §* model.
Also Caussinus [1] showed a theorem that the $? model holds if and
only if both the Q’ and the marginal homogeneity models hold. For
the analysis of data, the theorem (say decomposition of the §* model)
may be useful for seeing the reason for the poor fit when the §? model
fits the data poorly.

The $ and Q] models indicate the structure of symmetry of cell
probabilities and odds-ratios, respectively. As a model that indicates
the structure of asymmetry of cell probabilities, Agresti [2] considered
the linear diagonals-parameter symmetry (LS?) model defined by

Pij: paiﬁi\v,‘j’
where y,=y,. This model is a special case of Q} model. In this way

various symmetry and asymmetry models have been proposed by
many statisticians (also see Agresti [3]; Tomizawa and Tahata [4]).

Consider an " contingency table with ordered categories. Let
i=(i,,...,i;) for i=1,...,r (k =1,...,T), and let P, denote the probability
that an observation will fall in the " cell of the table. Let X, (k =1,...,T),
denote the k" variable. Tahata et al. [5] considered the linear diagonals-
parameter symmetry (LS"), and extended LS” (ELS”) models. The ELS”
model is defined by

T T
N 2
— lS IS
=u[]aiy [Tew v
s=1 s=1

where y=y, for any permutation j=(j,....,j,) of i=(i,..

i

i), A special
case of this model with {azm =1} is the LS" model. Also a special

case of this model with {alm =ay,

(Bhapkar and Darroch [6]; Agresti [3]). Note that when T = 2, the LS’
model is given by Agresti [2].

= 1} is the symmetry (S) model

Tahata et al. [7] considered the h™linear ordinal quasi-symmetry (

LQJ ) model (for fixed h (h =1,...,T-1)), defined by

alTe T e IT-TT a0 v

1<k <ky <T 1<ky <o -<ky, <T
where y,=, for any permutation j=(j,....,j,) of i=(i,,..

X

-i,). Note that the
LQ] modelis a special case of the k" order quasi-symmetry ( Q] ) model

(Bhapkar and Darroch [6]), and LS (ELS") models are special cases of
the first order quasi-symmetry (9] ) model. Note that the O] model is
defined by LQ; with {,[)’l““kl‘ } replaced by {7k,.uk,(ik -»«-%)} J=1,...h.

For the analysis of data, when the S” model does not hold, one
may be interested in applying various asymmetry models; for example,
the LS”, ELS" and LQ,,T models. If these models do not hold, we are

interested in applying a more generalized asymmetry model. In
addition we are interested in seeing the reason for the poor fit of the
S” model by using the decomposition of the $” model. Thus the present
paper proposes the generalization of the ELS" model, and gives the
orthogonal decomposition of the S” model.

Generalized linear asymmetry model

Consider a new model defined by, for a fixed k (k=1,..,r-1),

T T T
i i it
=Hu H ) H Ay | X% H Xiis)
s=1 s=1 s=1

where y,=y; for any permutation j=(j ,....j,) of i=(i,..

Vi

.,iT). Without loss
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of generality, we may set «,, =1 (I = 1,....k). We shall refer to this
model as the k” linear asymmetry model (denoted by LS ). A special
case of the LS, model with {alm ==, = 1} , s =1,..,T, is the "

model. Special cases of the LS, model with k=1 and with k=2 are LS’
(i.e., LQIT ) and ELS” models, respectively.

The Q] model can be expressed as

T
H }/kl (igy )
k-l

where = \2 for any permutation j=(j,,...,j,) of i=(i,,...,i,). This model
can also be expressed as

T
b= /‘{H ﬂl(n)}?"i’
=2

where ¢= ¢, for any permutation i=(i,....i;) of i=(i,...,i;) with

ﬁ'/(iz)

pi=H Vs

=%y ! "y and @, =77 W, - Then the Of model with

. r=1
{’11(1',)} replaced by {al"(,) XX a;’,lm} can be expressed as

T oo
l’ e I/
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where ¢= ¢, for any permutation j=(j,...,j,) of i=(i,....i,) with

\

pi :Iu ¢i’

QO model is equivalent to the LS’ , model. Therefore we point out

that the LS] (k <r—1) model is a special case of the Q] model.

Consider the case of T=2. For a fixed k (<r), the LS,(2 model can be
expressed as

i . l“ k
py; = ,uam)alj(z) XeeeX ak(l)al{(z)l//i/"
where V=Y Under this model, the ratio of Pij to ij. is
D u i i . .
—=[1r" G<p,
jioo 1=l
where y, =(q,,, / @) - Namely, this model indicates that the log ratio

of symmetric cells is expressed as the polynomial. Note that the LS’ ,
model is equivalent to the O} model.

Decomposition of symmetry model

For a fixed k (k=1,..,r-1), consider a model defined by
E(X]l):...:E(X;) (=1,...,k).

We shall refer to this model as the marginal s moment equality

(MMET ) model. Then we obtain the following theorem.
Theorem 1: For the r" table (T > 2) and k fixed (k =1,...,7 —1), the
S” model holds if and only if both the LS; and MME] models hold.

We give the proof in the Appendix 1. Note that special cases of
Theorem 1 with k=1 and k=2 are given by Tahata et al. [5].

Also although the detail is omitted, we can see that the MMErTf1

model is equivalent to the marginal homogeneity (M ) model defined

by
P(X,=i)=-=P(X, =i) (i=1..,r),

and the LS” | model is equivalent to the O model. Namely, a special

case of Theorem 1 with k=r-1 is identical to the result given by Bhapkar
and Darroch [6].

By the way, the MME] model is expressed as
E(X)=--=E(X;).

Also the MME] model is equivalent to

E(X))=-=E(X;),
and
V(Xl) == V(XT)'
We are also interested in, for T >3,
E(Xl): :E(XT)>
and

Cov(X,X)=C (1<i<j<T),

where C is unknown constant. We shall refer to this model as the
covariance equality (CE") model. Then, in a similar manner to Theorem
1 and Tahata et al. [7], we can obtain the following theorem.

Theorem 2: For the 7 table (T 23), the S” model holds if and only if
both the LQ] and CE" models hold.
The relationships among models are given in (Figure 1).

Orthogonal decomposition of test statistic

Let m, , denote the observed frequency in the (i ,...,i,)" cell of the

F(T> 2) table (i, =1,...75k =1,..,T) with n=2**2n_, , and

let m;, . denote the corresponding expected frequency. Assume that
10T

{ni,“.i,-} have a multinomial distribution. The maximum likelihood

estimates of expected frequencies {mil...ir} under the LS, , MME]

and CE" models could be obtained using the iterative procedure,
for example, the general iterative procedure for log-linear models of
Darroch and Ratcliff [8] or using the Newton-Raphson method to the
log-likelihood equations.

LO]
Ls! (L) <
s7 LS] —>--—> L§7, (Qf]

MME! | (M] ) —> MME] ,—> -- .

a MMET
> CE*'/’ |

—> > L0,

Figure 1: Relationships among models (“A— B” indicates that model A implies
model B).
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Each model can be tested for goodness-of-fit by, e.g., the likelihood
ratio chi-squared statistic with the corresponding degrees of freedom

(df). The numbers of df for the S7, LS kT and MMEZ models are " — L,
#" —L—(T =)k and (T —1)k , respectively, where

(I’+T—1]:(r+T—l)!

T =1
Also the number of df for the LQ] and CE” modelsare " — L — N
and N, respectively, where N =(T'-2)+T(T-1)/2.

Let G(M) denote the likelihood ratio statistic for testing goodness-
of-fit of model M. Thus

G(My=222n, . log['f"""""}

mi, ..ip

where 7y, isthe maximum likelihood estimate of expected frequency
m; . under model M. Then we obtain the following theorem.

Theorem 3: For the r" table (T> 2) and k fixed (k =1,...,r —1), the
test statistic GX(S") is asymptotically equivalent to the sum of G*(LS])
and G*(MMEY).

The proof of Theorem 3 is given in the Appendix 2. In a similar
manner to Tahata et al. [5,7], we can obtain the following theorem.

Theorem 4: For the r' table (T> 3), the test statistic G*(S) is
asymptotically equivalent to the sum of G*(LQ]) and G*(CE").

Note that special cases of Theorem 3 with k =1 and k =2 are given
by Tahata et al. [5].

Analysis of data

Analysis of table 1: The data in (Table 1), taken from Stuart [9], are
constructed from unaided distance vision of 7477 women aged 30-39
employed in Royal Ordnance factories in Britain from 1943 to 1946

Right eye Left eye grade
grade Best (1) | Second (2) | Third (3) | Worst(4) | Total
Best (1) 1520 266 124 66 1976
(1520.00) (263.37) (133.35) (59.12)
(1520.00) (263.77) (133.53) (59.10)
(1520.00) (263.38) (133.58) (59.04)
Second (2) 234 1512 432 78 2256
(236.63) (1512.00) (418.23) (88.53)
(236.23) (1512.00) (418.19) (88.38)
(236.62) (1512.00) (418.99) (88.39)
Third (3) 117 362 1772 205 2456
(107.65) (375.77) (1772.00) | (202.27)
(107.47) (375.81) (1772.00) | (201.92)
(107.42) (375.01) (1772.00) | (201.57)
Worst (4) 36 82 179 492 789
(42.88) (71.47) (181.73) (492.00)
(42.90) (71.62) (182.08) (492.00)
(42.96) (71.61) (182.43) (492.00)
Total 1907 2222 2507 841 7477

Table 1: Unaided distance vision of 7477 women aged 30-39 employed in
Royal Ordnance factories in British from 1943 to 1946; from Stuart [9]. (Upper,
middle and lower parenthesized values are the maximum likelihood estimates
of expected frequencies under the LS’ , LS; and LS; models, respectively).

(see, e.g., Caussinus [1]; Tomizawa and Tahata [4]).

The S* model fits the data in (Table 1) poorly (see Table 3). By using
the decompositions for the S? model, we shall consider the reason why

the S? model fits these data poorly. The LS, ,f (k=1,2,3) models fit them
well, but the MME kz (k =1,2,3) models fit them poorly. So, for example,
we see from Theorem 1 with k =1 (i.e., decomposition of the S* model
into the LS} and MME; models) that the poor fit of the S> model is
caused by the influence of the lack of structure of the MME; model
(rather than the LS’ model). From Theorem 1 with k =2 or k =3, we
can obtain similar results.

The LS; model may be expressed as

Py

=aljal; ey (1<i<j<4).
Ji
Therefore, under this model the probability that a woman’s
right eye grade is i and her left eye grade is j(>i) is estimated to be

d{&’;dé;z’)"zdﬁ{;& times higher than the probability that the woman’s
left eye grade is i and her right eye grade is j, where §,,,=1.077,
Q2 =1.017, and g3, =0.998. Note that g, (/=1,2,3) are the
maximum likelihood estimates of «,,. In this similar manner, the

interpretations under the LS; and LS’ models are obtained although
the details are omitted.

According to the test based on the difference between the G* values
for the LS; and LS; models, the LS; model may be preferable to

the LS32 model, and in the similar manner, the LS]2 model may be

preferable to the LS; model.

Analysis of table 2: Consider the data in (Table 2) taken from
Tahata et al. [5]. These are the results of the treatment group only in
randomized clinical trials conducted by a pharmaceutical company
in anemic patients with cancer receiving chemotherapy. The response
is the patient’s hemoglobin (Hb) concentration at baseline (before
treatment) and following 4 weeks and 8 weeks of treatment. (Table 2)
shows the 3x3x3 array of counts of Hb response that is classified as
(1) 210 g/dl, (2) 8-10 g/dl, and (3) < 8 g/dl. It is reasonable to explore
this array for various asymmetries involving time. Namely, we are
interested in considering the transition of patient’s Hb concentration
rather than the interchangeability of evenly spaced points in time with
respect to those concentrations. For example, we want to see whether
there is an asymmetric transition of those concentrations or not, when
the value of those concentration at baseline was given.

We see from (Table 3) that (1) each of the S’ LS,f (k=1,2)
R MME,? (k=1,2,) , and CE® models fits the data in (Table 2) poorly,

however, (2) the LQ; model fits them well.

The S* model fits the data in (Table 2) poorly (see Table 3). By using
the decompositions for the S model, we shall consider the reason why

the S* model fits these data poorly. The LQ; model fits them well,
but the other models fit them poorly. So, we see from Theorem 2 (i.e.,
decomposition of the S* model into the LQ; and CE® models) that

the poor fit of the S* model is caused by the influence of the lack of
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8 weeks
Baseline We‘éks ) @) 3)
a 77 7 1
(77.00) (8.53) (0.22)
@ | ™ 43 7 0
(39.80) (9.35) (0.13)
@ 0 3 0 0
4.72) (0.60) (0.02)
@ 3 8 1
(4.67) (7.69) (0.74)
2 @ 17 16 5
(14.96) (16.00) (3.30)
@ @ 3 8 1
(2.80) (6.42) (0.70)
M @ 1 1 1
(0.07) (0.41) (0.59)
@ | @ 0 2 3
(0.33) (5.28) (4.03)
@ | @ 0 4 3
(0.39) (3.27) (3.00)

The response categories are (1) 210 g/dl, (2) 8 — 10 g/dI, (3) < 8 g/dl.

Table 2: Hemoglobin concentration at baseline, 4 weeks and 8 weeks in
carcinomatous anemia patients from a randomized clinical trial; from Tahata et
al. [5]. (Parenthesized values are the maximum likelihood estimates of expected
frequencies under the LQ; model).

For Table 1 For Table 2

Models df G2 Models df G?

S? 6 19.249* S8 17 76.186*
LS? 5 7.280 LS} 15 41.550*
LS; 4 7.277 LS; 13 35.466*
LS; 3 7.271 LO; 13 16.184
MME} 1 11.978* MME} 2 23.754*
MME? 2 11.982* MME; 4 29.250*
MME; 3 11.987* CE® 4 51.521*

The symbol “*” means significant at 5% level.

Table 3: Likelihood ratio chi-square values G? for models applied to the data in
(Tables 1 and 2).

structure of the CE®* model (rather than the LQZ3 model).
We shall consider the hypothesis that the LS} model holds

assuming that the LQ; model holds. Then we can use the test based on

the difference between the likelihood ratio chi-squared statistics since
the LS, model is a special case of the LQO; model. This hypothesis is
rejected at the 0.05 significance level since the difference between the

two likelihood ratio chi-squared values is 25.366 with 2 df. Therefore

the LQ; model would be preferable to the LS; model for these data.

Under the LQ, model, for example, we see

Piji
Piy

=07 (i=12,31<j<k<3),

where 6,=(8,/B,)(Bs/B,) . Therefore, under the LQ; model,
the maximum likelihood estimates of {6} are g =1.82, §,=0.63

and §,=0.21, respectively. Therefore, under the LQZ3 model, (i)
the conditional probability that the state of the Hb concentration
is j at 4 weeks and that is k (>) at 8 weeks, is estimated to be 1.82%
times higher than the conditional probability that the state of the Hb
concentration is k at 4 weeks and that is j at 8 weeks on condition
that the patient’s Hb concentration is (1) 210g/dl at baseline, (ii)
those conditional probability is estimated to be 0.63*/ times higher
than the corresponding conditional probability on condition that the
patient’s Hb concentration is (2) 8-10 g/dl at baseline, and (iii) those
conditional probability is estimated to be 0.21% times higher than the
corresponding conditional probability on condition that the patient’s
Hb concentration is (3) <8 g/dl at baseline. Therefore we could infer
that (i) when a patient’s Hb concentration is (1) 210 g/dl at baseline,
those concentration tend to decrease from 4 weeks to 8 weeks since
the maximum likelihood estimates of 6, is greater than 1, (ii) when a
patient’s Hb concentration is (2) 8-10 or (3) <8 g/dl at baseline, those
concentration tend to increase from 4 weeks to 8 weeks since the
maximum likelihood estimates of 0, and 0, are less than 1.

Concluding Remarks

In this paper, we have proposed the k-order generalization of the
linear diagonals-parameter symmetry model that is including the
first order quasi-symmetry model, and have given the decomposition
of the symmetry model. When the S™ model fits the data poorly, the
decomposition of the S" model (i.e., Theorems 1 and 2) would be useful
for seeing the reason for its poor fit. As seen in analysis of (Tables 1, 2),
we can see that (1) for the data in (Table 1), the poor fit of the $? model

is caused by the poor fit of the MME; models rather than the LS;
(k=1,2,3) models, and (2) for the data in (Table 2), the poor fit of the $*
model is caused by the CE® model rather than the LQ; model.

In Section 3 we have shown a theorem that the ST model holds

if and only if both the LS] and MME, models hold for a fixed k

(k=1,..,r=1). Also, we gave the asymptotic equivalence of test
statistic for the ST model in Theorem 3. Thus, for the orthogonal

decomposition of the S” model into the LS, and MME; models,

an incompatible situation, that both the LS, and MME, models are
accepted with high probability but the S” model is rejected with high
probability, would not arise. For the orthogonal decomposition of the

S” model into the LQ] and CE" models, we can also obtain similar

results. (For the details of orthogonal decomposition, see Darroch and
Silvey [10]).
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Appendix 1

We shall show the proof of Theorem 1 when T=2. For a fixed k, if
the S?model holds, then the zs; and MME; models hold. Assuming
that both the zs? and MME; models hold, then we shall show the S$*

*

model holds. Let { p;} denote the cell probabilities which satisfy both
the £s? and MME; models. Since the £s? model holds, we see

k
log p;, = log,u+2(i’ loga, + ' loga,(z))Hogl//ij,
I=1

where ¥, =V . Let 7; =¥;/¢ with ¢=22y,. Then the LS} and MME?

models are expressed as

*

k
log [Z”] =log prc+ [il loga,, +j' log a,m], and

i =
o= (=1,0k),
where 4= > s'piand =), > s'p.. Then we denote
= 1) by Hy.
Consider the arbitrary cell probabilities {#,} satisfying
w=m=py (=1,..,k),
where 4 (1) denote w4 (4) with {r;} replaced by {pr,}. Let

K ({a/}{b/}) be the Kullback-Leibler information between {a,y} and
{b,j} , where

K{faia))-$5a 1g[b]

From above equations, we see Z z (p; p;)]og[p” ] =0.
i=1 j=1 7Ty

Thus we can obtain K({p‘j};{ﬁ”})=K({p;};{ﬁﬁ})wLK({pﬁ};{p;}). Since
{ﬁd}is fixed, we see min{pu}K({pﬁ};{ﬂv})=K({p;};{ﬂij}), and then
{Py} uniquely minimize K({py},{ﬁy}) .

Let P;* = P;f for 1<i,j<r. Then noting that {ﬂi/. =7r,.,.}, we obtain
minm}K({p‘]};{ﬁv}):K({p;*};{ﬁy}), and then {r]'} uniquely minimize

K({p,}:{x,}). Therefore, we see pj; = pj,for 1<i,j <r. Namely, the $?model

holds. The proof is completed in case of T=2 . For the case of T > 2, we
can obtain by the same way.

Appendix 2

We shall show the proof of Theorem 3 when T=2. For a fixed k, the
Ls; model may be expressed as
k

logp, =Y. (j'=iNB +¢, (1<ij<r),
I=1

where ¢, =¢; . Let

P =(Ditseos Pips Pato-vos Dayoees Prise o Py )'s
B=B... 5. 9),

where “t” denotes the transpose and
¢= (¢ll’¢12""’¢1r’¢223¢23”"9¢2r""7¢rr)7

is the 1xr(r+1)/2 vector of ¢,~j for 1<i< j<r.Then the Ls; model
is expressed as

logp=Xp=(X,,...X;, X;,,) 5,
where X is the #* x K matrix with K =r(r+1)/2+k and

X, =1,®J -J ®1 ;ther’ x1vector (I=1,...,k),

and X, is the r’xr(r+1)/2 matrix of 1 or 0 elements, determined

from the above equation, 1_is the sx1 vector of 1 elements and
Ji=(2,. Y (=1...k, and ® denotes the Kronecker product. Note
that X, ,1,..,,=1. holds. Note that the matrix X is full column rank
which is K. We denote the liner space spanned by the columns of the
matrix X by S(X) with the dimension K. Let U be an o d, , where
d =r"—K=r(r-1)/2-k, full column rank matrix such that the linear

space spanned by the columns of U, ie., S(U), is the orthogonal
complement of the space S(X). Thus, U'X =0, , where O, , is the

d, x K zero matrix. Therefore the £s; model is expressed as #(p)=0,
where 0, is the d, x1 zero vector and A (p)=U'logp.

The MME; model may be expressed as h,(p)=0 where h,(p)=Wp

with
1,®J) —(J,®L)

W= : ; the & x7? matrix.

1L.®J) -(J;®L)

Thus W' belongs to the space S(X), ie., S#)cS(X). Hence
wu=0,, where d,=k . From Theorem 1, the $° model may be
expressed as i,(p) =0, where d, =d, +d, =r(r=1)/2 with =/, K)y .

Let H,(p), s=1,2,3, denote the d, x»* matrix of partial derivatives of
h(p) with respect to p, i.e., H (p)=oh(p)/op'. Let Z(p) = diag(p)— pp'
, where diag(p) denotes a diagonal matrix with i th component of
p as i th diagonal component. Let P denote p with { p,} replaced by
{i)}} , where p,=mn;/n. Then Jn(p-p) has asymptotically a normal
distribution with mean 0, and covariance matrix X(p). Using the

delta method, v (h(p)—h(p)) has asymptotically a normal distribution
with mean 0, and covariance matrix

H,(p)X(p)H, (p) Hl(p)Z(p)Hz(m'}
H,(p)X(p)H,(p)  H,(P)X(P)H,(p) |

We see that H,(p)p=U'1,=0, since 1, cS(X), H(p)diag(p)=U'
and H,(p)=W . Therefore we obtain

H(p)X(p)H,(p) =UW'=0, , .

Thus we obtain A,(p)=A,(p)+A,(p) , where

A(P)=h (D) TH (PYZ(PIH (BT h (D).

Hy(p)EX(p)H,(p) =[
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ratio statistic, we obtain Theorem 3 when 7 = 2. The proof is completed.

Under each 7,(p) =0, (s=1,2,3), the Wald statistic w, =na (p) has
The proof of Theorem 3 when T > 2is omitted because it is obtained in

asymptotically a chi-squared distribution with d_degrees of freedom.
From the asymptotic equivalence of the Wald statistic and likelihood  the same way.
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