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Analytical Approach to Calculate the Heat Fluxes in the Atmosphere and
to Quantify the Sensitivity of Earth Temperature due to CO, and H,0
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Abstract

A mathematical model has been developed to understand the effect of carbon dioxide and water vapor on
the mechanism of global warming. First, the increase of the CO, concentration in the atmosphere could be based
on the anthropogenic CO, emissions according to the combustion of fossil fuels. Second, the heat fluxes in the
atmosphere were described by known relations in thermal engineering. Here, the heat transfer due to radiation
between the gas which contains water vapor and carbon dioxide, and the Earth’s surface as well as the clouds is
considered. The emissivity of the gases depends on temperature, and the gas concentration and the beam length of
the atmospheric layer. The sensitivity of this model was quantified less, when e.g. the cloud height and the relative
humidity of the atmosphere were varied. The known average temperature of the Earth was used to validate this
model. The temperature of the Earth increases significantly with the CO, concentration. When the concentration of
CO, is doubled, the temperature of the Earth increases by 0.43 K.

Keywords: Global warming; Carbon dioxide; Heat transfer; E Earth
Radiation; Climate sensitivity G Gas
I Heat exchange resistance between Earth and clouds e.g.
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All other simplified models for global warming [2-4] calculate only
special effects of global warming such as single radiative heat fluxes.

The description of complex processes using simplified
mathematical models is a common practice in industrial engineering.
That such models are limited in their accuracy is accepted in this
context. Simplified models are necessary to make the principal effect
of the influences comprehensible and to find a solution quickly. Such
rapidly found solutions are only approximate solutions. When there
is more time to solve the problem, a technical apparatus is simulated
with complex, multidimensional mathematical models. Here, the
highest possible accuracy of the results will be expected. Even complex
mathematical models are only accepted in the industrial practice if they
are validated with experimental results. If applicable, the models are
adjusted to realistic conditions by choosing different parameters, for
example, the heat transfer coefficient or the reaction coefficient [1].

An analogous approach is taken for the simulation of the influence of
anthropogenic CO, on global warming. For describing the mechanism
of the greenhouse effect, it is sufficient to make the assumption that
the Earth has a uniform temperature. Therefore, no distinction was
made between land and oceans. The modeling of the green house effect
in the atmosphere is similar to the modeling of thermal processes in
industrial furnaces [1]. There are similar heat transfer mechanisms by
radiation in the atmosphere. There is also a gas consisting of H,O and
CO, (the combustion gas) in the radiation exchange between bodies of
different temperatures.

In order to evaluate the influence of anthropogenic CO, Emissions
M_,, on global warming, the accumulation of CO, in the atmosphere is
described in the following section.

Anthropogenic CO, emissions

The anthropogenic CO, emissions M, are mainly traced back to
the combustion of fossil fuels and can be estimated with

y Coal Qil Gas
Mco, =Ecoal - X80, +Eoii*Xco, +Egas "Xco,> (V)
where E is the converted energy amount of coal, oil and gas and x , the
specific CO, emissions per energy unit fuel. In 2013,

=31‘thC702 (2)

) 187 ko
MCO2(2013)=(14840,10+141»0.075+116»0,055)]0 J<%

a
about 32 Gt CO, were emitted in the atmosphere. The change of
the total amount of CO, in the atmosphere depends on the annual
emissions and can be described with

dMco; , (3)

Mcoz(t) = “a

The temporal change of the CO, concentration c_, in the
atmosphere can be obtained with the relation

dMgo, _m Geco, Mo, , (4)

dt arodt M,
where M is the mass of the atmosphere and M is the molar mass
of CO, and air, respectively. The mass of the atmosphere is calculated

from the balance of forces at the earth surface,
Mair -9 =Pg - AE 5)

where g is the acceleration of gravity, p, is the standard pressure and
A, is the surface area of the globe. In 2013, the increase of the CO,
concentration has to be 4 ppm due to the CO, emissions named in
equation (2).

In Figure 1, the measured CO, concentration in the period from
1960 to 2015 is shown [5]. The monthly averaged data, as well as the
yearly averaged data are shown in the figure. It can be seen that, since
2000, the CO, concentration increases linearly at a rate of about 2 ppm
per year. In comparison to the previous calculated value, only half of
the anthropogenic CO, emissions stay in the atmosphere and the rest
has to be absorbed by vegetation and oceans.

With the help of climate models, the temperature increase due to
anthropogenic emissions of CO, can be estimated. For the evaluation of
its consequences on climate, the temperature increase is used, which is
caused by a doubling of the CO, concentration in the atmosphere. The
year 1990 acts as reference year.

In the reference year 1990 the atmosphere contained about 355
ppm CO,. To make the impact on the earth’s temperature due to
the doubling of the CO, concentration visible, the heat flows in the
atmosphere are considered in the following sections.

Global Energy Balance Earth-Atmosphere

Model for radiation and energy flows through the atmosphere

Radiation from the Sun is the only source of energy for the Earth.
The heat flux from the Sun can be measured [1]. At the upper boundary
of the atmosphere, the Earth receives a heat flow rate of 1368 W m™
This parameter is named the extra-terrestrial solar constant. Since the
cross sectional area of the Earth is only a quarter of its surface area,
an average of 342 Watts is allotted to each square meter. The energy
balance of the Earth and its atmosphere presented by Kiehl and
Trenberth [6] is shown in Figure 2.

400
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Figure 1: Measured CO, concentration in the atmosphere [5].
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Figure 2: Heat fluxes in the atmosphere [courtesy of: Kiehl and Trenberth [6]].
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About 30% of the short wave radiation from the Sun is reflected
back into space by the atmosphere and the Earth’s surface. The ratio
of the radiation reflected back by the Earth to the incident radiation
is called albedo. Consequently, the heat flow rate is reduced to 235 W
m. The clouds and the atmosphere absorb about 20% of the radiation
and the remaining 50% is absorbed on the Earth’s surface (land, ocean).
In thermal equilibrium, the energy supplied to the Earth must also be
released. This occurs through the heat emission of the Earth’s surface,
which amounts to 390 W m™, under the assumption that the Earth is
an ideal grey body. By comparing this heat emission with the Sun’s
radiation, it becomes clear that the radiation of the Earth’s surface is
higher. A part of this long wave radiation reaches Space directly through
the atmospheric window (40 W m™); the other part is absorbed by the
atmosphere, clouds and greenhouse gases. Table 1 gives an overview
of the most important greenhouse gases and their concentration in the
atmosphere [5]. As shown in the Table, H,O and CO, are the gases
with the highest concentration in the atmosphere. The concentration
of methane and nitrous oxide is substantially smaller [1].

The greenhouse gases and clouds radiate 195 W m™ into space and
also yield a counter radiation of 324 W m? to the Earth’s surface. This
causes a positive energy balance for the Earth’s surface and in the same
proportion, a negative balance for the atmosphere. In order for the
radiation balance to be equal to zero, equilibrium between the Earth’s
surface and the atmosphere must be obtained. Therefore, the two heat
fluxes, convection (24 W m) and evaporation (78 W m?), are included
in the energy balance. This description of the heat fluxes is found in
many fields of climatology [1]. In the following section, this heat flow
will be described with mathematical relationships in order to make the
influence of CO, clear.

Mathematical modeling

For the mathematical description of heat fluxes, the back radiation
will not be included. Rather, the net heat fluxes exchanged according
to the Stefan-Boltzmann law are considered as is usual in thermal
engineering. The effective heat fluxes are summarized in Figure 3.
About 50% of the Earth is covered with clouds [7,8]. The clouds as well
as dust, aerosols, and a shortwave band of H,O in the atmosphere act as
a radiation shield, meaning that the total radiation at the Earth’s surface
is reduced. Consequently, the heat flow rate is reduced to 235 W m™ as
presented in Figure 2. In thermal equilibrium the solar radiation that
reaches the Earth’s surface must be released into space [1]. One part of
the heat is radiated through the cloud-free sky directly into space. The
other part is transferred by radiation, convection and evaporation to
the clouds. Therefore, the total heat flux can be described using

ds0 -Ag = GrRADEGw - 0-5AE + Orap.caw - 0-5AE (6)
Where,
ARAD,CGx = GRADEGC * dcon +Avap - 7)

Subsequently, the clouds radiate the transferred heat fluxes through
their upper surface into space. Neglecting other greenhouse gases, such
as methane and nitrous oxide, because of their low concentrations
allows discussion regarding the effect of CO, and H,O in the

Gas Concentration (2015)
Water vapor variable 0-2%
Carbon dioxide 399 ppm
Methane 1838 ppb
Nitrous Oxide 329 ppb

Table 1: Greenhouse gases [5].
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Figure 3: Simplified description of the heat fluxes in the atmosphere.

atmosphere on the global warming separately. Absorption capacity,
concentration and residence time of gases are used to evaluate the so
called global warming potential. Indeed, methane and nitrous oxide
have high global warming potential as well, but the reason for this is
because of the long residence time in the atmosphere. Thus, the heat
fluxes in the atmosphere are not significantly influenced.

Also, the model is simplified such that that the heat is transported
without resistance through the clouds and the clouds thus have a
uniform temperature.

The following equations are valid for the three heat fluxes by
radiation:

: 4 -4
GRADEGx = EEGw 'G'(TE —Tw)’ (8)
: 4 -4
dRADEGC = €EGC 'G'(TE _TC) , ©)
: 4 -4
dRAD,CGx = £CGx "C " (TC _Too) . (10)

where T, TC T_are the temperatures of the Earth, the clouds and of the
space, €, €. €. are the effective emissivities and o is the Stefan-
Boltzmann constant (o = 5.67 x 10 W m2 K*).

On Earth, the average annual precipitation is 1000 mm m2a™. This
water quantity evaporates on the surface and condenses into clouds.
The vaporization enthalpy of water of 2500 kJ kg leads to a specific
heat flux of Gyap = 78 W m-2 _ The specific heat flux due to convection
is according to Figure 2.

ooy = 24 W m-2, which corresponds to an average heat transfer
coefficient of about 2 W m K. This is a typical value for the free
convection of horizontal plates [1]. The calculation of the radiative heat
fluxes and the temperature of the Earth as well as the clouds will be
discussed in the following chapter.

Heat transfer by radiation

Using the network method, the radiation exchange between two
surfaces and a radiant gas can be calculated [9-11]. The network
analogy for the Earth, gas, and cloud system is shown in Figure 4.

For the total heat flow resulting between the vertices, Earth and
clouds, the following equation is defined

ébE _ébC (11)

dRAD,EGC =
Rtotal

Where ¢, and ¢ are the emissive power of the earth and the
clouds as black bodies and R is the total resistance between earth

total

and clouds. To calculate the total resistance, Kirchhoff’s Law from
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electrical engineering is used. If k resistances are connected in series, 2 1 1
o divi : _ R =——+—+—-2 17
the individual resistances are summated as Ry = YRy . For a parallel total = e Ep  EcC (17)
- . . . k
circuit of k resistances, the reciprocals of the resistances are summated as - L
| ) The emissive black power is given by
=3 . 4 - 4
Rk Ry g =0 Tg, epc =0 Tc (18)

In order to calculate the total resistance of the network shown
in Figure 4, first the partial resistance R is calculated, which occurs
between the brightness point’s I, and h,. The resistances R . and R,
are connected in series and lie parallel to the resistance R, .. Therefore,
the partial resistance R  is given by equation (12)

1
1 1 +RC (12)

+
Rgc  Rge+Rgg

Rtotal = RE +

The total heat flux qRAD,EGC has to overcome the resistances R,
R, and R, between Earth, gas and clouds. Since the three resistances
are connected in series, the total resistance of the system is calculated
through equation (13).

Rtotal = RE + RI + RC (13)

Equation (12) is substituted into equation (13), resulting in the
following total resistance:

1

Rtotal :RE + 1 R 1 +RC (14)
Rec Rge +Rgg
The surface resistances are given assuming grey radiation as:
1-¢ I-¢
RE = E s RC = c (15)

€ Ec
Where ¢ is the emissivity of the Earth and ¢_ is the emissivity of the
clouds. The radiation exchange resistances can be calculated as follows:

1 1 1
Rge = s Rpg =—— Rge=—— (16)
dEC " TGEC €EG £GC
Here T, is the transmissivity of the gas, and e, and ¢ . are the

effective emissivities between gas and Earth or clouds respectively.
Assuming grey gas behavior the transmissivity can be expressed by
the emissivity T ,.= 1 — g, Since the distance between the clouds
and Earth is small compared to the Earth curvature, the view factor
is determined ¢, = 1. Considering the encountered assumptions, the

total resistance can be calculated as follows:

Clouds

Gas

CO, H,0

Earth

Figure 4: Equivalent circuit diagram for the radiation exchange.

The heat flux can be expressed with the effective emissivity

qRAD,EGC = EEGC " O (Té - Té) (19)
for which the following is obtained from Eq. (17)
c _ 1
EGC 2 11 (20)
—t—+—-2

2-ggec EE  EC
For the radiation of the clouds into space and of the Earth into

space, the same mechanism can be employed. Since space is a black
body (e_ = 1) it follows that:

ARAD.CG = £CGoo "0 T¢ and dRap EGo = EEG O Th 1)

where

fee = ——5——— and S5 =——5——— (22)
—+—-1 —t+—-1

2-eGew  EC 2-€GEo EE

These two overall emissivities can be approximated by

1 1
ECGen * &C '(1—3'8(}@;] and egGy ~ € '(I—E'SGEOOJ (23)

The two gas emissivities increase with CO, concentration, as shown
later. Therefore, the overall emissivities decrease. As a consequence,
the temperatures according to equation (21) must increase because the
heat flux is constant from the sun. That is the principal mechanism of
global warming. Because of an increasing transport resistance for the
heat flux the temperature must increase for compensating.

In the following section the required emissivities of the gases are
calculated.

Determination of the emissivity of gases

Optical thickness: The emissivity of gases depends on the product
of partial pressure and beam length as well as on the temperature. In
the atmosphere, the temperature and the partial pressure decrease with
higher altitude, so that suitable mean values must be determined.

In Figure 5 the temperature in the atmosphere is shown. The
temperature decreases linearly by 0.6 K per 100 m, which can be
theoretically derived from the first law of thermodynamics and the
equation of state for ideal gas behavior [12]. The relation of Clausius-
Clapeyron can be used to calculate the saturated pressure p_ of water
vapor at a particular temperature T as follows

Ah

ps(z):psolexp VAPI0|:11j| (24)
Y Rizo [T(2) T,

The partial pressure of water vapor can be written as

Puo = . P, (25)

where p_is the saturated pressure, Ah,, , is the evaporation enthalpy of
water at standard conditions depending on T, R, is the gas constant
of water (464 J kg' K') and ¢ is the relative humidity of the atmosphere.
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Figure 5: Decrease of temperature and partial pressure of water vapor in the
lower atmosphere.

The figure also shows the associated decrease of the partial pressure of
water vapor.

szo(Z) = LS(Z).(D

0

p(z) (26)

Where in the average humidity of the atmosphere is assumed to be
¢ = 80% and the total pressure decreases according to the barometric
formula:

p(z)=po -exp{—g’—Z (27)
Rair - Tair
where p, = 1 bar is the pressure at the ground, R __is the gas constant of
air (287 J kg K*), g is the gravity constant, T __is the mean temperature
of the air and z is the coordinate of the height. The calculated profiles
of water vapor concentration and temperature in the atmosphere
show acceptable agreement with the actual measured data published
in [13,14].

The integration over the height leads to the mean product of partial
pressure and beam length.

 Po(2) T :
Puo8 = J%p(zrdz = [ Puo (2)~exp{—RifrJ~dz-(28>

For the emissivity below the clouds the product of partial pressure
and beam length is integrated from the surface to the height of the
clouds z, which is approximately on average at 3 km. For the emissivity
of the cloud-free sky integration to infinity is needed. The value
of the integral, the optical thickness, is shown in Figure 6. The final
accumulation is reached at a height of about 8 km.

To determine the optical thickness of the carbon dioxide, it must be
taken into account that the concentration c is constant with the height.
Whenp  =C_ - p(z) the optical thickness follows:

Pco, S = Coo, -J:p(z)-dz = Cqo, -;[po -exp[fﬁj-dz - (29)

The results are shown in Figure 7. The concentration of 355 ppm is
used, which was measured in the reference year 1990 for the assessment
of CO, reduction. The optical thickness for the gas between the Earth
and the clouds is 0.90 bar-m, for a cloud-free sky and space it is 2.72
bar-m and for the gas between the clouds and space it is 1.43 bar-m.
The final accumulation is reached at a height of about 30 km. Only the
radiation behavior below this level influences the Earth’s temperature.

In Table 2, the products of the partial pressure and the beam length
of individual gases are presented. For the relevant average temperatures
of the atmosphere, values are selected, which belong to the half of the
maximum value of the optical thickness. These temperatures are 7°C
below the clouds, -55°C above the clouds and -15°C for the cloud-free
atmosphere.

The temperature above the clouds is often displayed in airplanes
as the outside temperature. As shown in Figure 7, the flying height of
11 km lies approximately in the average range of the optical thickness.

Emissivity of H,O and CO, With dependence on partial pressure,
beam length and temperature, the emissivity of both H,O and CO, can
be found in the figures and diagrams of heat transfer books [10,11].
Using these graphical solutions is the most practical method [1]. But
in all heat transfer books the emissivity is only specified above 20°C.
Temperatures below 20°C are especially relevant to describe the
effect of green house gases in the atmosphere. Therefore, reasonable
approximations are necessary.

The emissivity of water vapor is shown in Figure 8. It is obvious,
that the emissivity at large values of the product of pressure and
beam length, at about more than 5 bar-m, is nearly independent of
temperature [15-18]. In literature, no emissivities could be found for
optical thicknesses above 10 bar-m. So, an extrapolation is used to
assume the emissivity of water vapor within the relevant region of the
atmosphere, as presented in Table 2. Figure 9 shows the emissivity of
water vapor as a function of the optical thickness. The approximation
used is given within the figure as well. For the relevant values of the
atmosphere the graph stays relatively flat.

The emissivity of carbon dioxide is shown in Figure 10. The values
are taken again from Lallemant et al. [17]. At short-wave radiation and
high temperature the emissivity goes to zero because carbon dioxide
has no absorption bands less than 2 pum. The largest absorption band

40
35+
£ 3ot
3 ( .5
25F Ph,o" 5)ge
‘é iPH_.o' Slec He e
€ 201 .
* 2
Q. 151 pH.O'S:ij.DlZJ-de
£ 10f B T
51 {pnzu'slcr
0 D -
0 2 4 6 8 10 12 14
Altitude z in km
Figure 6: Optical thickness of water vapor in the atmosphere.
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Figure 7: Optical thickness of carbon dioxide in the atmosphere.
Gas i Pi-s=bar-m
below the clouds above the clouds cloud-free sky
T=7°C T =-55°C T=-15°C
H,0 20.69 4.04 24.97
Co. 0.90 1.43 272

Table 2: Optical thickness of the individual gases.
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Figure 10: Emissivity of carbon dioxide [10,17,19].

of carbon dioxide is in the range of 12 to 18 pum [1]. Only this band
is significant for the radiation in the atmosphere. Therefore, the
emissivity shows a maximum at a temperature of about 250 K [10,19].
At wavelengths above 18 pum carbon dioxide has no bands, therefore
the emissivity goes to zero at temperatures below 70 K and extremely
long-wave radiation [9].

It is clearly visible, that, at low temperature, the emissivity not only
rises with the concentration, but also with an increase of temperature.
The increase of the temperature in the atmosphere results in an increase
of the emissivity, even with a constant CO, concentration.

The emissivity of the carbon dioxide is a function of the optical
thickness as shown in Figure 11. The illustration shows that all three
emissivities are situated in the flat range of the curve. Obviously, the
emissivity would increase if the optical thickness increases further due
to an increase of the concentration of carbon dioxide.

All considered gas layers in the atmosphere consist of H,O and
CO,. The emissivity of the mixture is given as:

€= €co2 t &0 T oz " €m0 (30)

The gas emissivity does not significantly increase for CO,
concentrations above the current value of about 400 ppm, because the
emissivity below the clouds is dominated by H,O.

Determination of heat fluxes

By using the previously given equations, the heat fluxes in the
atmosphere due to radiation can be calculated. The mean emissivity
of the Earth is 0.95 [15,16]. The average value of the emissivity of the
clouds for the entire atmosphere is unknown, so the temperature of the
Earth cannot be calculated with the model presented here. The aim of
the model is not to calculate the temperature, but to show the effect of
increasing CO, concentrations. Therefore, the model is adjusted to the
known surface temperature of the reference year 1990 [1]. The results
are shown in Figure 12. To get 15°C as the Earth’s temperature in 1990,
the cloud emissivity was adjusted to 0.96. Thus, the average heat flows
in the atmosphere and the ambient temperature of the earth surface
can be simulated well with the presented model.

Influence of CO, Concentration

For the current climate analysis, it is of great interest to know how
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Figure 11: Emissivity of carbon dioxide in the atmosphere.
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strongly CO, influences the climate and to what extent the temperature
of the Earth increases with an increase in the CO, content. The measure
of how sensitively the temperature reacts to a change in the carbon
dioxide content is called the climate sensitivity. Climate sensitivity
is the change of the average global ground level temperature caused
by a doubling of the CO, concentration. It is assumed here that the
system is at equilibrium before and after the change. There are several
possibilities for the assessment of how the climate system reacts to a
doubling of the carbon dioxide concentration.

Based on the previously presented equations, the dependency of the
Earth’s surface temperature on the carbon dioxide concentration was
calculated. Figure 13 shows how the temperature of the Earth increases
with the CO, concentration. Without CO, the temperature of the Earth
would be 4 K colder. It is shown that, for a doubling of the carbon
dioxide concentration from 355 ppm to 710 ppm, the temperature
increases from 15°C to 15.43°C. Therefore the climate sensitivity for
this model is 0.43°C.

In the present model, global mean parameters are used as constants,
e.g. cloud height, relative humidity and Earth emissivity. Table 3 shows
that the effect of doubling of CO, is hardly influenced by them. So, the
precision of the previously assumed model constants does not affect the
dependency between CO, concentration and earth temperature much.

Furthermore, it is possible to analyze the climate in the past. How
did the system react to a change in the carbon dioxide concentration?
Using the measured data and the state of knowledge of past climate
fluctuations, the influence of CO, concentration on the climate during
a certain period of time can be calculated. The reasons for the historical
increase in temperature are various. The effect of CO, and H,O play
an important role, but there are side effects, other greenhouse gases
e.g. methane and further reasons not discussed here. Between the
beginning of the industrial revolution in 1860 and 1990 the global
warming was 1 K. CO, contributed only 0.2 K as Figure 13 shows. This
additional temperature increase is traced back to side effects, so that a
future temperature increase is also forecasted which is higher than the
calculated 0.43 K.
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Figure 13: Increase of Earth temperature with CO, concentration.

Model constant Variation Climate Sensitivity
Cloud height 2000 m 0.42 K
4000 m 043K
Relative humidity 70% 0.43 K
90% 042K
Earth emissivity 0.97 043K
0.93 043K

Table 3: Model sensitivity.

As a side effect, it is taken into account that the water vapor
concentration in the atmosphere increases because of the CO, caused
temperature increase. This leads to an increase of the emissivity
of vapor and interferes with the back radiation from the Earth’s
surface. The increase of water vapor in the atmosphere leads to more
cloud forming, which also should affect the temperature increase.
The different parameters affect the temperature on the Earth very
sensitively. Therefore, the different global climate models produce
different results because of the influences of side effects. Thus, the
predicted temperature increases are in the range of 0.5 to 5 K [1]. The
temperature increase calculated with the simple model presented in
this paper lies in the lower range.

Conclusions

With a one dimensional mathematical model, the mechanism
of global warming is explained. The fundamental physical principles
generally used in the engineering field are used to calculate the heat
fluxes due to radiation with an atmosphere containing CO, and H,0.

With an increasing gas emissivity because of an increasing CO,
concentration the overall emissivities decrease. Therewith, the CO,
acts as a radiation shield for the radiation from the Earth surface. This
increasing resistance for the radiative heat flux must be compensated
with an increasing Earth temperature.

When the CO, concentration is doubled, the temperature of the
Earth increases by 0.43 K. Since 1860, the Earth’s temperature has
already risen due to anthropogenic CO, emissions by 0.2 Kelvin. The
measured increase of about 0.9 Kelvin is attributed to side effects caused
by the CO, related temperature increase. Therefore, a temperature
increase of more than 0.43 Kelvin is predicted for the future.
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