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Introduction
Different cleaning technologies of gaseous effluents have been 

developed. Among these technologies, biological methods are 
increasingly applied for the treatment of air polluted by a wide variety 
of pollutants. Biofilteration is certainly the most commonly used 
biological gas treatment technology. Biofilteration involves naturally 
occurring microorganisms immobilized in the form of biofilm on a 
porous medium such as peat, soil, compost, synthetic substances or 
their combination. The medium provides to the microorganisms a 
hospitable environment in terms of oxygen, temperature, moisture, 
nutrients and pH. As the polluted airstream passes through the filter-
bed, pollutants are transferred from the vapor phase to the biofilm 
developing on the packing particles [1,2].

Recently Li et al. [3] as well as other research groups [4-10] have 
discussed that emission of VOCs into the atmosphere. Currently, 
biological control processes have become an established technology for 
air pollution control. This process has many advantages over traditional 
methods such as lower operating fees and less secondary pollution, 
which is rather true for the removal of readily biodegradable VOCs 
at low concentrations. So these processes are investigated largely and 
widely. Bioreactors for VOC removal can be classified as biofilters, bio 
scrubbers, biotrickling filters, or rotating drum biofilters and choice of 
reactors should be based on many factors including the characteristics 
of the target VOC’s [11-15].

In order to control the emission of volatile organic compounds such 
as methanol and α-pinene from industries, biofilters are currently used 
instead of chemical complex absorption method [16-21]. Biofilters offer 
two major advantages for energy-starved countries, namely (i) Their 
power consumption is very low (1.8–2.5 Kwh/1000 m3) compared with 
other technologies and (ii) Their capital and operating costs are low. 
Sun et al. [22] described a mathematical model of dynamic physical 
and biological processes occurring in a packed trickle-bed air biofilters 
to analyze the relationship between biofilter performance and biomass 
accumulation in the reactor.

For the treatment of mixed VOCs, the presence of methanol and 
α-pinene in the air stream significantly influenced the removal of 

pollutants [23-25]. The removal capacity for methanol and α-pinene 
per unit volume of the bed decreased linearly with increasing loading 
rates of methanol and α-pinene. Some researchers have studied the 
biofitration of pure methanol [26-28] and pure α-pinene [29,30]. 
Moradi et al. [31-34] studied the removal behavior of p-nitrophenol 
and naphthalene by single-wall carbon nanotubes  and calcite crystal 
surfaces by varying the parameters such as agitation time, initial 
concentration, and pH of the solution.

Recently, a few researchers have studied the biofitration of mixtures 
of pure methanol and pure α-pinene. Also researchers have tried to 
understand the interactions between these compounds, despite the fact 
that this situation exists in larger amount of air emissions. Madjid et 
al. [20] developed a mathematical model for methanol and α-pinene 
removal in VOC’s biofilteration. Kim et al. [35] developed the steady 
state solution of biofilter model only for the limiting cases (first order 
and zero order kinetics). Also, Kim et al. [36,37] obtained the non-
steady solution of biofilter model using numerical methods. To the best 
of our knowledge, this is the first study reporting an exact analytical 
expression of concentrations of substrate in the biofilm phase and air 
phase. The purpose of this communication is to derive approximate 
analytical expressions for the concentrations in both the phases using 
the Adomian decomposition method [38-43]. This analytical result 
will be useful for optimize the parameters on the performance of the 
biofilters in removing hydrophobic compounds such as α-pinene.

Mathematical Formulation of the Boundary Value Problem

The mathematical model relating the biofiltration of hydrophilic 
and hydrophobic VOC’s is based on the biophysical model proposed 
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by Madjid Mohseni et al. [20]. It includes two main processes of 
diffusion of the compounds methanol and α-pinene through the 
biofilm and their degradation in the biofilm. Figure 1 illustrates a 
schematic diagram of a single particle, in the biofilter, covered with 
a uniform layer of biofilm in which the simultaneous biodegradation 
of methanol and α-pinene takes place. The experimental setup for 
the biofilteration of this organic compound is given in Figure 2. The 
assumptions made in deriving the governing equations explaining the 
removal of mixed VOCs (methanol and α-pinene) in the biofilters are 
[20]: (i) there are no radial concentration gradients across the biofilter 
and the air flow follow the plug flow model. (ii)  The biofilm grows on 
the exterior surface of the particles. Microorganisms do not grow in 
the interior pores of the particles and hence, no biodegradation occurs 
in the pores. (iii) The biofilm uniformly covers the packing media and 
its thickness is very small compared to the size of the particles; hence, 
rectangular geometry can be used. (iv) Methanol and α-pinene are 
the only substrates affecting the biodegradation rate. Oxygen is not 
a limiting substrate within the range of concentrations tested in this 
work [29]. (v) There is no gas-phase boundary layer at the air/ biofilm 
interface and hence, the gas-phase mass transfer can be neglected. 
(vi) The concentrations of methanol and α-pinene in the gas phase 
are related to their concentrations in the biofilm through air/biofilm 
partition coefficient. (vii) The overall biofilm density, is constant for 
any period of experiments run because the biomass accumulation in 
the column is slow and also because under steady-state conditions 
the decay rate can be assumed to be equal to the growth rate. (viii) 
The microbial communities degrading methanol and α-pinene are 
different. Evidence for the existence of separate methanol and α-pinene 
degrading populations has been supported by recent unsteady-state 
results on methanol and α-pinene mixtures reported by Mohseni and 
Allen (2000) [20]. Also, it allowed for the activity of α-pinene degraders 
to vary along the column depending on the concentration of methanol 
in the air stream.

Mass balance in the biofilm phase

  The removal of methanol and α-pinene in the 
biofilm at steady state is described by the following system of non-
linear differential equations (Mohseni et al. [20]):
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where Sm and Sp represent the concentration of methanol and 
α-pinene respectively. μmax, K, Y, De and x are maximum specific growth 
rate, half saturation constant,  yield coefficient, effective diffusion 
coefficient and the distance respectively. Subscripts m and p represent 
methanol and α-pinene respectively. The dry cell density in the biofilm 
X represents the overall population of microorganisms that consist 
of methanol and α-pinene degraders. The coefficient for the effect of 
methanol on α-pinene biodegradation is defined as follows:
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where Ki and Cm are the inhibition constant and the concentration 
of methanol in the air phase respectively. The boundary conditions are
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Mass balance in gas phase

The concentrations of methanol and α-pinene in the air, along the 
biofilter column, are described by
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where Cm and Cp represents the concentration of methanol and 
α-pinene in the air phase. Ug, As, Dem, Dep and h are the superficial gas 
velocity, biofilm surface area, effective diffusivity of methanol, effective 
diffusivity of α-pinene and position along the height of the biofilters 
respectively. The corresponding initial conditions are

Cm = Cmi and Cp = Cpi at h = 0                                 (8)

where the subscript i represent the concentration of the VOCs at 
the biofilters inlet.

Dimensionless mass balance equation in the biofilm phase

The non-linear differential equations (1) and (2) are made 
dimensionless by defining the following dimensionless parameters:
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Using the above dimensionless variables, Eqns. (1) and (2) reduces 
to the following dimensionless form:
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The corresponding boundary conditions for the above Eqns. (11) 
and (12) can be expressed as
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Dimensionless mass balance in the gas phase

The differential Eqns. (6) and (7) are made dimensionless by 
defining the following parameters:
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Using Eqn. (15), the Eqns. (6) and (7) can be expressed in the 
dimensionless form as follows:
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Figure 1: Biophysical model for the biofilm structure on the biofilter packing materials and the concentration profiles across the biofilm [16].

Figure 2: Experimental setup for the bio filtration of methanol and α-pinene [16].
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The corresponding initial conditions for the above Eqns. (16) and 
(17) can be expressed as
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Analytical Expression for the Concentration of Methanol 
and α-pinene using the Adomian Decomposition 
Method (ADM)

In the recent years, many authors have been applied the ADM [40-
42] to various problems and demonstrated the efficiency of the ADM 
for handling non-linear and solving various chemistry and engineering 
problems. Using ADM (refer Appendix A in Supplementary 
information), we can obtain the concentration of methanol and 
α-pinene in the biofilm phase (See Appendix B in Supplementary 
information) as follows:
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And also solving Eqns. (6-7) and (16-17) using analytical method, 
we can obtain the concentration of methanol and α-pinene in the air 
phase.
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Analytical Expression for the Concentrations of 
Methanol and α-pinene for Unsaturated (First Order) 
Kinetics

Now we consider the limiting case where the substrate 
concentrations of methanol and α-pinene in biofilm phase are relatively 
low. In this case Sm ≤ Km and Sp ≤ Kp. The Eqns. (1) and (2) now reduces 
to the following form. 
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The analytical expression for concentrations of methanol and 
α-pinene in the biofilm phase becomes
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Using the Eqns. (6-7) and (25-26) we obtain the analytical 
expression of the concentrations of methanol and α-pinene in the air 
phase.
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Analytical Solutions for the Concentrations of Methanol 

and α-pinene for Saturated (Zero Order) Kinetics
Next we consider the limiting case where the substrate 

concentrations of methanol and α-pinene in biofilm phase is relatively 
high. In this case 

m mS K≥  and p pS K≥ and Eqns. (1) and (2) reduce to 
the following form:
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Then the analytical expressions for concentration of methanol and 
α-pinene in the biofilm phase are as follows:
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Using the Eqns. (6-7) and (31-32), we obtain the analytical 
expression of the concentrations of methanol and α-pinene in the air 
phase.
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Removal Ratio of Methanol and α-pinene
The percentage of the methanol removal ratio is
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where * *andmi mfC C are the initial (before treatment) and the 
final (after treatment) concentrations of methanol in the air phase, 
respectively.  The percentage of the α-pinene removal ratio is
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where * *andpi pfC C are the initial (before treatment) and the 
final (after treatment) concentrations of α-pinene in the air phase 
respectively.
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Numerical Simulation
In order to investigate the accuracy of the ADM solution with 

a finite number of terms, the system of differential equations was 
solved numerically. To show the efficiency of the present method, our 
analytical results are compared with numerical results graphically.  The 
analytical solution of the concentrations of methanol and α-pinene in 
air phase and biofilm phase are compared with simulation results in 
Figures 3-6. Upon comparison, it gives a satisfactory agreement for 
all values of the dimensionless parameters **** and,, pmpm CCSS . The 
detailed Matlab program [44] for numerical simulation is provided in 
Appendix C and D in Supplementary information.

Results and Discussion
Eqns. (19- 22) represent the simple and new analytical expression 

of the concentrations of methanol and α-pinene in biofilm phase
** , pm SS and in the air phase ** , pm CC . The concentrations of methanol 

and α-pinene in the biofilm phase and the air phase depend upon the 
parameters φ and β. The variation in the dimensionless variable φ can 
be achieved by varying either the thickness or dry cell density of the 
biofilm. The parameter β depends upon the initial concentration and 
half saturation constant.

Figure 3 represents the concentration of methanol )(* XSm  in the 
biofilm phase versus dimensionless distance X* for different values of 
φ and β. From Figures 3a & 3b, it is inferred that the concentration 
of methanol increases when the initial concentration of methanol β 
increases for the fixed values of φ. For large value of dimensionless 
parameter β, the concentration of methanol remains constant. In 
Figures 3c & 3d, we present the concentration of methanol in the 
biofilm phase for various values of φ and for some fixed values of β. 
Maximum specific growth rate of methanol biodegradation φ decreases 
the concentration of methanol slowly and reaches the constant level. 
The minimum value of )(and)( **** XSXS pm  are 1-(φ / 2(1+β)) and 
1-(α φ1 / 2(1+β1)) respectively.

Figure 4 exhibits the concentration of α-pinene *
pS  in the biofilm 

phase versus dimensionless distance X* for different values of α, φ1, 
and β1. From Figures 4a & 4b, it is inferred that the concentration of 
α-pinene increases when the initial concentration of α-pinene (β1) 
increases for the fixed values of dry cell density φ1. For large value of β1, 
the concentration of α-pinene is uniform. In Figures 4c & 4d, we show 
that the concentration of α-pinene in the biofilm phase for various 
values of cell density φ1 and for some fixed values of dimensionless 
parameter β1. From this figure, we conclude that the concentration 
of α-pinene  increases when thickness of the film decreases. The 

Figure 3: Dimensionless concentration of methanol *
mS in the biofilm phase  versus dimensionless distance X* for various values of the parameters. The curves are 

plotted using Eq. (19). (a) β = 10 to 300 and φ = 10. (b) β = 100 to 3000 and φ = 100. (c) β = 10 and φ = 0.1 to 10. (d) β = 100 and φ = 1 to 100.
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Figure 4: Dimensionless concentration of α-pinene *
pS in the biofilm phase versus dimensionless distance X* for various values of the parameters. The curves 

are plotted using Eq. (20). (a) α = 1, φ1 = 1 and β1 = 10 to 300. (b) α = 1, φ1 = 100 and β1 = 100 to 3000. (c) α = 1, β1 = 10 and φ1 = 0.1 to 10. (d) α = 1, β1 = 100 
and φ1 = 1 to 100.

Figure 5: Dimensionless methanol concentration *
mC in the air phase versus dimensionless height h* for some fixed values of the parameters. The curves are 

plotted using Eq. (21).  (a) A = 70, Cmi = 1, β = 100 and φ = 0.01 to 1.4. (b) A = 70, Cmi = 1, φ = 1 and β = 70 to 1000.
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Figure 6: Dimensionless α-pinene concentration *
pC in the air phase versus 

dimensionless height h* for some fixed values of the parameters. The curves 
are plotted using Eq. (22). (a) α = 1, Cpi = 0.27, A1 = 70, β = 100 and φ1 = 0.01 
to 0.35. (b) α = 1, Cpi = 0.27, A1 = 70, φ1 = 0.1 and β1 = 25 to 500 

Figure 7: Concentrations of methanol and α-pinene Cm and Cp in the air phase 
versus the height h using the Eq. (21-22), for the values of the parameters Dem 
= Dep = 0.004, Sim = Sip = 1, Km = Kp = 10, Cmi = 1.5, Cpi = 1.6, AS = 70, Ug = 5, 
δ = 1, H = 0.1, x = 1.

,6.1,5.1,1.1)max()max( ==== pimi
p

p

m

m CC
Y

X
Y

X µµ .

Figure 8:  (a) The removal rate of methanol versus inlet load Cmi for some 
fixed values of the parameters AS = 70, Dem = 0.04, Sim = 1, H = 0.1, φ = 1, β = 
10, Ug = 1, δ = 1, h = 1. The graph is plotted using Eq. (35). 
(b) The removal rate of α-pinene versus inlet load Cpi for some fixed values of 
the parameters AS = 70, Dep = 0.04, Sip = 1, H = 0.1, φ1 = 1, β1 = 10, Ug = 1, δ 
= 1, h = 1. The graph is plotted using Eq. (36).

level when the diffusion coefficient φ1 increases for the fixed value of 
other parameter. In Figure 6b, it is labeled that the concentration of 
α-pinene attains the steady state values when the initial concentration 
of α-pinene (β1) increases.

Figure 7 shows the profile of dimension concentration of methanol 
and α-pinene in the air phase versus height h for some fixed value of 
the parameters. From these figures it is inferred that the concentration 
linearly proportional to the height of the biofilter. And also the 
concentration of ** and pm CC  are decrease when the height of the 
biofilter increases. Figures 8a & 8b illustrates the removal ratio of 
methanol and α-pinene in the air phase. From this figure it is observed 
that the removal ratio is directly proportional to the inlet loading. 
Our analytical results are compared with the experimental result and 
excellent agreement is noted.

Conclusion
In this paper, steady state nonlinear differential equations in 

biofiltration model have been solved analytically.  Approximate 
analytical expressions pertaining to the concentrations of methanol 
and α-pinene in the biofilm phase for all the values of parameters are 
obtained using the Adomian decomposition method. The obtained 
concentrations of methanol and alpha-pirene were compared and 
validated using numerical simulation and experimental results. These 
results were in agreement, therefore providing a good understands of 
the system and the optimization of the parameters in the biofiltration 
model. The extension of the procedure for the removal of methane and 
α-pinion in the biofilm model for non- steady state condition seems 
possible.
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