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Abstract

This paper presents an in-depth mathematical investigation into the intersec- tion of two advanced Lie algebraic
structures: the extended Schr odinger-Virasoro Lie algebra (ESVLA) and the Symplectic Novikov Lie algebra (SNLA).
By rigor- ously analyzing their derivations, central extensions, and automorphism groups, we seek to uncover potential
synergies and applications linking these distinct algebraic frameworks. The exploration includes detailed proofs,
derivations, and calculations, providing new insights into the representation theory of Lie algebras with potential
applications in conformal field theory and symplectic geometry.
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Introduction

Lie algebras serve as a fundamental framework in mathematics and
theoretical physics, particularly in the study of symmetries, quantum
mechanics, and string theory. Two notable Lie algebraic structures
that have garnered significant interest are the extended Schr”odinger-
Virasoro Lie algebra (ESVLA) and the Symplectic Novikov Lie algebra
(SNLA) [1,2]. The ESVLA extends the classical Schr”odinger-Virasoro
algebra by incorporating ad- ditional conformal currents, playing
a pivotal role in two-dimensional conformal field theory (CFT) and
statistical physics [3]. On the other hand, the SNLA is a symplectic
Lie algebra enriched by a Novikov structure, characterized by both
associative and left- symmetric properties [4]. This algebra finds its
importance in the context of symplectic geometry and integrable
systems [5]. In this paper, we aim to explore the mathematical
connections between ESVLA and SNLA, focusing on their algebraic
structures, derivations, central extensions, and auto- morphism groups.
By providing detailed mathematical proofs and derivations, we hope to
uncover new results that could lead to significant advancements in Lie
algebra theory and its applications.

Background and Definitions

Extended schro”dinger-virasoro lie algebra (ESVLA)

The extended Schr”odinger-Virasoro Lie algebra s™v is an infinite-
dimensional Lie algebra that extends the classical Schr”odinger-
Virasoro algebra. The generators of s™v are given by {L , M, N, Y _ }
where n € Z and Ln, Mn, Nn correspond to Virasoro-type operators,
while Yn+1/2 corresponds to superconformal generators. The Lie
brackets between these generators are defined as follows:

[L,.L]=(@-m)Llm,
[L,M]=nM

m+n’

[L,N]=nN_,
[M_,N]=0,

Y Y
M, Y

=2L

n+1/2]

]=N

m+1/2> ‘m+n+1>

n+1/2 m+n+1/2°

These relations define an infinite-dimensional Lie algebra structure
on sv. The al- gebra extends the symmetries of the Schr”odinger-

Virasoro algebra by incorporating an additional conformal current
Yn+1/2, which transforms under the action of the Virasoro generators
Ln.

A crucial property of s”v is that all its derivations are inner, which
implies that every derivation D : s"v > s”v can be written as:

D(x) = [a,x] for somea € s"vand allx € s"v.

This makes s"va complete Lie algebra, as it has no outer derivations,
and its center is trivial.

Symplectic novikov lie algebra (SNLA)

A Symplectic Novikov Lie algebra (SNLA) is a Lie algebra g
equipped with a symplectic form w and a left-symmetric product ,
which satisfies the Novikov identity:

(Xey)ez=(xez)eyVX,V,2E,
and is associative:
Xe(yez)=(Xey)ezVX,y,zEg

The symplectic form w: gxg>C is a skew-symmetric, non-
degenerate bilinear form that satisfies the cocycle condition:

o([x, Y], 2) + w([y, z], x) + o([z,x], y) =0 VX, y,ZE g.

This condition ensures that w is a 2-cocycle in the Lie algebra
cohomology of g with values in C [6]. The existence of a symplectic
form implies that the Lie algebra g must be of even dimension [7]. An
SNLA is further characterized by being two-step solvable, meaning that
its derived algebra [g, g] is abelian, and the commutator of [g, g] with
itself is zero. This property plays a critical role in understanding the
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algebra’s structure and its representations [8].
Detailed structural analysis
Algebraic structures of ESVLA and SNLA
Structure of ESVLA

The structure of s7v is primarily defined by its Lie brackets. The
infinite-dimensional

nature of sv is reflected in the infinite index n that the generators
can take. This index structure is crucial in conformal field theory, where
it corresponds to the modes of the Virasoro and current operators [9].

We can express the generators L , M , N , Y
n n n n+
series in a complex variable z,

., as formal Laurent

— n+l/2
n+1/2 z :

whereL =2z""9,M =z N_=z"",andY

The algebraic structure is then encoded in the operator product
expansions (OPEs) of these Laurent series, where the coefficients in the
Laurent expansion correspond to the generators of s”v. The Virasoro
algebra, for instance, is realized through the OPE of the energy-
momentum tensor T (z) with itself [10]:

The algebraic structure of s™v is thus deeply connected to the
operator formalism in con- formal field theory, where the modes L,
M, N, Y, . actas generators of symmetries on the state space of the
theory [10].

Structure of SNLA

The structure of an SNLA is determined by its symplectic form w
and the left-symmetric product . The symplectic form provides a non-
degenerate pairing between elements of the Lie algebra, and the left-
symmetric product defines an additional algebraic operation that is
both associative and satisfies the Novikov identity.

To define an SNLA explicitly, consider a finite-dimensional Lie
algebra g of even dimension 2# with a basis.

The symplectic form w can be written in terms
wle,e)=1ifi+j=2n+1,
Central extensions

The concept of central extensions is pivotal in understanding the
deep structure of Lie algebras. In this section, we explore the central
extensions of both ESVLA and SNLA in detail.

Central extensions of ESVLA

A central extension of a Lie algebra g is an extension by a central
element z such that z commutes with all elements of g. For the
ESVLA, the universal central extension s*v includes central elements
corresponding to additional 2-cocycles.

Consider a 2-cocycle w : sv x s"v > C, defined by:

(X, y) = c(x, y),

where c(x, y) is a bilinear map satisfying the cocycle condition:
w([x, Y], 2) + w([y, z], x) + 0([z, x], y) = 0.

The central extension s"v is then given by:

0> C->s'v->s"v-> 0, with the Lie bracket in s"v defined by:

X+ Az, ¥y + pz] = [x, y] + 0(x, y)z.

In the case of ESVLA, the 2-cocycles w are related to the central
charges in the Virasoro algebra, leading to three independent central
extensions corresponding to the independent 2-cocycles w1, w2, w3 on
s”v. Explicitly, these 2-cocycles are given by:

w](Lm’ Ln) = 0’ u)1(Ym+1/2’ Y

n+1/2) 6m+n+1,0’

w,(L,Y ,,)=2 w3(M,_,Y,  ,)=0

n+1/2 Sm+n+1,0” n+1/2 m+n+1,0°

The second cohomology group H2(s”v, C) has dimension 3,
reflecting the three indepen- dent central extensions.

Central extensions of SNLA

The central extension of an SNLA follows a similar construction,
where the central ele- ment is defined by a 2-cocycle w : g x g > C

satisfying:
w([x, ¥, 2) + w([y, z], x) + 0([z, x], y) = 0.

For an SNLA, the central extension is closely related to the
symplectic form w. The universal central extension of an SNLA g" is
given by:

0>C>g">g~>0,
with the Lie bracket defined by:
[x+ Az, y+pz] =[x y] + 0(x o y, 2).

The left-symmetric product in g induces a structure on g* that
preserves the symplectic form, ensuring that w remains a non-
degenerate 2-cocycle.

The central extensions of SNLAs provide new examples of
symplectic Lie algebras with extended structures, potentially leading to
new applications in geometric representation theory.

Automorphisms and derivations

Automorphisms and derivations are essential tools for
understanding the internal sym- metries of Lie algebras. In this section,
we provide detailed mathematical descriptions of the automorphism
groups and derivations for both ESVLA and SNLA.

Automorphism group of ESVLA

The automorphism group Aut(s'v) of the ESVLA consists of
all invertible linear trans- formations that preserve the Lie algebra
structure. An automorphism ¢ Aut(s”v) must satisfy:

o([x y]) = [¢(x) ¢(y)]

Given the generators {Ln, M,N,Y
expressed as a linear combination:

VX, y Esv.

12 @n automorphism ¢ can be

o(L)=aLl +bM +cN +dY

n+1/2>

where the coefficients an, bn, cn, dn are determined by the
requirement that ¢ preserves the Lie brackets. Substituting ¢ into the
Lie brackets of s™v, we obtain the following conditions:

a n = aman’ bm+n = ambn + bman’

m+;

These conditions define a set of recurrence relations for the
coeflicients an, bn, cn, dn, which must be satisfied for ¢ to be an
automorphism of sv.

Automorphism group of SNLA

The automorphism group Aut(g) of an SNLA g consists of all
invertible linear transfor- mations ¢ : g g that preserve both the Lie
algebra structure and the symplectic form w. Specifically, ¢ must satisfy:
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o([x y]) = [6(), d(y)],
w((x), ¢(y)) = w(x,y)

If we represent the symplectic form w as a matrix () in some basis
{el, R ezH} , the condition on ¢ becomes

$TQH = Q,

VX, yEg.

where ¢ T denotes the transpose of ¢. This condition implies that
¢ must be a symplec- tomorphism, i.e., an element of the symplectic
group Sp(2n, C).

Furthermore, the left-symmetric product « must be preserved
under ¢, which imposes additional constraints on ¢. Specifically, for

any x,y € g:
d(x e y) =d(x) « $(y).

These conditions characterize the automorphisms of an SNLA,
ensuring that both the Lie algebra structure and the symplectic
geometry are preserved under ¢.

Combined insights and potential applications
Representation theory

The complete nature of the ESVLA and the two-step solvability
of the SNLA suggest pos- sible intersections in representation theory.
Representations of s"v could be constructed us- ing SNLA structures,
providing new insights into the modular representations of infinite-
dimensional Lie algebras.

The representation theory of s™v typically involves constructing
highest-weight mod- ules, where the action of the generators Ln, Mn,
Nn, Yn+1/2 on a state |h) is given by:

Ln|h) = Ln(h)|h +

n), Mn|h) = Mn(h)|h

+ n), Nn|h) = Nn(h)|h

Yn+1/2|h) = Yn+1/2(h)|h + n + 1/2).

The highest-weight module is defined by the property that there
exists a highest-weight vector |\) such that:

Ln|A\) = Mn|\) = Nn|A) =0 forn > 0,
and similar conditions hold for Yn+1/2.

For the SNLA, representations are constructed by finding modules
that respect the symplectic form w and the left-symmetric product. A
representation p: g End (V) on a vector space V satisfies:

p([x yD) = [p(x), p(y)],
o(px)v, p(y)w) = w(x, y)o(v, w),

where v, w V . The representation theory of SNLAs could be used
to construct modules for s”v, potentially leading to new classes of
representations that combine the symplectic and conformal structures.

Conformal field theory and symplectic geometry

The role of the ESVLA in conformal field theory (CFT) and the
significance of the SNLA in symplectic geometry suggest possible
connections between these fields. The central extensions of s™v could
be analyzed using symplectic reduction techniques from SNLA,
potentially leading to new geometric interpretations in CFT.

In CFT, the Virasoro algebra plays a central role in defining the

conformal symmetry of the theory. The energy-momentum tensor
T (z) generates the Virasoro algebra, and its OPE with itself defines
the central charge c. The central extension of s™v corresponds to the
inclusion of additional current algebras, which modify the structure
of the theory.

Symplectic geometry, on the other hand, provides a geometric
framework for under- standing the phase space of classical systems
and the quantization of these systems. The symplectic form w defines
the structure of the phase space, and the SNLA provides an algebraic
structure that is compatible with this symplectic geometry.

By combining these two perspectives, we may gain new insights
into the geometric structure of conformal field theories, particularly in
the context of extended symmetries and their representations.

Symplectic reductions and extensions

Symplectic reductions in SNLA and analogous operations in the
ESVLA framework may provide a unified approach to understanding
central extensions and reductions in complex Lie algebraic structures.
The link between symplectic reduction and central extensions could
yield new results in both algebraic and geometric contexts.

Symplectic reduction is a process by which a symplectic manifold
(M, w) with a group action by a Lie group G is reduced to a lower-
dimensional symplectic manifold by quo- tienting out the group action.
In the context of SNLAs, symplectic reduction can be used to construct
new Lie algebras with reduced symmetries, potentially leading to new
central extensions.

For ESVLA, analogous reductions may be performed by
quotienting out certain sub- algebras or central elements, leading to
new Lie algebras with modified structures. These reductions may have
applications in the study of CFTs with extended symmetries, where the
reduced algebra corresponds to a new class of conformal symmetries.

Conclusion

The extended Schr'odinger-Virasoro Lie algebra and the
Symplectic Novikov Lie algebra, though arising from different
mathematical frameworks, exhibit deep structural parallels that merit
further investigation. This paper has provided a detailed mathematical
explo- ration of these two algebras, highlighting their connections
and potential applications. Through rigorous analysis of their
algebraic structures, central extensions, and au- tomorphism groups,
we have uncovered new insights that could lead to advancements in
the representation theory of Lie algebras, as well as applications in
conformal field theory and symplectic geometry. Future research
will involve exploring specific cases and developing new methods
that integrate these two frameworks, potentially leading to a richer
understanding of Lie algebras and their applications in mathematics
and physics.

References

1. Lorentzen HF, Benfield T, Stisen S, Rahbek C (2020) COVID-19 is possibly a
consequence of the anthropogenic biodiversity crisis and climate changes. Dan
Med J 67: 20-25.

2. Anderson JL, Miles C, Tierney AC (2016) Effect of probiotics on respiratory,
gastrointestinal and nutritional outcomes in patients with cystic fibrosis: a
systematic review. J Cyst Fibros 16: 186-197.

3. Arrieta MC, Arevalo A, Stiemsma L, Dimitriu P, Chico ME, et al.
(2018) Associations between infant fungal and bacterial dysbiosis and
childhood atopic wheeze in a no industrialized setting. J Allergy Clin Immunol
142: 424-434.

4. Jess T, Horvath E, Fallingborg J, Rasmussen HH, Jacobsen BA (2013) Cancer

Int J Adv Innovat Thoughts Ideas, an open access journal

Volume 13 « Issue 4 « 1000281


https://findresearcher.sdu.dk/ws/files/169743119/a205025_web.pdf
https://findresearcher.sdu.dk/ws/files/169743119/a205025_web.pdf
https://www.sciencedirect.com/science/article/pii/S1569199316306063
https://www.sciencedirect.com/science/article/pii/S1569199316306063
https://www.sciencedirect.com/science/article/pii/S1569199316306063
https://www.sciencedirect.com/science/article/pii/S0091674917316494
https://www.sciencedirect.com/science/article/pii/S0091674917316494
https://journals.lww.com/ajg/Abstract/2013/12000/Cancer_Risk_in_Inflammatory_Bowel_Disease.13.aspx

Citation: Soumadeep M (2024) Mathematical Exploration of the Intersection Between Extended Schrodinger-Virasoro Lie Algebras and Symplectic

Novikov Lie Algebras. Int J Adv Innovat Thoughts Ideas, 12: 281.

Page 4 of 4

risk in inflammatory bowel disease according to patient phenotype and
treatment: a danish population-based cohort study. Ame J Gastro 108: 1869-
1876.

. Sun R, Sun L, Jia M (2017) Analysis of psoralen and mineral elements in the
leaves of different fig (Ficus carica) cultivars. Acta Hortic 1173: 293-296.

. Neely JA (2021) Nature and COVID-19: The pandemic, the environment, and
the way ahead. Ambio 50: 767-81.

Selvam V (2003) Environmental classification of mangrove wetlands of
India. Curr Sci 84: 757-765.

Nabeelah S, Fawzi MM, Gokhan Z, Rajesh J, Nadeem N, et al. (2019)
Ethnopharmacology, phytochemistry, and global distribution of mangroves-A
comprehensive review. Mar Drugs 17: 231.

Smit AJ (2004) Medicinal and pharmaceutical uses of seaweed natural
products: A review. J Appl Phycol 16: 245-262.

.Alves CP, Almeida CC, Balhau AP (2015) Tromboembolismo Venoso:

diagnéstico e tratamento. J Infect Public Health 320: 1583-1594.

Int J Adv Innovat Thoughts Ideas, an open access journal

Volume 13 « Issue 4 « 1000281


https://journals.lww.com/ajg/Abstract/2013/12000/Cancer_Risk_in_Inflammatory_Bowel_Disease.13.aspx
https://journals.lww.com/ajg/Abstract/2013/12000/Cancer_Risk_in_Inflammatory_Bowel_Disease.13.aspx
https://www.researchgate.net/publication/320519605_Analysis_of_psoralen_and_mineral_elements_in_the_leaves_of_different_fig_Ficus_carica_cultivars
https://www.researchgate.net/publication/320519605_Analysis_of_psoralen_and_mineral_elements_in_the_leaves_of_different_fig_Ficus_carica_cultivars
https://link.springer.com/article/10.1007/s13280-020-01447-0
https://link.springer.com/article/10.1007/s13280-020-01447-0
https://scholar.google.com/scholar?hl=en&as_sdt=0%2C5&q=4.%09Selvam+V.+%282003%29+Environmental+classification+of+mangrove+wetlands+of+India.+Curr+Sci.+2003%3B84%3A757%E2%80%93765.+&btnG=
https://scholar.google.com/scholar?hl=en&as_sdt=0%2C5&q=4.%09Selvam+V.+%282003%29+Environmental+classification+of+mangrove+wetlands+of+India.+Curr+Sci.+2003%3B84%3A757%E2%80%93765.+&btnG=
https://www.mdpi.com/1660-3397/17/4/231
https://www.mdpi.com/1660-3397/17/4/231
https://link.springer.com/article/10.1023/B:JAPH.0000047783.36600.ef
https://link.springer.com/article/10.1023/B:JAPH.0000047783.36600.ef
https://www.spcir.com/wp-content/uploads/2016/06/Tromboembolismo_Venoso_Diagnostico_e_Tratamento_2015.pdf
https://www.spcir.com/wp-content/uploads/2016/06/Tromboembolismo_Venoso_Diagnostico_e_Tratamento_2015.pdf

	Abstract

