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Analysis of Piezoelectric Solids through Boundary Element Method
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Boundary element method (BEM) is a powerful computational
tool for analysing piezoelectric problems. The BEM has been so well
developed during the past 40 years that it has been considered as a very
popular computational tool. This method consists of formulating the
engineering problem in terms of an integral equations relating only
boundary values and determining its solutions numerically. Thus,
it requires only a surface discretization, rather than a full-domain
discretization with “domain-type techniques, such as the finite element
method. If interior domain values are needed, however, it can be
subsequently calculated from boundary data. Remarkable advances
in this area during last decades can be found, for example, in Manolis
and Beskos[1] and Qin [2,3]. For piezoelectric problems, BEM, as an
important complementary tool for analytical method [4-8], has been
the subject of fruitful scientific attention by many a distinguished
researcher e.g. Lee and Jiang [9], Denda and Mansukh [10], Sanz, Ariza
and Dominguez [11], Lee and Jiang [9] derived the boundary integral
equation of piezoelectric media by the method of weighted residuals for
plane piezoelectricity. Lu and Mahrenholtz [12] presented a variational
boundary integral equation for the same problem. Ding, Wang and
Chen [13] developed a boundary integral formulation which is efficient
for analysing crack problems in piezoelectric material. Xu and Rajapakse
[14,15] presented the formulations for problems of piezoelectric solids
with various defects (cavities, inclusions, cracks, etc.). Pan [16] derived
a single domain BE formulation for 2D static crack problems. Denda
and Lua [17] developed a BEM formulation using Stroh’s formalism
to derive the fundamental solution without numerical results. Qin
[18] presented a BEM formulation for cracked piezoelectric materials
with half-plane boundary. Later, Qin and Lu [19] extended the model
presented in [18] to the case of piezoelectric materials containing both
crack and inclusion problems. Davi and Molazo [20] used the known
sub domain method to formulate a multi-domain BEM, well suited for
crack problems, by modelling crack faces as boundaries of the different
sub domains. Groh and Kuma [21] developed a direct collocation
boundary element code with a sub domain technique for analysing
crack problems and calculating stress intensity factors. Qin an Mai
[22] investigate crack-hole interaction of piezoelectric materials using
BEM. Zhao et al. [23], presented a boundary integral-differential model
for interfacial cracks in 3D piezoelectric solids. Qin [24,25] imbedded
BEM into micromechanics model for evaluating effective properties of
piezoelectric solids.

There are three major approaches in the literature for establishing
boundary integral equations of piezoelectric materials, i.e., the
variational approach [12], weighted residual approach [9], and Betti’s
reciprocity theorem [16]. A brief description on the above three
approaches which have been widely used in BE analysis is given here. (1)
The generalized variational method is based on a modified functional
with six kinds of independent variable, i.e. displacements and electric
potential in the domain, and displacements, tractions, electric potential
and surface charge on the boundary. Since all the boundary conditions
considered have been introduced into the framework of the modified
variational expression, no additional constraints have to be satisfied
when assuming the variables on the boundary; (2) The weighted
residual approach is a general method of establishing numerical
algorithms like finite element and boundary element method. Different

weighted function may lead to different numerical method. If the
fundamental solution is employed as a weighted function in a potential
energy functional, a boundary element formulation can be established.
As indicated in [9], the weighted residual statement for the boundary
value problem of piezoelectric materials may be expressed as
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where G, is stress component, u, mechanical displacement, D, electric
displacement, ¢ electric potential, £, and ¢, are the surface traction
and surface charge, b, and b, are the body force per unit volume and
electric charge density, a bar over a variable means that variable is a
prescribed, a superscript “*” means the associated variable is the
corresponding fundamental solution, Q is the solution domain
bounded by I'. A comma followed by an index means differentiation,
[,, Ty, [',, and " are the boundaries on which the prescribe u, ¢, t,
and D are imposed; and (3) In addition to the variational approach and
weighted residual methods discussed above, the reciprocity theorem
can also be used to establish the boundary integral equation. Please refer
to [17]for the details on applications of this method to piezoelectric
materials.

BEM can also be applied to piezoelectric composites in conjunction
with homogenization or micromechanics approach for determining
their effective material properties [24,25]. Micromechanics theories
usually employ the well-known stress and strain concentration factors
obtained through an analytical solution of a single crack, or void, or
inclusion embedded in an infinite medium. However, for a problem with
complexity in the aspects of geometry and mechanical deformation, a
combination of these theories and numerical methods such as BEM
presents a powerful computational tool for estimating effective material
properties. The Micromechanics-BE approach develop in [24] is based
on using a representative volume model for materials with defects and
introducing it into a BE formulation to provide an effective means
for estimating overall material constants of the defected materials.
The micromechanics method produces formulas for overall material
constants as functions of a concentration matrix. The concentration
matrix is in turn related to the boundary displacement. The boundary
element simulation presents numerical solutions of boundary
displacement and electric potential for crack, hole, and/or inclusion
problems.
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