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Abstract

The famous Horn’s problem is about the possible eigenvalue list of a sum of two Hermi-
tian matrices with prescribed eigenvalue lists. The Spectral Problem is to describe possible
spectra for an irreducible finite family of Hermitian operators with the sum being a scalar
operator. In case when spectra consist of finite number of points the complexity of the
problem depends on properties of some rooted tree. We will consider the cases for which the
explicit answer on the Spectral Problem can be obtained.

2000 MSC: 16W10, 16G20, 47L30

1 Introduction

Let A;, As, A3 be Hermitian n X n matrices with given lists of eigenvalues
A(A}) = a(4) 2 dalA)) 2 .. = M4y}

The well-known classical problem about the spectrum of a sum of two Hermitian n x n matrices
(Alfred Horn’s problem) is to describe possible values of A(A41), A(A2), A(As) such that

AL+ Ay = A3

This problem was solved recently by Klyachko, Totaro, Knutson and Tao [2]. We shall briefly
recall the solution below.

Let o = M(Ay), B = A(A2) and v = A(A3). One obvious necessary condition is the following
“trace equality”:

n n n
Dot ) Bi=D
i=1 j=1 k=1

It turns out that necessary and sufficient conditions can be given in terms of linear inequalities
of the form:

daitd B => w (1.1)
el jeJ keK

where I, J, K are certain subsets of {1,...,n} of the same cardinality r < n.
To describe such triples (I, .J, K) we recall the standard correspondence between subsets and
partitions. A subset I = {i; <iz...<i,} C{l,...,n} corresponds to a partition

AI) = iy — iy — (r— 1), iy — 1}

of length at most r consisting of nonnegative integers.
Let «, 8 and + be three partitions and CZY 3 be the corresponding Littlewood-Richardson
coefficient. Set

n A(K) _
R" = {(I, J, K)| DA T 1}

The solution of the Horn’s problem is given by
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Theorem 1.1 ([2]). A triple (o, 8,7) is a triple of lists of eigenvalues of three Hermitian
matrices A1, Ao, Az such that

AL+ Ay = A3

if and only if inequalities (1.1) are satisfied for all v < n and (I,J,K) € R}’ and the “trace
equality”

n n n
IR IR B
i=1 =1 i=1

holds. In fact the resulting system of inequalities together with “trace equality” is a complete
and independent set of conditions.

The Littlewood-Richardson rule provides an algorithm to compute the sets R}’ for a given n.
In fact the explicit recursive answer to Horn’s problem can be given using larger set of triples 7"
instead of R}'. That this is possible was conjectured by Horn in 1962 and proved by Klyachko,
Totaro, Knutson and Tao (see overview [2]). For a triple (I, J, K) of subsets of {1,...,n}, Horn
defined sets T)" of triples (I, J, K) of subsets of {1,...,n} of the same cardinality r, by the
following recursive procedure. Set

ZH‘Z]—Z}C 7"—1—1}

U { (I,J,K)
i€l jeJ keK

When r =1, set T]* = U7". Otherwise, let

{IJK )eu)

ZZf+ng<Zk IRdvan , for all p<r and (FGH)GT’"}
fer geG heH

The result of Klyatchko, Totaro, Knutson and Tao is that («, 3, ) is a triple of lists of eigenvalues
of three Hermitian matrices Ay, Az, A3 such that A; + As = As if and only if inequality (1.1)
holds for every triple (I, J,K) € Uf;ll "

2 Spectral Problem

A modification of the Horn’s problem is the Spectral Problem posed in [5]. The Spectral Problem
is to describe a connection between subsets of real numbers M7, Mo, ..., M,, and v € R necessary
and sufficient for the existence of Hermitian operators Ay, Ao, ..., A, such that

A+ A +.. .+ A, =~1
and
)\<A1) = M17 )‘(AQ) = M27 DRI )‘(An) = M’n

For example when A(A;) = {0, 1} we have the following problem. Describe v € R such that
there orthoprojectors P, ..., P, with

P +...+PF, =~
Let

Y, = {7| there are orthoprojections P; such that P, + ...+ P, = I}



A Horn type spectral problem 233

Clearly %,, C [0,n]. The following beautiful description of ¥,, was obtained in [7]:

Zn = ({6 W)k > 0} U {o"*(0)[k > 0}) U[Br,n — B U (n — Xin)
X

Here 3, = (n — vn? —4n)/2 is a fixed point of the dynamical system
1

¢+(a)=1+in_1_a

In this work the sets My, Mo, ..., M, will be finite. Even for finite M}, it can be very com-
plicated to describe such n-tuples of operators up to unitary equivalence if the cardinality of
My, is large enough. More precisely the corresponding *-algebras defined below may be *-wild
(see [10]).

Let us stress here that an essential difference with Horn’s classical problem is that we do not
fix the dimension of H and the spectral multiplicities.

The Spectral Problem can be stated in terms of x-representations of x-algebras introduced
in [9]. Namely, let o)) = (agj),agj), . .,oz%,O) (1 < j < n) be vectors with positive strictly
decreasing coefficients. Put M; = a9, Let us consider the associative algebra defined by the
following generators and relations :

AMl,...,Mn,’y = C<pgl)>pgl)7 cee >p7(71137pg2)>pg2); cee >p$727 o 7pgn)7p;n)7 s 7p7(’l?7)1 pgp = pg)7
SN ol = e, 0B =0, k=1, mi £k =1, n)

i=1 k=1

Here e is the identity of the algebra. This is a x-algebra if we declare all generators to be
self-adjoint. Equivalently this algebra can be given by the following generators and relations

AMI,---7M7L7"/ = <A1,. . ,An‘ A+ ...+ Ay = e, Pl(Al) =0, ..., Pn(An) = 0)

where Pj is a polynomial with simple roots from the set M.

We can associate a star-shaped graph G with n rays of lengths my,..., m, coming from a
single center. We will label the vertices of this graph by the points of the sets My,..., M,
to associated a labeled graph with the algebra Aps, . s, Which completely determines the
algebra. We can write Ay, v, ~ = Ag, Where x is the labeling of the graph G, i.e. x assigns
real values to each vertex of the graph in such a way that y assigns all values from M} \ {0} to
the k-th ray such that they increase to the center. To the central vertex x assigns value v. We
will fix some enumeration of the vertices of graph G and thus y will be identified with a vector
with mq + - - - 4+ m,, + 1 coordinates.

The following theorem reveals a remarkable connection between complexity of the alge-
bra Ag, and the properties of the graph G. Namely the complexity depends on whether
G is a Dynkin or a non-Dynkin graph. Recall that the Dynkin graphs are those for which
(mi,...,myn) €{(2,2,2),(3,3,2),(3,4,2), (5,3,2)} and the extended Dynkin graphs are those
for which (mq,...,my) € {(2,2,2,2), (3,3,3),(4,4,2), (6,3,2)}.

Theorem 2.1 ([11]). For a given graph G the following holds:

1. If G is a Dynkin graph, then algebra Agq, is finite-dimensional for all x.
2. If G is extended Dynkin graph, then algebra A has quadratic growth for all x.

3. If G is non-Dynkin, then Ag, contains the free algebra with 2 generators (hence it has
the exponential growth).
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Clearly the Spectral Problem is equivalent to a problem of a description of the set ¥, ms....m..
of the parameters a,(j ), 7 for which there exist *-representations of Aps, .., -

Let us call a x-representation m of the algebra A, ., non-degenerate if spectrum of
m(Ag) coincides with M, for all k.

Consider the set

E’,}Ihd m», = 1x| there is a non-degenerate *-representation of Agy }
which depends only on (my, ..., my). Every irreducible representation of algebra Ans, ... M,y
is an irreducible non-degenerate *-representation of an algebra AM N for some subsets

]\/-Zj C M;. Hence (M,...,M,,vy) € Em,,...m, if and only if there ex1sts (]\71,...,]\77177) €
n.—d.

Mi|,...,| My,

| Hlenc‘efojrth we will denote the set X, . m, by 3(G). Irreducible representations of the
algebras Ag,, associated with the Dynkin graph G exist only in certain dimensions that are
bounded from above (see [8]). In [3, 4] we have given a complete description of ¥(G) for all
Dynkin graphs G and an algorithm for finding all irreducible representations.

3 Coxeter functors

The main tools for our classification are the Coxeter functors for locally-scalar graph represen-
tations. First we will recall a connection between category of *-representation of algebra Ag,
associated with the graph G and locally-scalar representations of the graph G. For more details
see [3].

Henceforth we will use definitions, notations and results about representations of graphs in
the category of Hilbert spaces found in [8].

A graph G consists of a set of vertices G, a set of edges G, and a map ¢ from G, into the
set of one- and two-element subsets of G, (the edge is mapped into the set of incident vertices).
We will consider only connected finite graphs without cycles. Fix a decomposition of G, of the

form G, = G U G such that for each o € G one of the vertices from 5( ) belongs to G, and

the other to G Vertices in G will be called even, and those in the set G odd.
Representation of G associates with each vertex g € G, a Hilbert space II(g) = H,, and with
each edge v € G, such that e(y) = {g1, g2} a pair of mutually adjoint operators II(y) = {I'y, 4.,
Lyo.g}, where I'y, o, : Hyy — Hy,. We now construct a category Rep(G,H). Its objects are the
representations of the graph G in H. A morphism C : Il — IIis a family {Cy}4eq, of operators
Cy : II(g) — II(g) such that I'y, 4,Cy, = Cy, gy -
Let M, be the set of vertices connected with g by an edge. Define operators

Ag = Z Fgg’Fg’g

g'€Mg

A representation II in Rep(G,H) will be called locally-scalar if all operators A, are scalar,
i.e. Ay = agly,. The full subcategory Rep(G,H), the objects of which are locally-scalar repre-
sentations, will be denoted by Rep G and called the category of locally-scalar representations of
the graph G.

Denote Vi = R%. Elements z of Vi we will call G-vectors. A vector z = (z,) is called
positive, z > 0, if z # 0 and z, > 0 for all g € G,. Denote Vg = {z € Vg|z > 0}. If IL is a finite
dimensional representation of the graph G then the G-vector (d(g)), where d(g) = dimII(g) is
called the dimension of Il. If Ay = f(g)In, then the G-vector f = (f(g)) is called the character
and II is called f-representation in this case. The support GII of I is {g € G,|li(g) # 0}.
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A character of the locally-scalar representation II is uniquely defined on the support G and
non-uniquely on its complement. In the general case, denote by { fi1} the set of characters of II.
For each vertex g € G, denote by o4 the linear operator on Vg given by the formulae:

(0g2)g =g, if g #g

(0g)g = —xg + Z Ly

g'eMy

The mapping oy is called the reflection at the vertex g. The composition of all reflections at odd
vertices is denoted by ¢ (it does not depend on the order of the factors), and at all even vertices
by ¢. A Coxeter transformation is ¢ = ¢¢, ¢! = ¢¢. The transformation ¢ (3) is called an odd
(even) Coxeter map. Let us adopt the following notations for compositions of the Coxeter maps:
L] L JeX J o oeo
¢k = ...ccc (k factors), ¢ = ...ccc (k factors), k € N.

If d(g) is the dimension of a locally-scalar graph representation II, then

_d(g) -+ ngeMg d(g,)a if gc Gv

d(g)7 lfg S év
. —d(g) +> o1 d(g), ifgeG
Hayg) = { T e, ). Ao

d(9), if g € Gy

For d € Zér and f € VGJF, consider the full subcategory Rep(G,d, f) in Rep G (here Zér is
the set of positive integer G-vectors), with the set of objects ObRep(G,d, f) = {II| dimII(g) =
d(g), f € {fu}}. Al representatlons IT from Rep(G’ d, f) have the same support X = X; =

Gl = {g € G,| d(g9) # 0}. Let X — XﬁGU,X XﬂG Rep,(G,d, f) C Rep(G,d, f)
(Repo(G,d, f) C Rep(G,d, f)) is the full subcategory with objects (II, f) where f(g) > 0 if

geX (flg) > 0if g € X).

Put

Ng), ifgeXq
f(.g)7 1fg¢Xd

. . Uf)(g), ifge Xq
f(9), if g Xq

.(k) [ ] (o] °
cg (f)= "'Céz(d)cé(d)cd(f) (k factors)

O(k) o L] [¢]
cg (f)= ‘.-022(d)cz(d)cd(f) (k factors)

The even and odd Coxeter reflection functors are defined in [8],

F : Rep (G, d, f) — Repy(G.&(d), f4)  if (d, f) € S
F : Rep (G, d, f) — Repa(G,&(d), f4)  if (d, ) € S

o @ O

These functors are equivalences of the categories. Let us denote Fy(Il) = ... FFF(II) (k
factors), Fy(II) = ... FFF(II) (k factors), if the compositions exist. Using these functors, an
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analog of Gabriel’s theorem for graphs and their locally-scalar representations has been proven
in [8]. In particular, it has been proved that any locally-scalar graph representation decomposes
into a direct sum (finite or infinite) of finite dimensional indecomposable representations, and
all indecomposable representations can be obtained by odd and even Coxeter reflection functors
starting from the simplest representations II, of the graph G (II,(g) = C,IIy(¢") = 0 if g #
g 9,9 € Gy).

Here we will describe the connection of representations of the algebra Ag , and locally-scalar
graph representations.

(s)

Let m be a x-representation of the algebra Ag , in space H of dimension n. Let Pj denote

projection F(p§8)>. Let us define projections Rf) = Pl(s) 4+ ...+ Pj(s), and subspaces HJ(S) =

%ij(.s) . Let Fg-s) : H ](s) — H be natural isometries. Then, in particular, F(.S)*F(S) =

j H(S)7

Fg-s)F;s)* = Rg.s). Let V(S) denote the operator Fgﬂ( 1551 ls) N acting from H() to

H ](i)p where 1 < j < myz — 1 and coefficients £(j ! for a ﬁxed S are deﬁned by the following
recursion:féflzl) = égl 55%2, with initial data fsnﬁf) = fgrfrfs 1= .. §(ms (s).
It is easy to check that if )\( ) > )\(S) >0 then the above recursion determines 5 o uniquely.
Then Vj(s)*V(s) +V( =& J)2 H<s), Vl( f(l m (S) = A Here A(;) H— H

is a self-adjoint operator. Moreover, A + ...+ A®) = 4Ty, Operators Vj(s) together with
their conjugate give raise to a locally-scalar representation of the graph GG with a character with
coefficients of {gjzp and v appropriately ordered.

This correspdndence is in fact an equivalence functor between category of non-degenerate *-
representations of algebra Ag , and the category of non-degenerate locally-scalar representations
of the graph G.

Since we will be concerned with extended Dynkin star-shaped graphs we will simplify simplify
notations and consider only graphs with three rays. This will exclude graph D, for which the
formulae are analogues and are left to be recovered by the reader.

So we will use notations «, 3, ¢ instead of V), @, o). By y we will denote the vector

(a17a27 o 7ak7/817527’ .. 7/817517527 ceey 57717 ’Y)

Definition 3.1. A finite-dimensional *-representation 7 of the algebra Ag  such that 7(p;) # 0
for 1 < i <k, n(g;) # 0for 1 < j <1, m(sq) # 0 for 1 < d < m and Z?le(pi) # 1,
23':1 m(q;) # I, >0 m(sq) # I will be called non-degenerate. By RepAcg,,, we will denote the
full subcategory of non-degenerate representations in the category RepAg,, of *-representations
of the *-algebra Ag .

The above functor transform the representation of the algebra with character («, 3,d,v) to
locally-scalar representation of the graph G with the following character f: f(go) = v and on

the first ray f(gr) = a1, f(gk—1) = 1 — ag, f(gr—2) = @a — o, f(gr—3) = a2 — g1, f(gr—a) =
Q3 — Qg_1, . -.. 1t is clear by analogy how to define f on other two rays.

A locally-scalar representation of the graph G with the character f(g;) = x; € R* corresponds
to a non-degenerate representation of Ag, with the character

a1 = Tk
o = Tk — Th—1
Oy =T — Tk—1 T Tk—2
Ok—1 =Tk — Tk—1 + Th—2 — Tk—3

Q3 =Tk —Tp—1+ T2 — Th-3+ Tp—4
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Here z; = 0 if j < 0. Analogously one can find 3; and §;. We will denote II by ®(7).

The mentioned above functor ® acts between categories RiepAQX and RepG, see [4].

The representation II is unitary equivalent to an irreducible representation from the image
of the functor ® if and only if

O<zy <22<...<2, 0<Tpy1 <Tpg2 <...< Thyt

0 <Zpti+1 < Tptir2 < oo < Thitm
0<dy <dy <...<dp <dy, 0<dk+1<dk+2<...<dk+l<do
0 < ditirr < dpyir2 < oo < diptitm < do

The vector n = (ng, N1, ..., Ngti+m) is called the generalized dimension of the representation
m of the algebra Ag,. Let Il = ®(m) for a non-degenerate representation of the algebra Ag,y,
d = (di,..., dg+i+m,do) be the dimension of II. It is easy to see that

ny+ng+...+n, =d
ng+...+np_1+n=dg_1
No—+ ...+ ng_1 =dp_o
ny+...+np_o+ni_1=dr_3

4 Spectral problem for algebras associated with extended
Dynkin graphs

Let us recall a few facts about root systems associated with extended Dynkin diagrams. Let G
be a simple connected graph. Then its Tits form is

q(or) = Za?—% Z o, a€Vg

1€Gy BEGe {i,j}t=e(B)

The symmetric bilinear form is (o, f) = q(a + ) — g(a) — q(5). The vector a € Vg is called
sincere if each component is non-zero.

It is well known that for Dynkin graphs (and only for them) bilinear form (-,-) is positive
definite. The form is positive semi-definite for extended Dynkin graphs. And in the letter case
Rad g = {v|¢(v) = 0} is equal to Zd where ¢ is a minimal imaginary root. For other graphs
(which are neither Dynkin nor extended Dynkin) there are vectors o > 0 such that ¢(a) < 0
and (o, €;) <0 for all j.

For an extended Dynkin graph G a vertex j is called extending if 6; = 1. The graph
obtained by deleting extending vertex is the corresponding Dynkin graph. The set of roots is
A={aecVg|la; € ZforallieGy,a#0,q(a) <0}. Aroot ais real if g(a) = 1 and imaginary
if g(a) = 0. Every root is either positive or negative, i.e. all coordinates are simultaneously
non-negative or non-positive.

It is known that for an extended Dynkin graph the set AU{0}/Z¢ is finite. Moreover, if e is
an extending vertex then the set Ay = {a € AU{0}|ae = 0} is a complete set of representatives
of the cosets from AU {0}/ZJ. If o is a root then a4 0 is again a root. We call a coset a + JZ
the d-series and a coset o + 207 the 2d-series. If «v is a root then its images under the action of
the group generated by ¢ and ¢ will be called a Coxeter series or C-series for short. It turns out
that each C-series decomposes into a finite number of d-series or 24-series of roots.

Note that to find formulae of the locally-scalar representations of a given extended Dynkin
graph we need to consider two principally different cases: the case when the vector of generalized
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dimension is a real root and the case when it is an imaginary root. In the letter case the vector
of parameters y must be orthogonal to a imaginary root. Hence y must belong to a ceratin
hyperplane hg which depends only on the graph G.

It is know (see [11]) that in case x € hg the dimension of any irreducible representation is
bounded (by 2 for Dy, by 3 for Eg, by 4 for E7 and by 6 for Eg). Thus in case x € hg we
can describe the set of admissible parameters x using Horn’s inequalities. In case x & hy the
dimension of any irreducible locally-scalar representation is a real root. In what follows we will

relay on the following result [6].

Theorem 4.1. Let m be an irreducible non-degenerate x-representation of the algebra Ag y
associated with an extended Dynkin graph G and T be the corresponding locally-scalar represen-
tation of the graph G. Then either generalized dimension d of T is a singular root or vector-
parameter (x,\) € ha.

For a vector v = (vp,...,v,) and 0 < s < n we shall write v >, 0 if v; > 0 for all j # s and
vs = 0.

The equivalence functor ® assigns to every representation 7 € Ag , of generalized dimension
(1y,...,1l,) a unique locally-scalar representation of graph G with a character (x1, ..., zy,xo) and
dimension (vi,...,vpn,v0). Let My denote the transition matrix which transform the vector x
to (z1,...,%n, x0), L.e. Myx' = (21,...,2Zn,T0)" (where v denote the transposed vector v). Let
My be the transition matrix which transforms generalized dimension (v1,...,v,,v9) of a graph
representation to generalized dimension (l1,...,[,) of the corresponding algebra representation,
iLe. My(vi,...,vn,v0)" = (lh,...,1ln)". Further we will omit ¢ superscript and Myov instead of
M fvt.

Theorem 4.2. Let G be an extended Dynkin graph and 7™ be a non-degenerate irreducible *-
representation of a generalized dimension v of Ag  for some character x. Then one of the two
possibilities holds:

e X € hg and d = Myd where § is the minimal imaginary root of the root system associated

with G.
o There exist k and t such that

o(K) . _
cg Myx 240, cx(My'v)=e (4.1)

or

o k o
cé )fo > 0, ck(Md_lv) = e (4.2)

(depending on the parity of k + t). Moreover, systems of inequalities (4.1), (4.2) are
necessary and sufficient conditions for existence of representation of Ag , in dimension v.

The explicit answers to the Spectral Problem for all extended Dynkin graphs will appear
in [6].
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