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Abstract

A weighted essentially non-oscillatory (WENO) finite volume scheme is extended to approximate the model of
dusty-gas flow numerically. We use a WENO scheme of the fifth-order for the spatial reconstruction and a monotone
numerical Lax-Friedrichs flux to upwind the fluxes. A 3-order total variation diminishing (TVD) Runge-Kutta algorithm
is to be utilized to march the solution in time. In low density flows, the proposed numerical scheme effectively
handles the contact discontinuities and more interestingly it sustains the positivity of flow variables. Furthermore,
the proposed numerical scheme shows no spurious oscillations where shock waves and interfaces interact. Several
one-dimensional Riemann problems are considered to analyse the accuracy of suggested numerical scheme. For
validation, we compare the solutions generated by WENO-scheme with the solutions generated by well known
central-upwind scheme and analytical solutions available for the model of dusty-gas flow.
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Introduction

The discipline over the mixture of fluids and dust particles is
of great interest due to its extensive applications in astrophysical,
underground explosions, fluidized beds, explosive volcanic eruptions
and electrostatic precipitation of dust and geophysical problems, etc.
[1-6]. The basic physics of these flows is sophisticated and so, it's
troublesome to create a general approach that consolidates every phase
of the flow. Therefore, these flows are classified into several phases i.e.,
the fluidization stage, the porous medium phase, the slugging phase,
the sedimentation stage and the flow of dusty-gas mixture, [7-10]. Here,
our concern is the mixture of gas and dust particles which is one of the
tremendous sort of two-phase flow, in which the dust particles occupy
less than 5% of the entire volume. Therefore, when the velocity of gas
is extremely high then these dust particles are treated as pseudo-fluid.
So, the dusty-gas mixture is considered as a mixture of two fluids. In
order to preserve an equilibrium flow condition, it is assumed that the
velocities of gas, solid-particles and of the mixture are same in the flow
field. Furthermore, it is also assumed that the temperature of gas, solid-
particles and of the mixture are the same. First, Engel and Steenbeck
[11] give an introduction of the temperature as well as diameter of
solid-particles for improving the basic equations of solid-gas mixture,
by considering insignificantly small volume fraction of solid-particles in
the mixture. Goldsworthy [12] then extract the basic equations for the
mixture of solid-gas by using the theory of continuum and also, taken
under consideration the volume fraction of the solid-particles. For
more details on the basic equations for solids and gas mixture [13-16].
Subsequently, Pai [10] elaborates the basic equations of the mixture of
solid and gas, both microscopically and macroscopically. Furthermore,
he extracted these model equations using the Boltzmann's transfer
equations of mixture to obtain a greater perception of the internal
energy and the partial pressure. Lastly, Gupta et al. [17] conservatively
extract the basic equations of the solids and gas mixture and used the
direct approach to find the solution for these model equations [18-20].
Recently, these model equations are calculated with the upwind CE /
SE scheme [21].

In this paper, we are going to utilize the WENO finite-volume

scheme to compute the model of dusty-gas flow, which is a completely
different numerical scheme from the upwind CE/SE scheme [22]. The
WENO finite volume scheme was introduced [23,24]. Afterwards, the
authors introduced a general method to construct the WENO schemes
of arbitrarily higher order accurate [25]. These schemes also handle the
multi-dimensional problems [26,27] more precisely than the low order
accurate schemes. The main advantage of higher order WENO schemes
is to hold the non-oscillatory property near the discontinuities and at
the same time it is capable to carry out the arbitrary high order accuracy
near the smooth solutions. The flow of dusty-gas is complicated
compared to the perfect gas flow. The mixture obeys different properties
such as, heat transfer, sound speed etc., in the comparison of perfect
gas because of the appearance of small solid-particles in the gas. We
considered the dust particles of small size in the mixture to obtain
the average properties of the dust particles. Several test problems are
assumed to prove that the suggested scheme is extremely robust, works
very well even in low density flows and offers better resolutions of sharp
discontinuity. Finally, we compare the numerical results generated by
the suggested scheme with the results generated by exact Riemann
solver and that of well-known central-upwind scheme to validate the
proposed scheme.

The rest of article is formulated as, the model of dusty-gas flow
is presented. A short summary of the exact Riemann solution for the
proposed model is presented. The construction of WENO finite-volume
scheme for the proposed model is presented. Certain test problems are
considered to compare the numerical results obtain by WENO scheme
with those of central upwind scheme [28-30] and the exact Riemann
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solver. At the end, it presents the conclusions of article.

The Model of Dusty-Gas Flow

The governing equations for 1-D, time dependent flow of dusty-gas
mixture are given as [10]

0,p+ud p+p0 u=0
p(0.u+ud u)+0 p=0
0,+u0 p+pc’ u=0 (1)

where u represents the particle velocity along x-axis, the time is
represented by ¢, the density is represented by p and the pressure is
represented by p. The system in eqn. (1) agrees the Mie Gruneisen type
equation of state which is expressed as [10]

_(1-k,)oRT 2
1-M
Where the quantities M and k_represents the volume fraction and
the mass fraction respectively, R represents the gas constant as well
as T represents the temperature of mixture. The relation among the
quantities M and k, is given as

k
M=gk, §=—2 3)
sp
Where p_ represents the specific density of solid-particles. The
internal energy/unit mass for the mixture is defined by
1-M
L (=M)p @
(r-1)p
c
Where T:C)/A:M with v= , d}/:l
o 1+vf 1-k, c, c,

Furthermore the quantities ¢, and c, represents the specific heats
of the dusty-gas mixture at constant volume and constant pressure
respectively. Also, the quantities ¢, and c_ represents the specific heat
of gas at constant volume and pressure respectively. The quantity c_
denotes the speci ¢ heat of solid-particles. The system of governing in
eqn. (1) with eqn.(4) in conservative form are given as [17]

0,p+0 (pu)=0
0,(pu)+ 0 (pu*+p)=0,

0.E+0 (u(E+p))=0 (5)

Where E= p[er%] and p :(Ei%j[lr Mj .The system of eqns.
(5) in compact form can be rewritten as

ow+0 f(w)=0 (6)

With

w=(w,w,w)=(p,pu, E)T (7)

2 2 3 r
_ w, W, -1 W, -1 W, (8)
f(w) [WZ’ w, +[W3 ZWIJ(I—Q)’ w, [W3 * l—z:z(w3 2w} )]]

Hence, all the primitive variables are obtained explicitly. The

Jacobian matrix 1‘ has the following eigenvalues

)\lzu—c, )\Z:u, )\3:u+c 9)

Tp
(1-¢p)p
Exact Solution for the Model of Dusty-Gas Flow

where ¢ = is the equilibrium speed of sound.

A short summary of exact Riemann solver for the model of dusty-
gas flow is presented here. For further details about the exact Riemann
solver [17-20,29,30] and references there in. The exact solution to the
Riemann problem in eqns. (6,10)

w(x,O)z{WL’ zfx<0 (10)
W, if x>0

has three waves associated with the eigenvalues in eqn. (9). These three
waves divide the structure into four different constant states, and that
are defined from left to right as: w, (known left data), w, (unknown left
data), w*(unknown right data) and w, (known right data). The key
step to solving the Riemann problem is finding the constant states w, *
and w,x in the star region. In short, we need to evaluate the following
physical quantities p =p, =p .4, =u, =u,p _and p, . First we have to
solve the non-linear algebraic equation for the pressure p, to find all
these quantities. The algebraic equation for p, is given by

Q(p W, ;W )=0, (P, W)+ (P, W) +u,—1, =0. (11)

Here u, is the velocity on left state and u, is the velocity on right
state, @, and _ are functions of connecting the left and right states
respectively, to the unknown regions. The function ¢, is given by

A .
(p-=p1) L—. if p.> p,(shock),
p.+ B,
¢L(p*5WL)= o
2(,-L (1_¢pL) p 2 . .
————=[(—) 7 —1]ifp. < p, (rarefaction)
-1 )

and the function @, is given by

(.~ p) ,if p.> pyp(shock),

2,.(1-¢
T—

R
ps+B
Pp(PorWy) = '

1
pR)[( ) —1]if p. < p, (rarefaction)

The constant quantities A , AR, BL and B, yields

1- 1-
AL — ¢pL ,BL — Hp[ ,AR — ¢pR ,BR — HPR (12)
o, (1+11) 1+11 pr(1+11) 1+11

Here, [] = —1
2

Unlike the perfect gas dynamic, the solution within the rarefaction
waves cannot be evaluated directly in case of dusty-gas flow. Therefore,
we require an additional iteration procedure to evaluate the roots of
nonlinear equation inside the rarefaction fan. This nonlinear equation
with unknown p, for the left rarefaction is given by

T+l T+l

) oL ’—"(r+l) 2 (W 7x/t)
WX/ t)= P 2 7 pae 27 1=0 13
o (pox/1) (me)” P ) P e 9;;:) (13)

and the nonlinear equation for right rarefaction is shown as

0 ol sl(etl) 2 (we—x/t)
L, x [ 1) = —L ’ - pi %
@ (poox /1) (l_%)p + Py R [(7—1)+cL(1—0ﬂR)
The unknown value of pressure p, in eqn. (11) or in eqn. (13) and
(14) is obtained by Newton Raphson iterative procedure and the initial
guess p_to start a iterative procedure is obtained by using the arithmetic
(p [ Z R)
2

=0 (14)

mean of the initial data for pressure, as p, = . Once the
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value of pressure is known, then remaining unknown values are easily
found by following the procedure as described for the ordinary gas
dynamics [20].

Construction of WENO Finite-Volume Scheme for the
Proposed Model

This section presents the construction of higher order WENO
method finite-volume for the model of dusty-gas flow. The eqn. (6), we
have

w +f(w) =0. (15)

The computational domain Q is discretized with cells

I, —{x_ X l},i—l, ,N the centre of the i-th cell is denoted
"2

and the size of i-th cell is denoted by Ax. By
1—5 I+E

1
byxi z[x ]’)C 1

integrating in eqn. (15) over the cell Ii, we obtained

aw, [ () _
dﬁAx,(f [ J ! (WD ’ 1o

where W(x,,t)z_r’*% w(x,t)dx. In order to obey upwinding for

T
wl—

stability, we replace f [w 1] by f (W LW ]and f [ j by
" 2 1_5
f[w_'l,wf IJ we get

2

i
2 2

dw"+1{f[w_l,w_ﬂ}—f(wvl,wfID—O (17)
dt Axi it -5 iy

In eqn. (17) f(w’,w*) represents the monotone numerical flux

— +
and W, ! W 1 are point wise approximation to w(x 1]. In this

i+—
2
article, we utilize the Lax-Friedriches flux as a monotone numerical flux
which is defined below
a ( w—w ))

a - + 1 — +
T wow ) =S (w )+ 1 (w) -
Where a=max [f’(w)]

Where W, () are computational variables, which approximate the

cell averages W, (x,.¢). The point wise approximations w,

HE HE
are evaluated through the nearby cell average values , by (2m-1)th
order WENO reconstruction procedure as following

m—1

| Zw,w | (18)

The reconstruction to w', is mirror symmetric of W_ 1 . In this
article we are considering fifthZorder WENO finite —volume séheme ,s0
by setting m=3 in eqn. (18) gives

(0) (1) (2)

w’l—a)w +a)w +a)ww (19)
i+ ik ik ik
2 2 2 2
where w,, w, and w, are non-linear weights. In eqn. (18), W'  are m
reconstructed values of m" order accuracy and definedas ™2
m—=1
=Y kW, s n=0,.,m-1 (20)

corresponding to m different candidate stencils
S, (D={x_,....x

The coeffcient k , gives guarantee that each m reconstructed values
is m™ order accurate, for detail [24]. For m=3in eqn. (20) becomes

}, n=0,...,m-1 (21)

i-n+m-1

o 1 7 11_
W =-W,,—— W, +—W,
w3 6 6
N 1_ 5 1_
WO =W W W (22)
i+ 6
. 1 5_ 1_
WO =W oW =W,
w3 6 6
The non linear weights w,, w, and w, in eqn. (19) are defined as
w _
W, E o, W, :Lz (23)
W, + W, + W, (g+¢m)
where y represents the linear weights, €=10° and the smooth

indicators ¢_ for the 5™-order

WENO finite-volume scheme are defined as

4 = l("7"1'—2 —4W,_ +3W, )2 + E(W"*2 m2W W, )z ’

4 13

1, _ 2 13,_ = = \? (24)
4 :Z(wi—l _Wz‘+l) +E(W o 2w, +w”‘) ’

7(3W 4wH_1 W, )2 +%(W —2W,, +W,, )2

The linear weights used in eqn. (23) are given as

1.3 _3
7o 10’71 5’7/2 10 (25)

The semi-discrete scheme in eqn. (17) is re-written as
Mo _ (W) (26)
dt
In order to carry out third-order accuracy in temporal discretization,

the 3*-order TVD Runge Kutta time discretization scheme [31], for
more details [32-34], is applied to solve in eqn. (26) as follows

WO =W+ AL (W),

w = 3*‘")+1*<”+1AzL(*“>) (27)
4 4 4
wiD = ‘")+2w(2)+2AtL( (2))
3 3 3
where L(w) is the spatial operator and Af= CFL.dx with
a

a=max(w|A(w)]).
Numerical Test Problems

In this section, five 1-D numerical test problems are presented.
The comparison of results obtained by WENO finite-volume
scheme, central upwind schemes and the exact Riemann solver
is given. As mentioned before, the solid-particles occupies only
less than 5% of the total volume of mixture. Therefore, we need to

M
choose the befitting value of ¢=—=—
p:p
so that the volume fraction M remains less than 5% on both sides
of initial discontinuity. All the numerical test problems admit
k,
. =0.1111,¢= 001;/———1 4,p =

(where p=max(pp,))

and

ky=0.1v=-

P c, p
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the collision of two shocks problem having ¢=0.001667. In all test
problems the computational domain for both numerical WENO finite-
volume and central upwind schemes is divided into 200 mesh cells.

Problem 1: The shock tube problem [35], with the following initial
data

(psus p)(.0) —{

The purpose of this problem is to access the entropy satisfaction
property of the suggested numerical scheme. The computational domain
is used to be [0,2] at t=0.12 as final time and the numerical results are
exposed in Figure 1. The comparison shows that both WENO scheme
and central-upwind scheme give correct positions of discontinuities
and an oscillation free pressure solution can be observed. However, it
can be seen that WENO scheme resolves sharp discontinuities better
than central-upwind scheme. Also the results computed by the WENO
scheme are very close to the results of exact Riemann solver.

(1.0,0,1.0), 0<x<l,
(0.125,0,0.1) 1<x<2.

Problem 2: A 123 test problem [36], that is also known as internal
energy and low density problem. The problem having the following

initial states
(1.0,—2,0.4), 0<x<0.5,
SU, ,0)=
(p:2)(x0) {(1.0,2,0.4), 05<x<l.

This numerical test problem is used to analyze the ability of
suggested numerical scheme for resolving contact discontinuity at low
density. The solution profiles in computational domain [0,1] at #=0.15

are exposed in Figure 2 show that the suggested numerical scheme is
more accurate than that of central-upwind scheme in term of resolving
the contact discontinuity. The solution consist of two strong rarefaction
wave thats why this problem is also known as strong rarefaction
problem.

Problem 3: The left half of the blast problem, with the following

initial data
(1.0,0,1000), 0<x<0.5,
b 2 ’0 =
(oo, )(x,0) {(1.0,0,0.01), 05<x<l.

This test problem was introduced by the Woodward and Colella
[37]. The pressure of the mixture is larger on the left data state than
those of right data state. The main objective of the problem is to analyze
the accuracy and robustness of the suggested numerical scheme. The
computational domain used [0,1] is discretized into 200 mesh cells. The
numerical results at t=0.012 displayed in Figure 3 show that there is a
good agreement between the results generated by the WENO scheme
and the exact Riemann solve. But we observe that central upwind
scheme does not resolve contact discontinuity sharply in density profile
as compare to WENO scheme.

Problem 4: The collision of two shocks problem. The initial state
is given below

(pou. p)(x.0) ={

In this test problem we set $=0.001667, the computational domain

0<x<0.5,

0.5<x<1.

(5.99924,19.5975,460.894),
(5.99242,0. - 6.19633,46.0950),

exact
09F
S weno
08l central upwind | |
07F
06F
Q
05F
04 ™
03F
02F
0.1 :
0 02 04 06 08 1 12 14 16 18 2

exact
09+
S — weno
08l central upwind | |
07+
06
o
05"
04t
03+
02+
01 L L L L L L L L -
0 02 04 06 08 1 12 14 16 18 2

T
091 exact
............ weno
0.8 central upwind
0.7 1
06
S05f
04 r
0.3
0.2
01 F
[ P .._.,.~".: L

1
0 02 04 06 0.8

Figure 1: Numerical results at t=0.12 for problem 1.
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Figure 2: Numerical results at t=0.15 for problem 2.
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Figure 3: Numerical results at t=0.012 for problem 3.
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Figure 4: Numerical results at t=0.035 for problem 4.
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Figure 5: Numerical results at t=10.0 for problem 5.
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used [0,1] is discretized into 200 mesh cells. The numerical results at
t=0.035 displayed in Figure 4 show that the suggested scheme resolve
the contact discontinuity superior than those of central upwind scheme.
Also the results evaluated by the suggested scheme are very close to
the results of exact Riemann solver. The solution incorporates the two
strong shocks and a contact discontinuity.

Problem 5: The Stagnant contact discontinuity problem. The initial
state is given below

(1000,0,1.0),
(1.0,0,1.0),

0<x<0.5,

S Uy ’0 =
(pup)(x ) 0.5<x<I.

The computational domain used [0,1] is divided into 200 mesh
point at final time #=10. In this test problem density on left data state
is larger than those on right data state while pressure and velocity is
same on both states causing a uniform constant state and there is no
oscillation. In density profile, we observe that the stagnant contact
discontinuity is sharply captured by the WENO scheme than those of
central-upwind scheme displayed in Figure 5.

Conclusions

In this paper, the WENO finite-volume scheme was utilized for
model of dusty-gas flow to get the numerical results. The fifth-order
WENO scheme was used for the spatial reconstruction and for the
temporal discretization. The 3™-order TVD Runge-Kutta algorithm
was employed. Different test problems were considered to analyze the
performance of proposed numerical scheme. The results obtained by
suggested numerical scheme were compared with those of exact solutions
and the central upwind scheme. The proposed numerical scheme
preserved the non-oscillatory property near strong discontinuities.
We observed that the WENO scheme efficiently resolved the contact
discontinuities and most importantly it preserved the positivity of flow
variables. Comparatively, the proposed numerical scheme produced
better results than the central upwind scheme. An amazing agreement
was noted among the solutions of suggested numerical scheme and
exact Riemann solver.
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