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Abstract

This work is aimed to obtain the complex partial fraction decompositions of rational functions. We express the
coefficients of complex partial fraction decomposition of arbitrary rational functions in terms of the coefficients of their
real partial fraction decomposition. This type of decompositions is then used to generalize the high order derivatives
of such rational functions. Moreover, different applications are selected to demonstrate the applicability of introduced

algorithms.
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Introduction

Rational functions are widely used in many branches of mathematics
suchasnumericalanalysisi.ePade Approximations,mathematicalanalysis
as well as mathematical modelling and they appear in mathematical
representations of many problems in science and engineering [1-7].
Unfortunately, working with rational functions except polynomials is
generally not very easy. From the point of view, some methods can be
used to facilitate the computations. One of the famous and simplest
methods is partial fraction decomposition method (PFD) for suitable
applications: Consider a polinomial function Q(x) with real coefficients
and recall that there exist some integers ky,ok lL7 >1 such that

pri1se
Q)= (x—1x,)"(x =) (" = 2Re(z, )1 +|z,[ ) ..(x* ~2Re(z, )x +[z,[ )"
and observe that Q(x) can be equally represented as
fo(r—x) " (e-z) (-2

where x,,..,x, €R are pairwise different and z,
pairwise different.

(X_xl) (X_Z4)lq(x_z4)14)

2, € C\R are also

Assume that P(x) is another polynomial such that deg(P)<deg(Q).
In this case, the real partial fraction decompositions of the rational
function

P(x)
Q(x)

looks as follows:

=1

T x22Re(z, )x+‘ \)S

where 4., ﬁjs,;/].s eR.

One important problem of these PFDs is to determine the
corresponding coefficients. To determine the coefficients of these PFDs,
some methods/algorithms can be applied with respect to the given
rational functions. For example, long division (routine calculation),
algorithms introduced in [1,2] can be used for suitable applications.
These algorithms especially focus for determining the real PFDs for
given rational functions. On the other hand, real PFDs may fail in
some applications; for example a failure of real PFD is mentioned in
[3]. From the point of view, complex PFD can alternatively be used and
this yields simplest form for representation of rational function (1). In
this paper, we aim to expose the full complex PFDs of rational function

(1). We first give some complex partial fraction decompositions and
then emphasize the relationship between the coefficients of real PFD
and complex PFD. Then, some applications of these complex PFDs will
be discussed.

Complex Partial Fraction Decompositions

Complex PFDs can effectively be used in the parts of suitable
applications. For example, rational algorithm, which is introduced in
[3] for computing the coefficients of formal power series of a rational
functions, requires complex section we provide the relations between
the coeflicients of real PFD and the coefficients of their complex PFD.
Note that to find corresponding real PFDs, the algorithms discussed in
[1,2] can be used for suitable applications.

Theorem 1

If zeC\R,0= eCand R (x)= -, Where k is a positive integer, then

_1 ot | o
2iIm(z) (x-2)f (x-2z)

1.RR =R, , +wdR, R, forallk22and R} = R, + 20@R,

2.RR, =R, +®dR + @@ R, , +..0" @R, +20/@"'R, + 20'@'R,, forall j 22
1
(x* ~2Re(z)x +[2 )’

q_ 1 — 2 22 g-1 _ g-1—q-1
R} =R +C0oR _,+C 0@ R _,+..+C] 0" @ R,

3.the rational funcion R](x)= canbe represented as

Proof 1: (1) we have successively:

" @ ® @
R = [(x 2 (xz)kj((xzf(xnj
_ wk+l N wk+1 w CU w@k
(x—z)"" (x—E)k+l (x—2z)f(x— z) (x—z)(x—2)*
- o . P 0D [ ! ! ]
(x—z)"" (x—E)k+1 (x—2)(x-2)| (x—2)"" (x—E)"’1
=R,,, +ooR_ R

k=171
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Moreover, _ 0 1 2,0 0 2
o =R +a(C ,+C )R ,+a*(C,+C,+C)R ,+..+
R = ( o @ j +a"2(C) +C) +..+CL2 )R, +2a7(C) +C) +..4+CL 2R,
X-z x-z
e @ 20@ By using the formula Cf=C!,+C!], one gets
= + +
2 —\2 =
(x=2)°" (x-z)° (x—2z)(x-%2) C:,]q + C;,l _ C;
:wiz_*_i_*_zw@ @ + @ CO +C1 +C2_c1+c2_c2
(x—z)* (x-2) X-z x-z g1 7 g1 g T g T g T g
=R, +2wwR,
0 1 2 -2 _ 1, 2 -2
(2) We first observe that Coa+C +C +.+C 5, =C +C +..+C 7,
2 q-2
RR R =C°  +..+C -
RR =R, +aR_R & 1 ——L wherea=wo = ‘a)‘z ';HZ 2
a a =CI
29-3
By assigning successively the values 2; 3;: : : ; j to k, one gets: Consequently
0 1 2 0 1 2 -2
R,R RR R Ri=R +a(C,,+C, )R ,+a°(C,+C ,+C)R ,+..+a’
22 .y 0 1 -2 ~1/0 1 -2
(oN7] a a (Co+Cy+ 4G R, +2a"(C L +C +..+C) DR, =
Lsg{l - Lf’fl = 5; =R +aC)R _, +a@’C} R _,+..+a"*C} %R, +24"'C] R, =
a a a 2 g 1y g -
: R +aCR _, +a’C} R ,+..+a"*C} %R, +a’(C} 2 +CI )R, =
1 22 2 g2 ~1g-1
R;‘R1 Rj—1R1 Rj+l = Rq +LZCDIR(F1 +a Cq+1Rq—2 +...+a’ ng73R2 +a’ ng72R1
T T o T
4 a a Now the new algorithms for finding the desired complex coeflicients

of a certain type of rational function with respect to corresponding

which shows that
PFDs are given by the following proposition and corollary:

Ri& RlRl _ Rs R4 j+l .

Y Proposition 1
that is zeC\Rand g,,7,,.... B, 7, € then -

. . 1 1
RR =a 'R} +a"?R, +..4aR +aR +R,,. Parr. sy b, b
2 s _ S = S
. s=1 (x” —1Re(z)x +|z = (x-z) (x-%)
Since Rf =R, +2aR,, the announced relation ( ) ‘ ‘ )
where
follows now easily. z 2e2) z
o 2s-1)
(3) We first observe that b, = Zﬁqa)z ‘a)‘ C2:4 + Z(ﬂswz + (07’5)“" Cz(sl,l),
s=1 §=2
1 1) @ ! o ! o) .
_=—_+"_=R, b, =Y p.o’ ] 7 C2 + D Btz iy o T CE,

x° —2Re(z}.)x+‘z‘ Xx-z x-z = =

hich implies that - — _ - 2
which immplies thal ; b],lzﬁ]w""ﬂ[,]a)l 1Z+a)’ 17,,1+(ﬁlw’ 1Z+6l)’ 1}/})‘0)‘ C]]

1 1) @
2_2R Zq:(x z'x ZJ =Rj. b, =pBw'z+ay,
- )x+ - - .
(x e(z/ > ‘z‘ ) Proof 2: Considering for the rational function s=3 bx+r,

T (x* ~2Re()x +[2[
The proof is done by induction on q. If = 1 or q =2 one gets the ~ one gets successively:

obvious equalities ' _
S= Z(ﬂsx+;/s)Rl’
R, =R,andR? =R, +2aR,. |

2iR

s—i

™

s-1
Assume the equality for q-1 and observe that one gets successively: (Bx+y S)Z,: Coia ‘w

s=1

7 _ pg-1 s-1 i s-1 —s-i
R] _R‘l R] = (Bx+y,) a)‘z C;H[Lﬁ_%— a)i H]
—(R_ +aC' R ,+a®C?R _+..+a"?C"2 R)R | (x=2)”  (x-2)
q-1 q-1""q-2 q7q-3 2q-4771 1 I s = 20 —s—i 20 i
b3 2 ZZ(ﬁ:w @ Csﬂ'fl ﬂsw & Csﬂfl)

_ 1 22 q-2~q- = — + —
= q71111 +a(3177112‘772R1 +a CqRq%R1 +...+a C2q74R1R1 e (x—2) 1 (x-72) 1
_ 21 q-2~1 q-1 | s s—i s—i 20 i i i 20 i
=R +aR ,+a’C R ,+..+a"’C) R, +2a 3% ((ﬁw Z+(w 7))\w Cova , (B2 :a’ 77))60 Cw])

1 202 G-22 4-1-2 s=1 =0 xX-z x-z
CoR+a’CR , +..+a""C R, +2a" CR, ) , , . ) .
aq‘ZCZ;}RZ +2a”'lC’2’;f4R1 =22

x-z x-z (x-z)° (x—2) (x=z) (x-2)
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Hence Thus,
2| (257 ~p 2s1) ~sq 15 asi N7 T 7,7
b= potle] T CE A D (Bwzray)e] G, w1 C3ty Gty 5y 5
=2 =1 (5 +4x+5)(x* +x+2 6| x+(2-i) x+(2+1i) 1 7. 1 7.
X+ (—=+4|51) x+(==—,|-1)
] . 2 V4 2 \4
_ 3| [2(573) 53 2 2 2(572) ~52
b=Y Bl T Cl+ Y (B’ zra’y)|e] Cl Example 2
s=3 =2
’ ’ Apply complex PFD of a more complicated rational function
_ I -1 -1 1-1 1-1 2 ~1 2x+1
b, =po+p 0 z+0 ¥  +(fo z+0 71)‘6()‘ G f)=—
(x*+6x+10)

_ ! |
by =poz+awy,

Corollary

Let X,,-.-, X, be pairwise different real numbersand z,, ...z, e C\R
be also pairwise different. If is a polinomial with real coefficients whose
degree satisfies the inequality deg (P(x))<p+2(, +...+1), then there
exists a_, Birv, €Rand b, € C such that

where
Qx)=(x— xl)k1 w(x— xp)k” (x* - 2Re(z,)x+ ‘zl ‘2)“ (= 2Re(zq)x + ‘zq‘lq .
The relations between the coefficients of the real partial fraction

decomposition and the coefficients of the complex partial fraction
decomposition are:

1 1
_ 2| [2s-2) 5 2s-1) o4
b/.1 = zz,ﬁjsa)j ‘a) G+ zl(ﬂjsa)jz + a)jyjs) a)j‘ CZ(H)'
s=. =
! 2(s-3) ! 2(s-2)
3 -3 2 2 —2
b].2 = Zﬂjsa)j ‘a)]. (G Z(ﬂjsa) z+w; 7]'5) , Gy
s=3 §=2

-1 -1 -1 -1 2 1
b, =80 +8, .0 z+o yl-1+(8, 0 z+wo' ‘a)‘ C
-1 ﬂﬂ/ =1 7 y/ ] (ﬂﬂ/ ] / 771/) / l

_ | |
by =B wz+oy,,
where . = # 2)
T 2ilm(z;)
Example 1

Consider the rational function

2x+1
(2 +4x+5) (2 +x+2)

f(x)=

For the first step we need to find corresponding PFD of given
function. The given rational function is decomposed in [3] by "Two
Brick Method" as

f(X):é[ X7

. N 2x+4 .
(¥ +4x+5) (x"+x+2)

Then, according to the Proposition (1) the complex PFDs of
decomposed functions are obtained respectively as,

1 5 1 5i
IR AP Sl
7 7( 3 2)_(2 2)

(P +4x+5) x+(2—i) x+(2+i)

\/; 7i [—ﬁJrﬁ]

x+4 (—7—3) 2 2

= + .
(x*+x+2) 1 \/ﬁ 1 [7.
X+ ==+, — | x+|—-=—,>i
2 \4 2 V1

Using proposition 2, the desired complex PFDs with corresponding
complex coeflicients can be given as

2x+1 223 b, . b,
(C+6x+100 = (x—(B+i)  (x—(3-i))

where b]:%,bzzg—éand b3:_4 3 .

Differentiation  via Partial  Fraction

Decompositions

Complex

Higher order derivatives of functions can be used in many
applications. Hovewer, representing the higher order derivatives of
many functions explicitly cannot be easy and in general they are
computed recursively. From the point of view, higher order derivatives
of a certain class of rational functions can easily be computed through
complex PFDs and the k* order derivatives can be computed directly.
In this section we will give the general form of higher order derivatives
of rational function (1). Finally, the results then will be used in some
certain applications.

In order to find the high order derivatives of rational functions in
(1), we suppose to find the high order derivatives of rational functions
of types

a ax+ f

— and 5
(x—x,) (x* =2Re(z)x +|2| )

where 4,%,a, 8 €R. While computing high order derivatives of
the first type of rational functions is direct, computing the high order
derivatives of the other type of rational functions needs some more
computations which will be given in this section.

If zeC isafixed complex number, then the function

R\{z} > Cxt———,
{z} 2
with k an integer, is arbitrarily many times differentiable and
n n n
d 1 _ (_1) An+k71
dx" \ (x-z)" (x—z)"*
!
where A? stands for 7(mm—.p) =m(m=1)...(m-p+1) and 0!=1
Indeed, it can be easily done by induction on n. Consequently
a’ [ ax+b | d" a__ . az+b
A"\ (x-2)" ) dx"(x-2)"" (x—2)
_1 V!An _1 n
= ai( ) 2 4 (az + b)i( ) el )
(x—z2)" (x—z)"

In particular
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dx"\ x—z

n n o n ‘
d" (ax+b —(-1)'n! az+blandi 1 _ (-1 n.l.
( Z)Yl+ dxn x — Z (x_z)ll+
Corollary 6: The n™ order derivatives of the function R and R,
respectively, are given by the following formulae.

- 10} @’
1. R (x) ( 1) An+q 1[(x_z)n+q + (X—Z)’Hq]

S ()7 L (e Rty (im)
(AL

n+q-1 k+q even

27 (Im(z))’

(x* —2Re(z)x + ‘z‘z)"”

d" 1 7
dx” (x2—2Re(Z)x+‘Z‘2)q kzé‘ ‘ ”“d “( Ry i(3))-

Proof: We just need to use the formula

1) (DAL,
dx"  (x—2z)"

(x _ Z)n+q
L 1
and Theorem 1. Indeed, taking into account that w=m, one
gets successively:

RO(x)=(-1)" AL, , ( (

@' '
n+ + —\n+
x=z)"" (x=zZ)"

1 -1y
woan | 2" (Im(z)" 27 (Im(z))!
=D A -2 (x-7)"

(DAL 1
2”“’(Im(z)) (x—Re(z) —ilm(z)"""

n+q

>, (= Re(2))" ™ (Im(2)) [1+ (-1)"]

. (-1
(x—Re(z) +ilm(z))""

_ D'AL &
2" (Im(z))" (x> ~2Re(z)x +|2[ )1
| gk,
>, Ch,(x=Re(z)"" " (Im(z))"
(A, i

n+q-1 k+q—even

" 27 (Im(z)y

(x> —2Re(z)x + ‘z ’

)r1+q

S Ct (- Re(2) T (Im( )
RE

n+q-1 k+q-even
27 (Im(z)y
n+q
> Ch (x—Re(z))" " (Im(z))*
D" A o

n+q-1 k+q—even

27 (Im(z))"

(x* ~2Re(2)x + |2 )"

(x* —2Re(z)x + ‘z

2))1+q
n+q

S CL G Re(@) D) L) (i)
AL, A

n+q-1 k+q—even

27 (Im(2))’ (" ~2Re(2)x + |2 )™
Z”,: - 1) 3 ek o (x=Re(2))" 0 (Im(z))*
( 1)" A" k=0

n+q-1 k+q—even

T2 (ImE)y (2 ~2Re(z)x+|z[ )"

Proposition 7: If a; b are real numbers and z is a complex number,
then the following formula holds for every positive integer n

d'f art 1 d 1
o ZMF PP Er. +(ux+b)d—n — 5
x 2| (F —2Re(2)x +|e| ) X (2 —2Re(z)x +[2] )’

where f is the rational function given by

f(x)=

ax+b

(x2 —2Re(z)x + ‘z‘z ) s

Proof: It follows immediately by induction on n.

Corollary 8: If R(x) —ﬁ is the rational function as in corollary (3),

then its nth order derivative is given by

. ZZ( o A +ii[( DAL C)B AL J
S5 c-x) FGE -7 Gom)”
Consequently
r_k A" l Al 1
R (x)| < Pl ZZ @)
i=1 r=1 ‘x— j=1 ‘x z,

Some Applications Involve Higher Order Derivatives

One of the important applications of complex PFDs is the
differentiation of rational functions. The higher order derivatives of the
rational function (1) can easily be computed by using the relation (2)
and corollary 6. In this section we discuss different problems involving
higher order derivatives in which complex PFDs can be applied.

Power series expansion

According to the Taylor theorem, a function f can be approximated
by power series, if exists, about x_ as

o £(n)
=3 E gy

When x, = 0 (Maclaurin series of f), this series has the form
0 (n) 0 . 0 " 0
=35 Oy = 1 LD L
n=0 .

1! 2!
Thus the coefficients of Maclaurin series are represented by higher
order derivatives:

() m (1)
ok o= k' 0

Practically, it may be difficult to represent a, explicitly for all k for a
certain class of functions. From the point of view, if the desired power
series deals with a rational function, the complex PFDs can be applied
to represent the coefficients explicitly by the following theorem:

Theorem 1: Let f be a rational function of (1). The coefficients of the
Maclaurin series of f are

1|& & (-a, A UGS -
ak:k!{z ()"kfr*'-lJrZZ(Zusz Cq+”j},

o (x)
where a, =kp, (R“ -1) (0))+7/]S(R(k)i(0)'

g
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Proof: It is easily obtain from (1) and Proposition 7.

Example 1: Consider the rational function

1 —

(2% +2x+2)°

Then the complex number z = -1+i and the coefficients of Maclaurin
series of given function according to the Theorem 9 can be given as

1(& pi oy dF
T=0 Z{;\w C I

2+i k
dx
Thus, Maclaurin series of given rational function fis

(R,;(0)

- . 13, 9 , 1, 3 , 3 5 134

D A A TR TRl e

On the other hand, in which cases a,=0 for all k; the coefficients
should alternatively be computed. This problem is processed by
Computer Algebra Systems (CASs). In [4] new algorithms are
introduced for finding hypergeometric power series of given function.
As we mentioned before, rational algorithm is one of important
algorithm for finding power series of rational functions in which
complex PFD is the first step of the algorithm. Thus, our algorithm
given in corollary (3) can be used for the first step of rational algorithm.

Higher order schwarzian derivatives

Schwarzian derivative of a function f (real or complex valued) is
defined by

2
sHw=L, —3[f , }
fro2lf
and it is invariant under linear fractional transformations. Schwarzian
derivatives appears in different fields of mathematics such as complex
analysis, differential equations, hypergeometric series as well as
dynamical systems. Since Schwarzian derivative involve higher order
ordinary derivatives and their combinations, the Schwarzian derivative
as well as higher order Schwarzian derivatives for a certain class of
functions cannot easily be derived in a closed form. Although the
simplest class of functions for ordinary differentiation is polynomials,
the closed form of Schwarzian derivatives of a polynomial function

_ n+2 n+1
P(x)=ax""+a,x"" +..+a .,

is complicated comparing with ordinary one and it was given in [3] as

(n+2)
2!

(n+2)!(n+1)ul[ a1x2+(n+1)!u2x+n!a3J

S(P,)(x) =

(n+2)!
21

(n+1)(

a,x’ +(n+1)!a2x+n!a3)2J

(n+2)((n+2)lax+(n+1)la, ) )

(n+1)((”;1)!

2
2 x+n!
ax” +(n+1)!la, +n.a3j

Since the formula (5) is a rational function of x, it can directly
be decomposed by complex PFDs algorithm for suitable part of
applications whenever

ay (n+1)a;
a, (n+2)a

Moreover the higher order Schwarzian derivatives for a function f

were defined inductively in [6] as

Sml(f):(sn(f))'—(n—l)&(f)%n% ®)

From the point of view, the higher order Schwarzian derivatives
involve more complicated combinations of higher order ordinary
derivatives. For example, second and third order Schwarzian derivatives
of the function f; according to the (6), are given [2] as

3
L1,
f f f
2 w W\ 4
nn nn n nn f 2
S, = —10'f 'f —6['f ' J +48f 536 L
f f2 f f
If the function fis deal with the rational function (1); the complex
PFD algorithms can be used to defined its Schwarzian derivative as well

as higher order Schwarzian derivatives in a closed form. Let us consider
a particular type of rational functions

= Px+a
(x? 72Re(z)+‘z‘2)q ()

Then the higher order derivatives of the rational function R(x)
according to complex PFDs is

dn d" q bs Bs
2o P =| 2 [(x _o (-2 J
_ i{(—l)"bsA::ﬂ-l VDAL }

(x—2z)™ (x—=2)™"

f(n,q)=

Thus Schwarzian derivative of the rational function R(x) can be
easily represented in the closed form as

3 {(1)"b5(s+2)1+

(1)"bs(s+2!)}

sl(f)<x)=f(3f”7)_é(f<2f@} S R S )
fa,q9 2 f1,9) ¢ | (=1)"bs! (-1)"bs!
Z_ P Ry
s=1 (X—Z)H (x_z)5+
zq (—1)"bs(s+1)!+(—1)”l75(s+1)! ’

_E s=1 (X 7Z)s+2 (JC*E)HZ

2 o [ )bs! (-1)"bs!

ZHLX_Z)MJr(x_Z)M }
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