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Abstract

The ground state energy and wave function of the single band hubbard model on the one dimensional lattice is
computed using the Lanczos methods. It is shown that the ground state energies obtained for different values of the
interaction strength it, compare nicely with that obtained using the method of exact calculation.
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Introduction

The Hubbard model is an approximate model used to describe
the transition between conducting and insulating systems. The
Hubbard model, named after John Hubbard 1963, is the simplest
model of interacting particles in lattices, with the only two tennis
in the Hamiltonian; a kinetic term allowing for hopping of particles
between soles of the lattice and a potential term consisting of an on
sites interaction. The particles can either be fermions or bosons [1].

The Hubbard model is a good approximate for particles in a
periodic potential at sufficiently low temperature that all the particles
are in the lowest Bloch band, as long as any long-range interactions
between the particles can be ignored. If interaction between particles
on different sites of the lattice are included, the model is often referred
to as the extended Hubbard model [2].

The model was originally proposed to describe electrons in solids
and has since been the focus of particular interest as a model for high
temperature super conductivity. For electron in a solid, the Hubbard
model can be considered as an improvement on the tight-binding
model, which includes only the hopping term for strong interaction, it
can give qualitatively different behavior from the tight. Binding model,
and correctly predicts the existence of so called mott insulators, which
are prevented from becoming conducting by the strong repulsion
between the particles [3,4].

The Hubbard model is based on the tight —-binding approximation.

In the tight-binding approximation, electrons are viewed as
occupying the standard orbital of their hopping between atoms, and
then hopping between atoms, and then hopping between atoms during
conduction. Mathematically, this is represented as hopping integral
or transfer integral between neighboring atoms, which can be viewed
as the physical principle that creates electrons bonds in crystalline
materials [5-7].

The Hubbard Hamiltonian takes the form:
N
H=—+ Z

C;,C/C,JrUZniTiy'i
(ij)o

i=1

(1.1)

Where C; C;, and ni are the creation, annihilation, and number
operations, respectively, for an electron of spin o in the wannier state
on the on the ith lattice Fi,j means that only interest neighbor site
hopping are allowed [8,9].

The Hubbard model has been extensively studied the single band
Hubbard model in both one dimensional ring and two dimensional
torus. By the exact calculation of the pair correlation function 1, j
defined as the possibility of finding an electron at site when there has
been an electron of opposite at site I, it is shown that for two electrons,
the interaction is always repulsive in the ground state for any positive
value of the on-site coulomb interactionu .

Enable and Idiodi studied the single —-band tight-binding model
with on-site repulsion u and nearest neighbor-exchange interaction
j (the so called Hubbard Hirsch Hamiltonian) with the help of a
correlated variational approach [10,11]. Two finite sized lattices with
periodic boundary conditions were considered and the criteria for
the occurrence of a transition from an anti-ferromagnetic phase to a
ferromagnetic phase were discussed.

Theoretical Background
The Lanczos Tridiagonalization Method

The basic idea of the Lanczos method is that a special basis can be
constructed where the Hamiltonian has a tridiagonal representation.
Thisis carried outiteratively as shown below. First, itis necessary to select
an arbitrary vector ¢ in the Hilbert space of the model being studied.
If the Lanczos method is used to obtain the ground state energy of the
model, then it is necessary that the overlap between the actual ground
stat \+0> e and the initial state \@0 be non-zero [12,13]. If there is no
priori information about the ground state is know, this requirement is
usually satisfied by selecting an initial state with randomly satisfied by
selecting an initial state randomly chosen co-efficient in the working
basis that is being used. If some other information about the ground
state is known, like it is convenient to initiate the iterations with a state
already belonging to the subspace having those quantum numbers (and
still with random coeflicient within this subspace) [14,15].
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After |2, is selected, we can define a new vector by applying  projection over |g, },we obtai
Hamiltonian H to the initial state subtraction the projection over|@, , we .
obtain . Do H|g0>
. ) |@1>:H|@0AW|@0>
A @0 H‘ @0 o o
e, - fijg, -1 g, (.10 ,
a, |@0 Recall equationl.1
Which satisfies{(0,l8,) = 0.
f pre H=—t Zc,-;cjgu-l.c +uZn,-Tn,—¢ (2.2.1)
Now we can construct a new state that is orthogonal to the previous i,jo i

two as:

. aie
2, =H|8,-—+—12 (2.1.1)
2@,
Wheren=0,1,2,—————— and the co — efficient are givenby :
@n H‘@n 2 Qn 9,
an= b (2.1.2)

angn o gn—llg,ﬂ

Supplemented by b, = 0,

@, =0

Inthis basis, it can be shownthat the Hamiltonian matrix becomes

a b O O
b a b O
O by ay b3

=10 0 b a (2.13)

i.e it is tridiagonal, as expected. Once in this form the matrix can be
diagonalized easily using standard library subroutine. However, to
diagonalise completely the model being studied on a smote cluster, a
number of iterations to the size of the Hilbert space (or of the subspace
under consideration) are needed [16].

However, one of the advantages of this technique is that accurate
enough information about the ground state of the problem can be
obtained after a small number of iterations /typically of the order
of ~1000rless). Thus the method is suitable for the analysis of low
temperature properties of the models of correlated electrons described.

Ground state energy of the two electrons on 2 sites of aid
lattice using the lanczos method

In the Lanczos method, a special basis is constructed such that the
Hamiltonian has a tridigonal representation [17], Firstly, we select an
arbitrary vector ‘ZO) in the Hilbert space of the model being studied
for a two site system containing 2 electrons, we have the following
many body states;

|1>=|1T1¢>
|2>:|1T2¢>
|3>=|1T2T>
|6>=|1T2¢>
| >:|1T2¢>

Let|@,) =[1) =[1 7 11). We now define a new vector |&,) by applying
the Hubbard Hamiltonian g to the state |&@,) subtracting the

Fortwoelectrons ontwo sites

H= —+{C1'?C2T + C;TCIT + C;lczi + C;LCN } + u{cﬁcﬁcwcw + c;'Tc2
H|@5) =~ ChCop [ 1T 1 +C7 ~

rcz*TCITIT1¢>—rcl*T(‘2T\zn\lT1¢>—rcz*Tcll‘1T1L> *U(TTCITCﬁCN‘lTl‘b*“C;TCZT(;”l ) (2.2.2)

(CHC|@o| 1110 i 1Tl suchang it th vuciioneg 111

=ty -t ¢>—z‘| T2d)+ultd1d) (2.3.2)
Hlﬁo)=—t“2T1~L>+|1T2J«]+u|lTl$>

(Do [H|@)o = -tTo[2 T 1) = t]F,[1T 21y +ud, [1 11
=—(1T1d1T1dy

=0-0+u(1)

=u

(Do [H| o) = 0T, [H|@)o = (T, | F) =1
|@0>+t1T2T>—|1T2¢>+u|1T1¢>—u|1¢1¢>

=t 1T2¢>4|1T2¢)

Similary,

|%>=H‘@1>— @en,, Gl g, (2.33)

AL |22 (@,]@)
H|@O>=—t2|2¢2T>+‘1¢1T>+t2|2T2¢>+|1T2¢+|1T1¢>
=2t2|2T2¢>+2t2|1T1¢>

=2t1T1¢+|2‘F2l>

(@1 |Hl@y) =0

(@1 |H|@y) =27 (D, | Do) =1
|opy=22It1h+22p T2y 22 111l

|@y) =2t |2 T2y

The procedure can be generalized by defining an orthogonal basis
recursively as:

|Dni1) = | @) - an| @) -3 D 1) (234)

Wheren = 0,1,2,————and the coefficients are given by
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@, 1%|@n> @, f"1|@n> (D, |H|Dy) = 0,42 |H| 21 = [2,(2, [H[ @) =
- (D, |Z>n ’ nI(Zn_l |@n_1) In this basis, we generate the Hamiltonian matrix
Supplemented by b, =0,[&J |)=0. in this basis. We have the U Ju o o
Hamiltonian matrix: \/Z (0] \/Z (0]
o Ju U o
JANGT) 0 H= (2.3.6)
o O o 0
Vi 0 Voo
o Ja U o
H= 0 0 0 0 (2.3.5)

From equation 1.4

|23) = 1| @3) - a3 | @) - 63 |&n)

CAES
(@,]@)

~ (J@z‘@z\@])

122)- @)

|22

=1%\@2>=7213\1T2¢>72z3\2T1¢>++2m2\2T2¢>

(@, |1%|@2> = dut* (2, |@, =41,

ey =272t 2 b pr2ly 2wt p 2y -3l 2ty +
2;3\1T2¢>\g3 =0

|@4) = H|@3)—an|@3) - b2 | @)

(&5]H]23)
(3|@73)

_ (D93T3)

Hles) ZAEA)

|2

|@3)y=0
Recalzzhar:\@]>=t\1 ¢2T)—1‘1 T2y

t[l¢2?>—t|1¢2¢>—t|1?2¢>}

a2(2, |@1) =1, ais the normalizing factor

a2 [1+1]=1

2a%% =1

ey :%“1 Lah-it 2¢>]

Also recall that,

|22 =222 1 24) = Laisthenormalizing factor4t*a® =1

:.a2 =—Da=—=

1
4% 242

oy =pr2d)

(D |H| Do) = u,(D, [H| @) = 0,(T, |H| &) = o,
Sincel@n) =0,)n2.

<@0 |H|@I> = \/2—t5

(Do |H|@1) = 2442, [H]| @, ) = 0.(2) [H]| @) =2t

(@, [H|2,) = o for n)2.

Similarly,
_ <Z0 |H|@0> _
Ay =———1-—"=1
(@, | @)
(@ H|e)
g =——7—=0
@ lan

_(@H@y) _aut

a
2 <@2|@2> 4t4
(@5 |H| 23)
ag=——7 =0
(@3] 23)
g __By) in determinate
(@l

b2 (D _,p02
CAES

Inthebasis |@)),

a,yand ‘@2),the3 x 3 Hamiltonian matrix is constructed below.

u a0
H=[J2t o 2t (2.3.7)
o N2u u
Diagonalising equation (2.3.8), we solve the equation.
Dct(A-12)=o0
u—A \/Z )
A=t 0-21 2 |=0
) \/Z u—A

—(u=2){~A(u=2)= 2| 21 {42 (u=2) -0} +O{} =0
By expansions, we have that:

=—/1u2+ﬂ,2u—2t2u+ﬁ.2u—13+21/1—\E{ Ztu—\/a ﬂ,}

=3 +222u+ ? +4 - 422 =0
A3 =222+ au? + 42 — 42 =0

A3 =242+ d? -4 A+ 4% =0
23222+ 4 (2-u)=0

let A = u,sobyinspection,

A—u=0 isa factor
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Hence, by using polynomial division, we have that:
Y § POy WhereAzx/u2+l6t2.
Ao 2%+ i~ 4 (A-u) 1
3_2 —(ua) 0
A7 =A%u 2 19)
2%+ J2r —%(U—A V2t o
2 %u+ du? \/— 1 ©
o 2t —(U+4
4 (2-u) S(U+4)
—4t2(/1—u) |
4 (2-u)(22 - 247 ) =0 SU+4)X 20X, =0 (1)
iely =uord? - Au-4 =0 N 1 N
2t X1 +—(U+4) Xy +N2tX53=0
For A%~ du—4> =0 1+ (U+4)X; 3 @)
\/5/1+%(U+A)X3 =) (3)

To determine the eigenvalue (x), we solve the above equation.

B —b+~b% —4dac
2a
Wherea=1,b=—u,C = —4¢2

A

—(—u)i (—u)—4><1><—4t2
- 2x1

_ uir\/u2+l6t2

A
2
u+Nu? +161% Ju? +162
p=——————ory=u——m-——
2 2
Either:
u+\/u2+16t2 \/u2+16t2
A =f0rﬂ,3 =MT

%‘:u +\/u2 +1612 }or%[u +\/u2 —16¢> } (2.3.8)
Hence equation (2.3.9) is the ground state energy.
Eg:%[ufxluz +16t2:| (2.3.9)

The Corresponding were function is given by:

7Lg_S=X1|gz>+X2|@l>+X3|93>

Where:
Xi

X =| X, |istheeigenvector corresponding to
X3

1
Eg :E*:u —u? +161% :|from2.3.6,

w-t(U-4) 0
2 X\ (0
Vi —uea) X a0 )=fo
. X3) (0
0 Jat u-—(U-4)

From equation (i)

%(U+A)X1 =2t x,
l(U+A)X1
X2=—2—
J2r
From equation (3)
%(U+A)X3:—J2—txz
J2r x
X3:—1 2
—(U+4)
2
X3:X1
X
i(U+A)
jx=| -2
J2t
X
1 2
2 Z(U+A) 2, 2
Xl + > Xl +X1 =1
2t
1 2
2. 4 +4) 2, 2
2X1 + 5 Xl +Xl =1
2t
2
e £+(U+A) _
1 812

5 [ 162U+ 4y

Xl + =1
82
2
:.X128l—2
1662 (U + 4)
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N & i1y, ‘2T2¢>, |1¢1T, and [1411)
242 +UA)
9 With these Hamiltonian set up:
PN - :
(A2+UA)A (UHP)(1|H[2) - - -~ (1|H]e)
y (la){alriz)-—-—- (ala)
- \/U2 1162 +UNU? +1662 H= R {3lle)
1 (alt)afa2) -~ {a}ul)
. ) o (5|H[1)(5|H|2) -~~~ (5|H[6)
y=
T T (ol efe}—==- (ol
:,U—f/‘y H|1 =7t[C;ZrC2T +ChH Oy +C Cyy +c2+¢c2¢]+
2[(At?] 2
) A U[Cﬁcm FCHO+CHC +CE Gy 1T ¢>}
y =
A =—CHCp I T I e 1M 1hec G TP b+ o 111D
sy = U2 16 UCHCpCy Gy 1T 1)
\E{ U2+16t2) .
Also, P =~ChCp 1T 1) =0
U e | Here, = —«Ct.Cp[i 114y =0
s ﬁ{ U2 +16t } ! iT 1T| )
o =—C G It =0
B A%(A+u)%
) 2:(A-u)% =UCKCHC G 1T =11
A2 () (A ~UCHCnCE Gy I Tl =U it 1l
W
2 2
i UCH Gl 1114y =0
AR VA 2 2
A Z[U +16t° -U ]
Hy==2T1dy -T2 +UT1d
2{\/U2+16t2 —U}% | > t| > t| o | >
Arars =z|1T2¢>—z|1T2¢>+U|1T1¢>
1
[\/UZ +162 4/}4
TS z|4>—z|3>u|1>
2[U2+16t2] 2
B (1| H|py=a]4)y-a|3)y+ Ul (2.4.0)
Fos=X) |®0)+X2$“1TZT)—|1~LZT}+X3|2T2¢) For
X, UlT1¢)+‘2T2¢J—%U1T2¢)—‘1¢2T)J [y =0, GlH|)=-14[H[1=t, (5[H[)=0, and(6|H|1)=0
. Which gives
Ground state energy for two electrons on two sites (Exact
Method) u o ~t t o o
o u -t t o o
Recall that:
. =—t t o o o o
H:71|:C1?C2T+C;TC1+C{1C1¢ +c2+¢cl¢}+ Yt t 0o 0 o0 o0
" " N N o o o o 0 o0
UlicchlTC1¢ +C2TC2TC2¢C2¢} 0 0o 0o 0 0 0
For n electron on N sites, the number of many body states is given u o -t t
bY o u -t t
2Ngpn=2, N=2 Bi= ¢+ o0 o
. N t t o o
(4_2)!2! 212! We now determine the eigenvalue, Where A=(Hij) is a square

It has six states which are matrix, X isa column matrix and X is a scalar quantity [18-22].
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Figure 1: Ground state energy as a function of positive U for 2 electrons

on 2 sites For Lanczos Result.

Figure 2: Ground state energy as a function of positive U for 2 electrons

on 2 sites for Exact Result.

/st
4
3.5
25
2
1.5
0.75
0.5
0.25
0.1
0.02
0.01

-0.01
-0.02
-0.1
-0.25
-1
15
2
25
-3
-4

Table 1: Numerical Result Correlation Between Lanczos and Exact Method.

Lanczos

0.24
0.28
-0.38
04
06
-
-1.23
-1.56
18
-1.96
-1.98

-2.02
-2.04
-2.2
-2.56
-4.8
-6.6
-8.4
-10.4
-12.32
-16.24

Exact

-0.24
-0.28
-0.38
-0.4
-0.6
-1
-1.23
-1.56
-1.8
-1.96
-1.98
-2
-2.02
-2.04
-2.2
-2.56
-4.8
-6.6
-8.4
-10.4
-12.32
-16.24
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AL =Ax
AX - x=0
(A=AI)x=0

Result and Discussion

Ground state energy for two electron system on two sites were
analytically solved using 4x 4 matrix and the results obtained are
presented in the figures and table below.

Figure 1 shows ground state energy as a function of positive U
energy for 2 electrons on 2 sites for Lanczos method while Figure 2
shows ground state energy as a function of positive U for 2 electrons on
2 sites for exact method. Thus, the correlation between the two graphs
are in perfect agreement.

Table 1 below shows the numerical results of Lanczos method and
exact method which is in a good agreement with experimental values.

Conclusion

In this study, we have shown that Lanczos technique is a reliable
numerical method in determining the ground state energy of a system
described by the Hubbard Hamiltonian. Ground state energies obtained
using the Lanczos method compare nicely with that obtained using
exact method. The size of the Hamiltonian matrix to diagonalise is
reduced from (4x4) matrix to a (3x3) matrix when Lanczos technique
is applied.

Reference

1. Adrian cho “Second family of high temperature superconductors Discovered.
science Now Daily New.

2. Bardeen J, Cooper LN, Schrieffer JR (1957) “Theory of superconductivity.
Phys. Rev 108: 1175-1205.

3. Charles K (2004) Introduction to solid state Physics. New York.

4. Chen L, Mei C (1989) Exact calculation of the two electron interaction in the
ground state of the Hubbard. Model Phys Rev B39: 9006.

5. Dagotto E (1994) correlated electrons in high temperature superconductors
Rev mod Phys 66: 763-840.

6. Dagotto E, Moreo A (1984) Hamiltonian variational study of SU(2) lattice gauge
theory Phys. Rev. D 29: 2350.

7. Dagotto E, Adriana Moreo (1985) Exact Diagonalization of Small System Phys.
Rev. D 1: 865.

8. Dagotto E (1994) Correlated Electrons in High-Temperature superconductors.
Reviews of Modern Physics 66: 763.

9. Doniach S, Sondhermer EH (1974) Green's Function for solid state physicists:
222-234.

10. Enaible AE, Idiodi JOA (2000) The two-electron problem studied within the t-j
model and the Hubbard model. Proceedings of Nig Ass Math Phys 231-242.

11. Enabible AE, Idiodi JOA (2003) The two electron interaction in the ground state
of the Hubbard-Hirsch Hamiltonian. J Nig Assoc Math Phys 275-280.

12. Feiner LF, Jefferson JH, Raimonddi R (1996) Effective single-band models for
the high-Tc cuprates I. Coulomb interactions. Phys, Rev B 53: 8751.

13. Ginzburg VI, Landau ID (1950) “Microscopic derivation of the Ginzbury-Landau
equations in the theory of superconductivity”.

14. Hirsch JE (1989) Metallic ferromagnetism in a single-band model Phys. Rev
40: 2354.

15. Hubbard (1963) Electron Correlations in Narrow Energy Bands. J Proc Roy
Soc London.

16. Hybertsen MS, Stechel EB, Schluter M Jennisons DR (1990) Phys Rev B41,
P11068.

J Astrophys Aerospace Technol

ISSN: 2329-6542 JAAT, an open access journal

Volume 3 ¢ Issue 1« 1000113


http://journals.aps.org/pr/abstract/10.1103/PhysRev.108.1175
http://journals.aps.org/pr/abstract/10.1103/PhysRev.108.1175
https://books.google.co.in/books?id=kym4QgAACAAJ&dq=Charles+K+Introduction+to+solid+state+Physics+New+York:+Wiley.&hl=en&sa=X&ei=d2dIVebbEJWPuASDsIAI&ved=0CDMQ6AEwAg
http://journals.aps.org/prb/abstract/10.1103/PhysRevB.39.9006
http://journals.aps.org/prb/abstract/10.1103/PhysRevB.39.9006
http://journals.aps.org/rmp/abstract/10.1103/RevModPhys.66.763
http://journals.aps.org/rmp/abstract/10.1103/RevModPhys.66.763
http://journals.aps.org/prd/abstract/10.1103/PhysRevD.29.2350
http://journals.aps.org/prd/abstract/10.1103/PhysRevD.29.2350
http://link.springer.com/chapter/10.1007%2F978-1-4684-5763-6_23
http://link.springer.com/chapter/10.1007%2F978-1-4684-5763-6_23
http://journals.aps.org/rmp/abstract/10.1103/RevModPhys.66.763
http://journals.aps.org/rmp/abstract/10.1103/RevModPhys.66.763
http://www.worldscientific.com/worldscibooks/10.1142/p067
http://www.worldscientific.com/worldscibooks/10.1142/p067
http://www.angelfire.com/alt2/namp/enaibe.htm
http://www.angelfire.com/alt2/namp/enaibe.htm
http://journals.aps.org/prb/abstract/10.1103/PhysRevB.53.8751
http://journals.aps.org/prb/abstract/10.1103/PhysRevB.53.8751
http://en.wikipedia.org/wiki/Ginzburg%E2%80%93Landau_theory
http://en.wikipedia.org/wiki/Ginzburg%E2%80%93Landau_theory
http://journals.aps.org/prb/abstract/10.1103/PhysRevB.40.2354
http://journals.aps.org/prb/abstract/10.1103/PhysRevB.40.2354
http://rspa.royalsocietypublishing.org/content/276/1365/238
http://rspa.royalsocietypublishing.org/content/276/1365/238

Citation: Obende M, Okanigbuan OR, Olusola K (2015) Correlation between Lanczos Method and Exact Diagonalisation Method in the Study of
Highly Correlated Electrons System. J Astrophys Aerospace Technol 3: 113. doi:10.4172/2329-6542.1000113

Page 7 of 7

17. Lanczos C (1950) J Res Nat Bur Strand 45: 255. 20. Richard MB (1951) Ferromagnetis.

18. Louis Eugene Felix (2001) Introduction of superconductivity. 21. Roomany, Wyld H (1980) Structural Elements in particle physics and statistical
. . . . L mechanics. Phys Rev D 21: 3341.
19. Pettifor DG, Weaire DL (1985) The recursion method and its Applications,

Springler series in solid-state sciences. 22. Tinkhams M (2004) Introduction to Superconductivity.

J Astrophys Aerospace Technol
ISSN: 2329-6542 JAAT, an open access journal

Volume 3 ¢ Issue 1« 1000113


http://journals.aps.org/prl/abstract/10.1103/PhysRevLett.63.2480
http://journals.aps.org/prl/abstract/10.1103/PhysRevLett.63.2480
http://en.wikipedia.org/wiki/Ferromagnetism
https://books.google.co.in/books?id=H6AACAAAQBAJ&pg=PA258&lpg=PA258&dq=Phys.+Rev.+D21,+3341.&source=bl&ots=kEab7NTN1f&sig=HBfQ3P7CTeGW-w2xrMh8tIweMEI&hl=en&sa=X&ei=sIhIVZbgC4SzuATKkoHgDw&v
https://books.google.co.in/books?id=H6AACAAAQBAJ&pg=PA258&lpg=PA258&dq=Phys.+Rev.+D21,+3341.&source=bl&ots=kEab7NTN1f&sig=HBfQ3P7CTeGW-w2xrMh8tIweMEI&hl=en&sa=X&ei=sIhIVZbgC4SzuATKkoHgDw&v
https://books.google.co.in/books?id=VpUk3NfwDIkC&printsec=frontcover&dq=Introduction+to+Superconductivity&hl=en&sa=X&ei=vIlIVZa5GtCcugTNlYHwDQ&ved=0CBwQ6AEwAA#v=onepage&q=Introduction to Superconductivity&f=false

	Title
	Corresponding author
	Keywords
	Introduction
	Theoretical Background 
	The Lanczos Tridiagonalization Method 
	Ground state energy of the two electrons on 2 sites of aid lattice using the lanczos method 
	Ground state energy for two electrons on two sites (Exact Method) 

	Result and Discussion 
	Conclusion
	Figure 1
	Figure 2
	Table 1
	Reference

