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Abstract

Recently, Samet, Vetro and Vetro introduced a-y-contractive mappings and gave some results on fixed points
of the mappings . In fact, their technique generalized some ordered fixed point results . Also they have proved some
results on coupled fixed points of a-y-contractive mappings. In 1974 Ciric introduced quasicontractive mappings
and obtained an important generalization of Banach'’s contraction principle. Recently Mohammadi, Rezapour and
Shahzad have proved some fixed point results on a-y-contractive and a-y-quasicontractive multifunction’s. By
using the main idea of, we give some new results for coupled fixed points of a-y-contractive multifunction.
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Introduction

Denote by ¥ the family of non-decreasing functions y: [0, +o) >
[0, +o0) such that Z:l‘/’ (t) <+oo forall £ > 0. It is well known that y(2)
<tforallt>0.

Definition 1.1: Let (X, d) be a metric space and a: X x X > [0, o)
be a map. We say that X satisfies condition (C ), if for any sequence {x }
in X, thatx > xand « (x, x, ) > 1forall n, then & (x, x) > I for all n.
Also, we say that the selfmap T on X is a-admissible whenever a(x, y) >
Iimplies a (T , T)) > 1

Definition 1.2: Let X is an arbitrary space and a: X? x X? > [0, +o0)
amap. A mapping F: X? > X is said to be a-admissible whenever « ((x,
y), (u, v)) 2 I implies

o((E(x, y), E (9, x)), (F (u, v), F (v, w)) > 1

Definition 1.3: Let (X, d) be a metric space and a: X? x X? > [0, oo).
We say th i ition (C
y that X satisfies condition if for any two sequences {x f and
{y }in X, thatx >x y - yand

a((xn’ yn)’ (xn+1’ yn+1)) 21, “((yﬂ+l) 'xn+1)’ (yn’ 'xn)) 21
For all n, then we have

al(x, y,) (xy) 2 L al(y, x), (v, x,) = 1

for all n.

Definition 1.4: Let X is an arbitrary space and F: X? > X is a
mapping. We say that (x*, y*) € X? is a coupled fixed point of F, if we
have F (x*, y*)=x* and F (y", x*)=y".

In 2011, Samet, Vetro and Vetro have proved the following
theorem [1].

Theorem 1.1: Let (X, d) be complete a metric space, a: X? x X? > [0,
o) a function, y € ¥ and F: X? >X an a-admissible mapping such that

a((%3). (6 V)A(F (5 2), F (w9)) <5 wld(xu) +d(r ).

for all (x, ), (u, v) € X?. Assume that the following assertions hold.
(i) There exists (x, y,) € X* such that

a((xy ), (F (5 7, F (7 ) 2 1,
a((F (v %) F (% y)), (v %)) 2 1.

(ii) Either F is continuous or X satisfies condition (C) . Then F has
a coupled fixed point in X?.

Let (X, d) be a metric space. Define the metric § on X? by 8((x, y),
(u, v))=d(x, u) + d(y, v), for all (x, ), (u, v) € X% Also if F: X? >X then
put [2].

m((x, y), (u, v))=max{d((x, y), (u, v)), 8((x, y), (F (x, y), F (> x))),
8((u, v), (F (u, v), F (v, u))

%[5((xay)»(F(u,V)7F(V=u)))+5((14,\/),(F(xay),F(y,X)))]},

forall (x, ¥), (u, v) € X?. It is easy to see that m((x, ), (u, v))=m((v, u),
(5, x)). Recently Rezapour and H. Asl have extended theorem 1.1 to
quasi-contractions as follow [3].

Theorem 1.2: Let (X, d) be a complete metric space, a: X? x X? >
[0, +o0) a function, ¥ € ¥ and F: X?->X an a-admissible mapping such
that [4]

(3 9). (s M)A(F (), F () < 2 (m((50), (s ):

for all (x, y), (u, v) € X?. Assume that the following assertions hold. (i)
There exists (x, y,JEX? such that

a((xy 3, (F(xy 9, F(yp %) 2 1,
a((F(y, x,), F(x, ), v, x,)) = 1.

(ii) Either F is continuous or v is right upper semi continuous and
X satisfies condition (C)) .

Then F has a coupled fixed point in X2

Definition 1.5: Let (X, d) be a metric space and F: X>->X. We say
that F is orbitally continuous if for any two sequences {x } and {y } in X,
thatx >x y >yandx  =F(x,y) y, =F(y,x) thenF(x,y >F (x, y).

n+l
Obviously theorem 1.2 is true if F be orbitally continuous instead of

continuity. Now we give the following example to show that theorem
1.2 is areal generalization of theorem 1.1, which is there exist mappings
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that we can use theorem 1.2, but we can’t use theorem 1.1 for them [5].

Example 1.6:

Let Ml= {%:m: 01,309 .. and n=3k + 1 (k = 0)}
M2 = {%:m =1,3,9 27, ..and n= 3k + 2 (k = 0)}. Set M=M1 U M2,
d(x, y)=|x — y| and define F: M? > M by

Pl = e, W

0 otherwise

and o : M?x M? > [0, +00) by

X, u,v eMP?PuM,?
a(('x y) (Z/l V)) {Os)thJ;Zw(ftse) l i
If (x, y) EM/? x 2 yand (u, v) € M}, u > v, then

3 13u
d(F(x,y),F(u,v))z —Ex e

,X2Y,uzv (2)

3x u

13 8

Now we consider two cases. If x > gu , then we have

i @ 3 @ 3w 1120d(x, F(u v))
13 24 ( )< ( ) 2(13)

112 6(x,y, F(u,v), F(u,v)) _1 12
32(13) 5 <2(13)m(x Y)W, v)) -
Hence

d(F(x,y). F(u,v) < %(%) m(x, ), (1, v) -

If x< 3u then
24
3 13u 3 13u 3
B a3 Vs
5(13)506 ,Y), (u,v) < — ( )m(X y),(u,v))

Hence
112
d(F(X’ Y), F(uy V)) < E (E) m(X~ Y), (us V)) :

If (x, y),(u, v)eM*,x >y, u > v, then
3x 3u

13 13

3 1
=—d(x,u)<—
(o, ) B

d(F(x,y),F(u,v)) = 13

12
(E) m(x, Y)a (ll, V)) :

If (x, ¥),(u, v) € M,’, then

d(F(x,y), F(u,v)) = 1—* *d( u)—*(*)m(x Y)W, v)) .

Now puty (1) :% , for all t > 0, and then we see that

a((xaJ/)a(usv))d(F(X,y)»F(u»V))S%‘//(m((xay)a(u,v)))a
forall (x, y), (u, v) € M?. Also
a((1,1), (F(1, 1), F(1, 1))=wa((1, 1), (3/13, 3/13))=1,

a((F (1, 1), F(1, 1)), (1, 1))=a((3/13, 3/13), (1, 1))=1.

To show that F is a-admissible, assume a((x, y), (4, v)) = I. Then
(x, »),(u, v)eM?> UM, ,x > y, u > v. Henceeitherx > yand F (y,
x)=0 or x=y and F (x, y) F (y, x). However F (x, y) = F (y, x). Similarly
F (u, v) 2 F (v, u). On the other hand F (x, y), F (¥, x), F (u, v), F (v, u)
€ M,. Hence

a((F (x, y), F(y,x)), (F(w, v), F (v, u)) = L

It is easy to check that F is orbitally continuous. Now by theorem
1.2 we can say that F has a coupled fixed point in X2 In fact (0, 0) is a
coupled fixed point of F [6].

Now, we show that we cannot apply theorem 1.1 in this example.
To see this put [7]

x=y=9, uzﬂ,vzﬂ. Then
26 29

).F ()=

27 243
13 26x8

_189
208

a((x,y),(u,v))d (F(x,y

On the other hand

%‘/1(5((?%}’),(%"))) < %6(()6’ y),(”,")) :% (‘ X—u ‘+‘y_v D
1 729 _

127 048 -
1508

‘ 243H 243‘)

Hence

a((x,y),(u,v)d (F (x,).F (u,v))> %u/(é‘((x, ), (@, ).

Let (X, d) be a metric space and C B(X) is the set of all nonempty
closed bounded subsets of X, & : X X X > [0, o) a mapping and T':
X - C B(X) a multifunction. We say that T is a-admissible whenever
for each x € X and y € T x with a(x, y) 2 1 we have «a(y, z) > I for all
z€ Ty ([4]). Recall that T is continuous whenever H (Tx ,Tx) - 0 for
all sequence {x } in X with x > x, where H is the Hausdorff metric on
CB(X) defined by H (A, B)=max{sup €, d(x, B), sup €, d(y, A)}, for all
A, B € C B(X). Also we say that T is orbitally continuous whenever H
(Tx, T ) >0 for all sequence {x }in X withx € Tx forall nandx,
> x. Recently Mohammadi, Rezapour and Shahzad have proved the
following lemma [8].

Lemma 1.3: ([4] Let (X, d) be a complete metric space, : X x X >
[0, o) a function, y € ¥ a strictly increasing map and T:X > CB(X)
an a-admissible multifunction such that a(x, y)H (Tx, Ty) < y(d(x,
y)) for allx, y € X and there exist x, € X and x, € Tx, with a(x, x,) >
1. If T'is continuous or X satisfies the condition (C ), then T has a fixed
point. Note that if T be orbitally continuous instead of continuity, then
the lemmal.3 is also true [2].

Main Results
Now, we are ready to state and prove our main results.

Definition 2.1: Let X is an arbitrary space and a: X? x X?-> [0,
+00) a map. A multifunction F : X*> > C B(X) is said to be a-admissible
whenever if (x, y) € X% (u, v) € F(x, y) X F (y, x) and a((x, y), (u, v)) =
La((v,u), (y,x) 2 1, thena((u, v), (w, 2)) 2 1, a((z, w), (v, u)) = 1, for
all (w, z) € F(u, v) x F (v, u).

Definition 2.2: Let (X, d) be a metric space and F: X* > CB(X) isa
multifunction. We say that (x*, y*) € X?is a coupled fixed point of F if
we have x*€ F (x*, y**) and y* € F (y", x°).

Theorem 2.1: Let (X, d) be a complete metric space, a: X? xX? > [0,
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+o0) a function, ¥ € ¥ a strictly increasing map and F: X, - CB(X) an
a-admissible multifunction such that [7]

1
a((x,),(u,v)H (F (x,y),F (u,v)) < Eu/(d(x,u)er(y,V)) .
for all (x, y), (u, v) € X?. Assume that the following assertions hold.

(i) There exists (x, y,) € X,and (x,, y,) € F (x, y,) X F (y, x,) such
that

a((x ,y0),(x sy 2L al(y, ,x )a(Y()’xn ))21 :

(ii) Either F is continuous or X satisfies condition (C*). Then F has
a coupled fixed point in X2

Proof Define f: X, x X, > [0, +o0) by

(&, &), (1, m)=min{a((§,, &), (1, n2)), el 1) (8, &)} (3)
for all

&=, 8) e X% n=(n,n,) € X%

Also suppose T: X? > C B(X?) is defined by T (x, y)=F (x, y) x F
(y, x). Obviously the metric space (X% ) is complete. Now since F is
a-admissible, it is easy to see that T is f-admissible. Also by assumption

a((x,y),(u,v))H (F(x,y),F(u,v)) < %y/(d(x,u) +d(y,v)),

1
a((v,u),(y,x))H(F(v,u),F(y,x)) < El//(d(v’ y)+d(u, X)).
for all (x, y), (u, v) € X2 By adding the above two relations we obtain.

B((x, y), (w, v))[H (F (x, y), F (u, v)) + H(F (v, u), F (y, x))] < w(6((x,
) (). (4)

Assume that His the Hausdorff metric on (X?, §). We should show
that

H5(T(x,y), Twv)<HFxy),Fuwv)+HFWu),F@®x). (5

For this we have

H (T (x, y), T (u, v))=H,(F (x, y) X F (y, x), F (u, v) x F (v, u))

=max{  SUp (&, F (u,v)x F(v,u)),
(&.8))eF (x.y<F (y.x)
sup 8((mom, ), F (x,9)x F(y,x))}.

(my112)F (u v )xF (vu)

Let (¢, &) € F(x, y) x F (y, x). Then

5((6&) Flwv)<F(vu)) = inf

(712)€ Fuw)<F (ve)

= inf

(mm)e Fuw)<F (va)

544 ) (m>m )

[d(&.n)+d(&.m ).

= lnf d(‘§1»771)+ ll’lf d(é:z’ﬂz)

nleF (u) meF(va)

=d (&, F (u,v)+d(&, F (vu) < H(F (x,), F (u.v))+ H(F(y,), F(v,0)).
Similarly for (7, 7,) € F (u, v) x F (v, u) we have

0((myn,), F(x, y) xF(y,x)) <H(F (x, 9), F(u,v)) + H(F (y, x), F
(v, u)).

Hence (5) holds. By (4) and (5) we have

B((x, ), (w, V)H (T (x, y), T (1, v)) < y(8((x, ), (u, v))). (6)
Hence for any £=(§,, £)) €X?, n=(,, n,) EX’ we have

B(& n)H, (TE Tn) < w(S( n)).

So T: X? > C B(X?) is a B-y-contractive multifunction. Put P =(x,,
yo), Plz(xl, yl). Then PIE€T P, |3(P0, Pl) >1. Now let F be continuous.
We show that T'is continuous. To see this let {(x , y )} be a sequence
in X ?such that 8((x, y ), (x, y)) > 0. Then d(x, x)+d(y , y) >0 and
hence d(xn, x) >0, d(yn, y) 0. Now since F is continuous, hence

H(F(x,y) F(xy)>0H((y,x) F( x)~>0.

Therefore

Hy(T(x, ) T(y)<H(F(x,y)Fxy)+HFE@Y,x, F
x)) 0.

This shows that T: X? >C(X ?) is continuous.

Also if X has (C;) condition, it is easy to see that X? has condition
C,. Now all of the conditions of lemma 1.3 hold. Hence by the lemma
there exists (x*, y*) € X? such that (x*, y*) € T (x*, y*)=F (x", y*) X F (v,
x*), hence x*€F (x*, y*), "€ F (¥, x*). That is (x", y*) is a coupled fixed
point of F in X°. Now by using the following simple definitions we want
to prove another version of theorem 2.1.

Definition 2.3: Let (X, d) is a metric space and a: X? x X? > [0,
+00) is a map. A multifunction F: X? > C B(X) is said to be modified
a-admissible whenever if (x, y) € X%,(u, v) € F (x, y) X F (y, x) and a((x,
y), (u,v)) 2 1, then a((u, v), (w, 2)) 21, for all (w, z) EF (u, v) x F (v, u).

Definition 2.4: Let (X, d) be a metric space and a: X 2 x X 2 > [0,
o). We say that X satisfies condition (B,) if for any two sequences{x, }
and {yn}in X, that x> %y, > yand oc((xn, yn), (xm, yw)) >1 for alln,
then we have a((x, y ), (x, y)) = 1 forall n.

Theorem 2.2: Let (X, d) be a complete metric space, a: X? x X?-> [0,
+00) a function, ¥ € ¥ a strictly increasing map and F: X? > C B(X) a
modified a- admissible multifunction such that

1
(6 ), (v DH (F (3,9), F (9)) € Sy (d (x,0) +d (3,9).
Forall (x, y), (4, v) € X Assume that the following assertions hold.

(i) There exist (x, y,) € X? and (x, y,EF (x, y,) X F (y, x,) such
that

A(lxp y,)h (x1,y1)) 2 1, 0‘(()’0, x) (ypx)) = L

(ii) Either F is continuous or X satisfies condition (B,).

Then F has a coupled fixed point in X .

Proof Define B: X? x X? [0, +oo) by

B((E, &), (n, n,)=minfa((€, §), (n, n,), (€, &, (1, n )} (7)

for all

&=(4.6)e X n=(n.n)eX’

The remain of proof is completely similar to proof of theorem 2.1

Example 2.5: Let X be the space of real numbers with the usual
metric d(x, y)=|x — y| and define F: X 2> C B(X) by

F(x,y)= GRS (8)

{0} X<y

Also define a: X? x X?-> [0, +o0) by
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a((r ) () ={, S ©)

If (x, y), (u,v) EX?and x 2 y, u 2 v, then

u-—-v

H(F(x,y),F (u,v))= H([O,x;y], [0,2=27)

- §| x=y—(u-v) |s%<§))(d(x,u) +d(y)

Now put y (¢) =% . We see that

a((x,9),(u.v)H (F(x,p),F (u,v)) < %y/(d(x,u) +d(y,v)).
Also for (x, y,)=(1, 1), (x,, y,)=(0, 0) we have

F(x, y,)=F (y, x,)={0}, (x,, y )=(0, 0) € {(0, 0)}=F (x, y,) X F(y, x,),
a((x, ¥,)» (X, y,))=a((1, 1), (0, 0)=1,

al(y, x,)» (v, x,)=a((1, 1), (0, 0))=1.

Now let (x, y) € X2, (u, v) € F (x, y) X F (y, x) and a((x, y), (u, v))
> 1. Then x > y, u = v. Hence F(v, u)={0}. Now if (w, z) € F (u, v)x F
(v, u), then w > 0=z. Therefore a((u, v), (w, z)) = 1.This shows that F is
modified a-admissible. It is easy to see that F is continuous. Hence by
theorem 2.2, F has a coupled fixed point in X 2. For example (0,0) is a
coupled fixed point of F.

Example 2.6: Let X be the space of real numbers with the usual
metric d(x, y)=|x — y| and define F: X 2> C B(X) by F (x, y)=[0, 2|x — y|]
forallx, y € X . Also define a: X °x X ?>[0, o) by

(3%,7,u,v)%(0,0,0,0)

x=y=u=v=0

a((x,y),(u,v)) ={F

Now put y(r) :é . We see that

zx((x,y),(u,v))H(F(x,y),F(u,v)) < %y/(d(x,u) +d(y,v)).

Also for (x;, y,)=(x,, y,)=(0, 0) we have

F(x, y,)=F (y, x,)={0}, (x, y,)=(0, 0) € {(0, 0)}=F (x, y,) X F (y,,
xo)’ ‘X((x0> yg)) (xp )’1))204((0; 0), (0» 0)):1:
((y %,y (v, x,)=a((0, 0), (0, 0))=1.

It is easy to see that F is modified a-admissible. Obviously F is
continuous. Hence by theorem 2.2, F has a coupled fixed point in X 2.
For example (0,0) is a coupled fixed point of F. Note that coupled fixed
point of F is not unique for example (2, 1) is a coupled fixed point of
F too. In fact for any x, y > 0 that x > 2y or y > 2x,(x, y) is a coupled
fixed point of F.

Corollary 2.3: Let (X, d) be a complete metric space and < be an
order on X %. Suppose ¢ € ¥ astrictly increasing map and F:X?>
C B(X) a multifunction such that

H(F(x,y),F(u,v))é%y/(d(x,u)+d(y,v)),

for all comparable elements (x, y), (4, v) € X* . Assume that the
following assertions hold.

() If(x, y) €EX%(u,v) € F(x, y) xF(y, x)and (x, y), (u, v) are
comparable, then (u, v), (w, z) are comparable, for all (w, z) € F (u, v)
x F (v, u).

(i) There exist (x, y,) € X? and (x, y,) € F (x;, y,)XF (y, x,) such

that (x,, y,), (x1, y,) are comparable and (y,, X), (y,, X,) are comparable.

(iii) Either Fis continuous or for any two sequences {x }and {y } in
X, thatx >x, y, > yand (x, y,), (x,,, y,,, are comparable for all , then
(xm ¥,)» (%, y) are comparable for all n.

Then F has a coupled fixed point in X2,

Proof Define a: X? X X?-> [0, +o0) by a((x, y), (u, v))=1if (x, y), (u, v)
are com- parable and a((x,y), (4, v))=0 otherwise and apply theorem 2.2

Corollary 2.4: Let (X, d) be a complete metric space and
< be an order on X2 Fix (x°, y*) € X°. Suppose y € ¥ a strictly
increasing map and F: X>>C B(X) a multifunction such that
H(F(x,y),F(u,v))S%l//(d(x,u)-%—d(y,v)), for all comparable elements (x,
y), (u, v)€ X2 with (x, y). Assume that the following assertions hold.

(i) If(x, y) €X3(w, v) EF(x, y) X F (y, x) and (x, y), (u, v) are
comparable with (x* y*), then (u, v), (w, z) are comparable with (x*, y*),
for all (w, z) € F (u, v) XF (v, u).

(ii) There exist (x, y,) € X* and (x, y) € F (xoy Y)XF (¥, x,) such
that (x, y,), (x,, y,) are comparable with (x*, y*) and (y,, x,), (v, x,) are
comparable with (x*, y*).

(iii) Either F is continuous or for any two sequences {x,} and {y }in
X, thatx >x, y >yand (x,, y,), (x,,, y,,, are comparable with (x', y*) for

all n, then (x, y ), (x, y) are comparable with (x*, y*) for all n.Then F has
a coupled fixed point in X2

Proof Define a: X? x X?-> [0, +e0) by a((x, y), (u, v))=1 if (x, y), (u,
v) are comparable with (x%,y*) and a((x, y), (u, v))=0 otherwise and
apply theorem 2.2.

Corollary 2.5: Let (X, <, d) be a partial ordered complete metric
space. Suppose Y€ YV a strictly increasing map and F: X? >C B(X) a
multifunction such that

1
H(F(x,y),F(u,v))S Ez//(d(x,u)+ d(y,v)) >
for all elements (x, y), (u, v) € X’ thatx 2 uory > v.

Assume that the following assertions hold.

() If(x, y) €X>(u,v) EF(x,y) xF(y,x)and x 2 uory = v, thenu
>worv >z forall (w,z) €F (u,v) X F (v, u).

(ii) There exist (x,, Yy € X?and (x,y)€EF (xoy y,) X F (y, x,) such
thatx, > x,ory, >y,

(iii) Either F is continuous or for any two sequences {x, } and {y
in X, thatx>x, y >yandx, > x _ ory >y foralln thenx >xor
y, 2y foralln.

Then F has a coupled fixed point in X2

Proof Define a: X? x X?> [0, +o0) by a((x, y), (u, v))=1if x =2 u
or y 2 v are comparable and «((x, y), (4, v))=0 otherwise and apply
theorem 2.2.
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