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Abstract

The purpose of this paper is that iteration scheme of multivalued non-expansive mappings in Banach spaces is
extended to hyperbolic spaces and to prove some A-convergence theorems of the mixed type iteration process to
approximating a common fixed point for two multivalued non-expansive mappings and two non-expansive mappings
in hyperbolic spaces. The results presented in the paper extend and improve some recent results announced in the

current literature.
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Introduction

The study for fixed point problem involve that multivalued
contractions and non-expansive mappings used the Hausdorff metric
was initiated by Markin [1,2] later, different iterative processes have
used to approximate the fixed points of multivalued non-expansive
mappings in Banach space, many scholars have made extensive
research in [1-17]. An interesting and rich fixed point theory for such
mappings was developed which has applications in control theory,
convex optimization, differential inclusion, and economics [3]. But the
hyperbolic space has no set up the theory of multivalued non-expansive
mappings fixed point. In order to define the concept of multivalued
non-expansive mapping in the general setup of Banach spaces, we first
collect some basic concepts.

Let E be a real Banach space. A subset K is called proximinal if for
each x € E, there exists an element k € K such that

d(x, k) = inf {foyH Dy eK} =d(x,K)

It is known that weakly compact convex subsets of a Banach space
and closed convex subset of a uniformly convex Banach space are
proximinal sub- set of K by P(K). Consistent with [1], let CB(K) be
the class of all nonempty bounded and closed subset of K. Let H be a
Hausdorff metric induced by the metric d of E, that is

H(A,B) = max{supd (x,B),sup d(y,A)},
xeAd yeB

for every A,BeCB(E) . A multivalued mapping T: K > P (K) is said to
be a contraction if there exists a constant k € [0, 1) such that for any
xyek,

H(Tx,Ty) <k || x=yl|

Definition 1.1 [15] A multivalued mapping T: K > P (K) is said to
be non-expansive, if

H(Tx,Ty)<|x-y|, Vr2Lx,yeK (1.1)

Lemma 1.2 [12] Let T: K > P (K) be a multivalued mapping and
P, (x)={y €T x:||x—y||=d(x,Tx)} . Then the following are equivalent.

D xe F(T);
(2) P (x)={x};
(3)xeF(P)-

Moreover, F (T)=F (P,).

Throughout this paper, we work in the setting of hyperbolic spaces
introduced by Kohlenbach [18], defined below, which is restrictive
than the hyperbolic type introduced in [19] and more general than the
concept of hyperbolic space in [20].

A hyperbolic space is a metric space (X, d) together with a mapping
W :X*x[0,1]—> X satisfying

() d (W (x,y,)) < ad (u,x)+(1—a)d(u, y);

(i) d(W(x,y.0).W (x,3.8)) =l a—B | d(x,)

(iii) W (x,y,a)=W(y,x,(1-a));

(iv) d(W(x,z,a),W(y, w,a)) <(I-a)d(x,y)+ad(z,w).

forall x,y,z, we Xand a, p € [0, 1]. A nonempty subset K of a
hyperbolic space X is convex if W (x,y, a) € Kfor allx,y € Kand a
€ [0, 1]. The class of hyperbolic spaces contains normed spaces and
convex subsets thereof, the Hilbert ball equipped with the hyperbolic
metric [21], Hadamard manifolds as well as CAT(0) spaces in the sense
of Gromov [22].

A hyperbolic space is uniformly convex [23] if for any r>0 and ¢ € (0, 2]
there exists a § € (0, 1] such that for all u,x, y € X, we have

A0¥ (3., < (1-0)r
provided d(x,u) <r,d(y,u) <rand d(x,y) > ¢er

A map 7:(0,00)x(0,2] - (0,]]which provides such a §=n(r,¢)
for For given r>0and¢ €(0,2],is known as a modulus of uniform
convexity of X. We call j monotone if it decreases with r (for a fixed €), i.e.,

Ve >0,9r, 21 >0,01(ry,€) <1(1, ).
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In the sequel, let (X, d) be a metric space and let K be a nonempty
subset of X. We shall denote the fixed point set of a mapping T by

F(T)={xeK:Tx=x}.

A mapping T: K > K is said to be non-expansive, if
d(Tx,Ty)<d(x,y), Vx,yeK .

A mapping T: K > K is said to be uniformly L-Lipschitzian, if there
exists a constant L>0 such that d(T" x,T" y) < Ld(x,y), Vx,yeK.

The purpose of this paper is that iteration scheme of multivalued
non-expansive mappings in Banach spaces is extended to hyperbolic
spaces and to prove some A—convergence theorems of the mixed type
iteration process for approximating a common fixed point of two
multivalued non-expansive mappings and other two non-expansive
mappings in hyperbolic spaces. The results presented in the paper extend
and improve some recent results given in [6-9,11-13,15,16,19,21,24-26].
In order to define the concept of A—convergence in the general setup of
hyperbolic spaces, we also collect some basic concepts and Lemmas.

Lemma 1.3: [26] Let (X, d, W) be a complete uniformly convex
hyperbolic space with monotone modulus of uniform convexity. Then
every bounded sequence {x } in X has a unique asymptotic center with
respect to any nonempty closed convex subset K of X.

Recall that a sequence {x } in X is said to A~converge to x € X ifx is
the unique asymptotic center of {u } for every subsequence {u } of {x }.
In this case, we write A—/im, , x, =x and call x the A-limit of {x }.

n—o"n

A mapping T: K > K is semi-compact if every bounded sequence
{x }= K satistying d(x,,Tx,) —>0, has a convergent subsequence.

Lemma 1.4: [27] Let {a }, {b_} and { } be sequences of nonnegative
real numbers satisfying

a,, <(1+6)a,+b,,Vn=1 (1.3)

n+l =

If Zn:l 5” <% and Zn:l b” <o, then the limit 1imi1—>oo a,
exists. If there exists a subsequence {a,}<{a,} such that a, —0

then lim, __a, =0.

Lemma 1.5: [28] Let (X, d, W) be a uniformly convex hyperbolic
space with monotone modulus of uniform convexity n. Let x € X and
{a} be a sequence in [a, b] for some a, b € (0, 1). If {x } and {y,} are
sequences in X such that

limsupd(x, ,x)<c, limsupd(y, ,x)<c

limdW(x, ,y, ,a, ),x)=c
for some ¢ > 0. Then lim , _ d(x, ,y,)=0.

Lemma 1.6: [28] Let K be a nonempty closed convex subset of
uniformly convex hyperbolic space and {x } a bounded sequence in K
such that A({x })={y} and r({x })=0. If {y_} is another sequence in K
such thatlim __r(y_, {x })=(, thenlim___y =y.

Main Results

Theorem 2.1: Let K be a nonempty closed convex subset of
a complete uniformly convex hyperbolic space X with monotone
modulus of uniform convexity n. Let T: K > P (K), i=1, 2 be a
multivalued mapping and be a uniformly L, -Lipschitzain and 7} be
a non-expansive mapping, let l

S: K> K i=l, 2 be a uniformly Li—Lipschitzian and be a non-

expansive mapping. Assume that F:= ﬂ;F (T,)NF(S,)# ®, and for
arbitrarily chosen x, e K, {x, } is defined as follows

{xnﬂ = W(Sl'xn’TT] un ’an)

Vn>1 (2.1)
Vo =W(Sx,,Trv,, )

wherev, €T, x,,u, €8,,dv,u,)<HT;x S,y,)+r,and i=1 2, {t },

{o} and {B } satisfy the following conditions:
nA)ooTn = 0’ z Tﬂ <OO’

n=l1

2) There exist constants a,b 6(0,1) with 0<b(1-a) £% such that
{a,} < [a,b] and {p, } < [a,b]"

1) lim

3) |Ix, —pll=d(x, ,p)lly,—pl=d(, .p);
4) d(x,T, y)<d(S, x,T, y) forall x,y € K andi=1,2.
Then the sequence {x } defined by (2.1) A~converges to a common
2
fixed point of £ :ﬂizl F(T;)NF(S).
Proof: The proof of Theorem 2.1 is divided into three steps:

Step: First we prove that lim, ,, d(x,, p)exists foreach p € F.

For any given peE since 7,,i=12, is a multivalued non-
expansivemapping, S, i=1,2 is a non-expansive mapping, by condition
(2) and (2.1), we have

d(x,,,p)=dW(Sx,, T, u,,a,), p)
<(-a,)d(Sx,, p)+a,d(T; u,, p)
=(1-a,)d(S,x
<A-ea)d(x,,p)+a,du,p)
<A-ea)d(x,,p)+a H(S,y,,Sp)+a,r,
<(-a)d(x,.p)+a,lly, -pll+erz,
=(1-ea)dx,,p)+a,d(y,,p)+a,r,

Where

d(y,.p) = d(W(S,x,,T;,v,. 5,): )
<(1=4,)d(S,x,, p)+ B, d(T;,v,,p)
=(1=4,)d(S8:x,,8,p)+ p,d(Tru,,T;, p)
<(=p)d(x,, p)+ B,d (v,,p)
<(1-B,)d(x,. p)B, H|(T, x,. T, )+ B,
<(A=4)d(x,. p) B, | x, —plI+B,7,,
=(1=p)d(x,, p)+p,d(x,,p)+p,7,,
=dx,,p)+ 4,7,

Substituting (2.3) into (2.2) and simplifying it, we have
d(x,.,,p)<d(x, ,p)+(1+5,)a,7,,

where 6, =0,b, =(1+ S,)a,7,.Since ijl 7, < o and condition it

Sp)+a,dTu,T, p)

n’

(2.3)

(2.4)

follows from Lemma 1.4 that lim

n—o

d(x,, p)exist for p €F.
Step 2: We show that
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limd(x, ,7; x, ) =0, limd(x, ,S,x,)=0, i=12 (2.5)

For each p € E from the proof of Step 1, weknow that lim, ,,, d(x,, p)
exists.

We may assume that f/im, d(x,,p)=c=0. If c=0, then the
conclusion is trivial. Next, we deal with the case c¢>0. From (2.3), we

have d(y,,p)<d(x,,p)+p,, (2.6)
Taking limsup on both sides in (2.6), we have
limsupd(y,,p)<c (2.7)
Inn;wddition, since d(T,,,p)=d(7,3,.T,p)<d(y,.p), and

d(S,x,,p)=d(Sx,,5 p)<d(x,,p) then we have
}111210 supd(T, y,.p)<c (2.8)

and

limsupd(S;x,,p)<c (2.9)

Since limsupd(x,,,,p) = ¢, it is easy prove that
n—o

limd(W(Sx,,, Ty y,.a,), p) = ¢ (2.10)
It follows from (2.8)-(2.10)and Lemma 1, 5 that
limd(S;x,,T;y,) =0 211)
By the same method, we can also prove that

limd(S,x,,T; x,) =0 (2.12)

n—o0

By virtue of the condition (4), it follows from (2.11) and (2.12) that

Egngod(xn,TTl y,) < },Lq,ld(slxn’TT. »,)=0 (2.13)
and

limd(x,,Tp, x,) < limd(S,x,,T x,) =0 (2.14)

From (2.1) and (2.12) we have

d(y,,S,x,)=dW(S,x,.T; x,),S5,x,)

< B,d(T; x,,S,x,) — 0 (asn — ) (2.1)
and

d(y,,8x,)=dW(Sx,,T;x,, 5,),S,x,) .16

<Bd(T;x,.Sx,) >0 (asn— o)

Observe that d(x,,y,) = d(x,.T; x,)+d(T; x
It follows from (2.14) and (2.15) that

§,x,)+d(S,x,,v,)

n?

limd(x,,y,)=0 (2.17)
This together with (2.13) implies that
d(x, T x,) <d(x, Ty y,) +d (TTl Voo Iy x,)

(2.18)

<d(x,,T; y,)td(y,x,)—>0 (n — o)

On the other hand, from (2.11) and (2.17), we have

dSx,, Ty x,) <d(Sx,,, Ty y,) +d (Ty v, Ty x,)
<dSx,. Ty y,)+d(y, x,) >0 (n —> )
Hence from (2.18) and (2.19), we have that
d(Sx,.x,) <d(S;x,,T; y,) +d (T, x,,x,) > 0(n > ) (2.20)

(2.19)

d(x,,,x,)<dW(Sx,, Ty, a,)x,)

<(-a,)d(Sx,.x,)+a,dT;y,,x,)
from (2.13) and (2.20), we get
limd(x,,,,x,)=0

n—w

In addition, since

(2.21)

n+12

Finally, for all i = 1; 2, we have

d(xn’TTx )S d(x;z’yn)+d(yn9S[xn)

1n

+d(Sx,, T y,) +d(T;y,. T; x,)

< Zd(Xn >Yn ) + d(Yn ’Sixn) + d(San ’TT, yn )

it follows from (2.11),(2.12),(2.15),(2.16) and (2.17) that

limd(x, ,TTi x,)=0,i=1,2 (2.22)
Since d(xnﬂsixn)Sd(xn!TT xn)+d(TT‘xn’Sixn)

it follows from (2.12),(2.19) and (2.22) that
limd(x, §x,)=0,i=1,2 (2.23)

n—o0

Step 3: Now we prove the sequence {x } A-converges to a common
fixed point of

F:=N., F(T,)NF(S,).
In fact, since for each pe F,lim _, d(x,,p) exist.

This implies that the sequence {d(x_,p)} is bounded, so is the
sequence {x }. Hence by virtue of Lemmal.3, {x} has a unique
asymptotic center A, ({x,}) ={x}.

Let {u_} be any subsequence of {x } with A ({u,})= {u} It follows
from (2.5) that

limd(u,,T;u,)=0
Now, we show that # € F(T, T,-) . For this, we define a sequence {zn}
inKby z. = TTfu . So we calculate
J ;
d(z; ,u,) <d(Tiu,T{u,)+d(Tu

Uy

T/, )+ +d(Tyu,,u, )

n 2

) ) J ) (2.25)
=d(Tju,Tu, )+ Y d(T{u, T u, )
k=1

Since 7}, be a non-expansive mapping, by
d(T/ w, T} w,)<d(T u, T u,) <

o< d(u,u,,),d(Tz/u Tz”lun) < d(Tle’lu TT’Hun) <---<d(Tu,,u,)

n> n>

from (2.25) we have:
d(Zj aun ) S d(uaun) + .]d(TT‘un 9un )

Taking limsup on the sides of the above estimate and using (2.24),
we have

1(z;,{u, })=limsup(z;,u,)

n—»o0
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<limsupd(u,u,)

n—o0

=r(u,{u,})
And so,

limsupr(zj,{un})ﬁ r(u,{u,})

j‘)w
Since Ay({u,} ={u} by the definition of asymptotic center
A, ({u }) of a bounded sequence {u_} with respect to K — X , we have

r(u, {u,}) <r(y,{u,}), vy e K
This implies that

liminf r(z,,{u,) <r(u.{u,)
Tl;erefore we have

lim r(z;,{u,})<r(ufu,})

—>0

It follow from Lemma 1.6 that 1im 7, 7 U =U As T is uniformly

Jow
continuous, so that Tou=T, (lim,, T/u)=lim,, TT,MM —y. That
is ueF(T,). Similarly, we also can show that U € F (Si) . Hence,

u is the common fixed point of T, and S. Reasoning as above by
utilizing the uniqueness of asymptotic centers, we get that x=u. Since

{u } is an arbitrary subsequence of {x }, therefore A{u } ={u} for
all subsequence {u,} of {x } This proves that {x } A-convergence to a

common fixed point of F ::ﬂ;F(T,;)ﬂF(S,.). This completes the
proof.

The following theorem can be obtained from Theorem 2.1
immediately.

Theorem 2.2: Let K be a nonempty closed convex subset of
a complete uniformly convex hyperbolic space X with monotone
modulus of uniform convexity 1.

Let T,:K—>P(K),i=1,2 be a multivalued mapping and be
a uniformly L, — Lipschitzian and T} ,i =1,2be a non-expansive
mapping. Assume that F = ﬂ:F (T, )# ¢ for arbitrarily chosen

x, €K, {x,} is defined as follows:

xn+1 :W(xn’TT,un’an)
yn :W(xn’TTzvn’ﬂn) VI’lZl

(2.26)

where v, €T, x,,u, €ly,,dv,,u,)<H(Tx,,1y,)+7, 1bean
identity mapping. {z,} {a,} {f,} satisfy the following conditions:

1) lim, 7, = O,anl 7, <003
2) There exist constants a, b € (0, 1) with 0<b(1_a)g% such that

{a, } < [a,b] and {B, } < [a,b];

3)|x,—pll=d(x, ,p)lly,—pll=d(y, .p).
Then the sequence {x } defined by (2.26) A—converges to a common

2
fixed point of £ = ﬂi:] F(Tr, )-

Proof Take S=1, i=1,2 in Theorem 2.1. Since all conditions are
satisfied. It follows from Theorem 2.1 that the sequence {x } converges

to a common fixed point of F = ﬂzi F (TT ) This completes the
proof of Theorem 2.2. = '
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