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Abstract
The fractional flow equation is simplified by neglecting the effect of capillary pressure gradient. However, zero
capillary pressure assumption may induce error in the fractional flow equation. The effect of different parameters
on capillary pressure gradient in fractional flow is determined with numerical analysis based on the saturation
distribution profile. The fractional flow equation is dependent on the relative permeability and relative permeability is
a function of saturation. This project presents one- dimensional black oil simulation in core flooding using gas-water
system to compare the saturation profile with capillary pressure and without capillary pressure. A factorial design
was established for four (4) different parameters, i.e., porosity, permeability, length and injection rate, in three (3)
levels (34=81). Therefore, eighty-one (81) simulations were conducted and the results were analyzed via Design of
Experiments. This study found that porosity, permeability and injection rate has visible effect in the saturation profile
due to the negligence of capillary pressure. Due to the limitation of the simulator, the end capillary effect was not
captured in this study. Hence, the capillary pressure has no visible effect towards the core length.

Keywords: Fractional flow; Capillary pressure gradient; Relative
permeability; Two-phase flow

Introduction
Reservoirs are rarely homogenous. The effect of neglecting the
capillary pressure in fractional flow approach faced more problems in
heterogeneous properties, multiple spatial dimension and temporal
changes. Although advection flow is highly dominated, diffusion
flow existed in some parts of the reservoir. Capillary pressure is a
function of pore size distribution factor which is affected by porosity
and permeability. In addition, the capillary pressure gradient in the
fractional flow equation is influenced by several parameters such as
porosity, permeability, length and injection rate. The objective of this
project is to study the effect of the above-mentioned parameters on the
induced errors by zero capillary pressure assumption in fractional flow.
The scope of this study involved the fundamentals of reservoir
engineering such as multiphase flow, immiscible displacement
and horizontal displacement. In addition, the project focused on
mathematical simulation which is by using one-dimensional black
oil simulation. The result is dependent on the usage of literature
correlations and equations. Most of the theoretical and empirical
correlations are in accordance to limitations and assumptions. The
utilization of software such as MATLAB computation software,
ECLIPSE reservoir simulation software and Minitab statistical software
were used to simulate and generate the results. For instance, the relative
permeability profiles and capillary pressure profiles are generated
based on Brooks- Corey correlation using MATLAB. ECLIPSE is used
to generate the saturation profile through one-dimensional black oil
simulation in core flooding by gas-water drainage process. The Design
of Experiment (DOE) was used to establish the factorial design based
on different parameters in multiple levels and the responses were
analyzed.

Conceptual Framework

that the flow of air and water in unsaturated soils can be viewed as
a multi-phase system and proposed that this concept can aid the
Petroleum Engineers [2]. However, the viscosity of the fluid should be
considered. Therefore, the concept proposed by Morel-Seytoux might
not be applicable for oil- water system due to the high difference in
viscosity ratio. Buckley-Leverett presented two equations which are the
Fractional Flow Equation (1) and Frontal Advance Equation (6).
1+
fg =

kkrw A  ∂Pc

− ∆ρ g sin A 

qr µ w  ∂x

µ g krw
1+
µ w krw

(1)

Fractional Flow Equation is derived based on Darcy Equation. The
Darcy Equation is the standard mathematics tools for the petroleum
engineers to determine the fluid flow. Assuming that an incompressible
fluid is flowing linearly in a horizontal core sample with cross sectional
area (A) and length (L), then the fluid flow equation is expressed as
Darcy Equation (2) [3].
q=

kA∆P
µ∆x

(2)

The fractional flow is a ratio of fluid flow in multiphase phase
condition. Ahmed (2010) suggested that Equations (3) and (4) below
indicates that when gas is displacing the water, the increment in fg at
any point will result in corresponding decrease in fw [3].
Fg + fw=1

(3)
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A well-established theory developed by Buckley-Leverett known as
the Frontal Displacement theory is able to determine the displacement
of immiscible fluid in porous medium [1]. Morel-Seytoux states
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Fg=1 - fw 					

(4)

And by neglecting the capillary pressure gradient and assume the
fluid flow in a horizontal direction, the fractional flow equation is
simplified as shown in Equation (5).
fg =

1

µ k
1 + g rw
µ w krg

(5)

The frontal advance Equation (6) could be used to obtain the
saturation distribution across the distance analytically. Based on
Equation (6), fractional flow equation is a function of saturation.0
5.615Winj df w
x=
φ A dS w

(6)

In Figure 1, the saturation profile showed two distinct saturations
at each distance. This phenomenon is physically impossible and occurs
due to the negligence of capillary pressure.
Figure 2 shows that a displacement front was proposed to rectify
the discontinuous saturation profile by balancing the area ahead of the
front and below the curve. This solution provides an ideal piston-like
displacement [1].

Relative permeability and capillary pressure profile
Fractional flow is a function of mobility ratio which requires the
relative permeability profile. In this project, gas is the non-wetting
phase, whereas, water is the wetting phase. The relative permeability
for gas-water system is expressed in Equation (7) and (8) [4]. Figure

Figure 3: Relative permeability profile.

3 shows an example of relative permeability profile generated using
equation (7) and (8). It is a water-wet system which is in line with
typical sandstone rock properties.
 S − S wr 
krw =  w

 1 − Sw 

2 + 3λ

λ

			

2

 1 − S w   S w − S wr 
krg = 
 

 1 − Sw   1 − Sw 

(7)

2 + 3λ

λ

(8)

The residual water saturation is a function of porosity and
permeability as shown in equation (9) [5]. However, this correlation is
limited to low permeability range only.
S wr = 3.5

φ 1.26 				

(9)

k 0.35

The arrangement of the pore size in the porous medium is important
in characterizing the properties of the medium. The rock pores can be
determined in terms of pore size distribution factor. Huet combined
previous relative permeability models and proposed a correlation.
Equation (10) shows the correlation for pore size distribution factor
(λ ) [6].

λ = 0.0098

k 0.3792 Pc entry 0.6698

(10)

φ 0.6341 (1 − S wr )0.6835

Equation (11) suggests the correlation for calculating the threshold
capillary pressure or known as capillary entry pressure ( Pc entry ).
=
Pc entry Conversion factor ×
Figure 1: Computed water saturation profile [1].

640.0538φ 0.821 (1 − S wr )0.8486
k 0.5285

(11)

The function of is based on experiment using mercury and air as a
two-phase system. Therefore, a conversion factor is needed to pressure
of mercury-air could be converted to water-air capillary pressure using
Equation (12).
Pc water − air

σ water − air cosθ water − air

=

Pc Hg − air

σ Hg − air cosθ Hg − air

		

(12)

The capillary pressure profile is generated using equation (13) [4].
Figure 4 shows an example of capillary pressure profile generated
using equation (13). The profile suggests that the capillary pressure
increases when the water saturation is close the residual water
saturation (Swr).
Figure 2: Final water saturation profile [1].
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Pc = Pc entry ( S *w )

1+ λ

λ

		

(13)
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Capillary pressure is depending on the saturation. By implementing
chain rule, the capillary pressure gradient is defined in terms of
saturation gradient as shown in Equation (14).
∂Pc ∂Pc ∂S g
			
=
∂x ∂S g ∂x

(14)

Fluid flow in porous media
Mass cannot be created or destroyed. Based on conservation of
mass, the Diffusivity Equation (15) is derived based on Continuity
Equation and Transport Equation.
∂2P
µ ∂P 		
= φ Ct
∂x 2
k ∂t

(15)

The saturation distribution across the grid cells were calculated
with the diffusivity equation.

Research Methodology
Data gathering and analysis
Table 1 suggested the range of effective porosity for sandstone is
between 2% to 40% [7] which will be used in the simulations.
In Table 2, the range of permeability for sandstone and typical
reservoir rock range from 1 mD to 10000 mD [8]. To account for
limitation in Equation (9), the range of permeability was reduced to 25
mD to 500 mD.
The range for the core length was referred based on the core service
provider in the petroleum industry which is between 3 inches to 24
inches. The flow rate was decided in line with the range of fluid velocity
in the reservoir which commonly is 1 to 4 feet per day.

Design of Experiment (DOE)
A factorial design was established based on the framework decided
as shown in Table 3. Sensitivity analysis was performed on four
parameters which are porosity, permeability, length and flow rate in
three levels (34=81).
Therefore, there are eighty-one sensitivity cases used to study the
effect of the above- mentioned parameters on capillary pressure.

Figure 4: Capillary pressure profile.

Define simulation cases

Materials

Porosity

Sandstone

0.02 – 0.40

Clay

0.01 – 0.18

Limestone

To define the simulation, the initial fluid PVT properties and rock
physics function were kept constant. The relative permeability and
capillary pressure profile were input based on each case parameter. The
rock was assumed to be homogenous and all the grid cells have the
same dimension. The grid cells were only connected in x-direction to
simulate the core flooding process.

0.00 – 0.36

Table 1: Range of effective porosity [7].
Rock Type

Permeability (mD)

Oil Reservoir Rock

100 - 10000

Fresh Sandstone

1 – 10

Table 2: Permeability chart by Bear in 1972.
Parameters

Low

Middle

Porosity

0.1

0.25

High
0.4

Permeability (mD)

5

250

500

Length (ft)

0.3

1

1.7

Flow Rate (ft3/Day)

0.0122

0.0305

0.0488

Table 3: DOE (Design of Experiment) framework.

Figures 5-7 shows three different models set up for different core
lengths which are 1.7 feet, 1.0 feet and 0.3 feet, respectively. Gas was
injected as indicated by the arrow shown. The time step chosen for all
the cases are fixed at four pore volume injection. At four pore volume
injection, the saturation distribution across the grid cells were charted
and tabulated.

Measure the responses
After completion of simulation, the simulator output a saturation
distribution profile across the grid cells for each case. Each case should
have a trend line with capillary pressure and a trend line without
capillary pressure.
Figure 8 shows a case example of saturation distribution with
considering capillary pressure and without considering capillary
pressure. This profile was generated for all eighty-one sensitivity cases.

Figure 5: Three grid cells representing 0.3 feet core.

Figure 6: Ten grid cells representing 1.0 feet core.
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Fractional flow profile is a function of saturation profile. Therefore,
the saturation profile is able to represent the effect in the fractional flow
profile.
The percentage error is calculated by comparing the saturation
profile with capillary pressure and without capillary pressure. This
study performs sensitivity analysis on four parameters which are length,
permeability, porosity and flow rate. By measuring the difference in
the saturation profile, the percentage error is able to be identified and
analyzed using Design of Experiments (DOE).
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Therefore, the higher the permeability, the lower the capillary pressure
gradient. On the contrary, based on the mathematical point of view,
the fractional flow equation suggests that the permeability has inversely
proportional relationship with the capillary pressure gradient. The
fractional flow equation is a highly non-linear equation because the
capillary pressure gradient is function of permeability and porosity.
Figure 7: Seventeen grid cells representing 1.7 feet core.

According to Equation (18), the numerator suggests that the
capillary pressure gradient and permeability will have inverse
magnitude and the multiplication supposed to neutralize each other.
Although the capillary pressure gradient increases exponentially but in
order for the gas saturation to reach the residual water saturation, the
pressure required is close to infinity. In this core flooding simulation,
the average gas saturation that was injected into the core is lower
than 70%. Therefore, the capillary pressure gradient is relatively small
and permeability will be dominant in the equation. As a result, the
increment in permeability will create larger percentage difference due
to the parameters’ relationship in the equation.
1+
fg =

Figure 8: Saturation profile.

kkrw A  ∂Pc 
µ w qt  ∂x 
			
µ k
1 + g rw
krg µ w

(18)

Error induced by length of core

Figure 9: Error induced by porosity, permeability, length and injection rate.

Error

∑ abs  S
∑S

g ( Pc )

− S g ( no Pc ) 

× 100 		

(16)

g ( no Pc )

Results and Discussion
Figure 9 shows the result generated by DOE, the porosity and
permeability is proportional with the induced error. However, injection
rate is inversely proportional with the induced error, whereas, the
length of the core does not show significant effect in terms of capillary
pressure.

Error induced by porosity
Based on Geiser, the fluid velocity is related to the Darcy flux by
the porosity as suggested in Equation (17) [9]. The flux is divided
by porosity to account for the fact that only a fraction of the total
formation volume is available for flow. Assuming at constant injection
rate, the Darcy velocity varies according to porosity. Porosity represents
the pore volume of the core. Lower the porosity, the higher the fluid
velocity. Whereas, higher porosity will result in lower velocity and the
effect of capillary pressure will be significant. It explains the increment
in percentage difference as the porosity increases.
Actual velocity =

Darcy Velocity

φ

		

(17)

Error induced by permeability
The higher the permeability, the easier for the fluid to flow.
J Pet Environ Biotechnol, an open access journal
ISSN: 2157-7463

In this case study, the result shows that length is not affected by
capillary pressure gradient. The effect of induced error by the core
length is not visible. In this project, the time step taken is at four pore
volume. Gas already breakthrough and the gas saturation is distributed
across the grid cells. The effect of saturation gradient will be high if the
gas saturation has not reach the end of the core. In the simulation, the
saturation gradient is similar across the grid cells due to the presence of
gas saturation in all grid cells.
However, in actual experiment, the presence of capillary end effect
needs to be accounted for. Capillary end effects emerge due to the
discontinuity of capillarity in the wetting phase at the outlet of the core.
The effect is prominent in drainage process where the wetting phase
is being displaced by non-wetting phase such as gas displacing water
[10]. Based on experimental outcome, longer core should be used to
minimize the end effect. In the simulation, the end capillary effects are
not visible.

Error induced by injection rate
Higher injection rate will result in higher fluid velocity and intensify
the viscous force. Viscous force could be defined as the product of
fluid velocity and the fluid viscosity (µ) as suggest by Equation (19).
Capillary number is a ratio of viscous force over capillary force as stated
in Equation (20). Capillary numbers are usually large for high speed
flows. Therefore, the viscous force will be more dominant and is able to
overcome the capillary force.
In addition, in high gas injection rate, the gas saturation across
the grid is almost uniform. As suggested by the DOE result, for high
injection rate, the percentage difference in the saturation profile for
with capillary pressure and without capillary pressure is low.

Conclusion
Based on the design of experiments, the outcome for this study
shows that the main error effects were induced by the permeability,
porosity and flow rate. The core length is not significant in affecting the
saturation profile.
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Error of fractional flow=f (k,φ, q).
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