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Estimates for Solutions of Semilinear Elliptic Equation in Two Dimensions
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Abstract

In this paper we study a family of nonlinear Elliptic problems in two dimensions, we give some estimates for the
solutions of this problem, and we decompose it on two problems, the first is the Poisson's equation and the second

is the Liouville equation.
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Introduction

In this paper we study the problem

—Au = Ae" + f(x)
u=g

ichR2 (1)
on0Q

Where € is a bounded domain, 4 is a positive parameter,
ge”(6Q) and f € L' () for some g>1.

Equation of Liouville-type is used in this study, it has the form:

-Au=v(x)e"+ f(x) inQcR’
u=0 on 02

v(x) € LY(Q)) For some q>1.

This related equation has been received much attention in the recent
years. On the one hand, this is due to the wide range of application
of this equation: it used in astrophysics [1] and combution theory [2],
it is also related to the prescribed Gaussian curvature problem in
Riemannian geometry [3], to the mean _led limit of vortices in Euler
ows [4], to onsager's formulation in statistical mechanics [5], to the
Keller-Siegel system of chemotaxis [6], to the Chern-Simon-Higgs
gauge theory [7, 8], and it has many other physical applications. On the
other hand, Liouville equation is mathematically appealing since it has
an interesting solution structure [9-16].

Preliminaries

Assume Q — R? is a bounded domain and let u be a solution of

{—Au = f(x) nQcR?

u=g on o) @
With f e I!(Q).set| f || 1= ju F(x)]dx
Theorem 2.1 For every & Z (0,47[) we have
Iexp[w]d (dlam Q) 3)
a /1l

1.
Proof: Let R= Edlamﬂ so that Q — B, for some ball of radius R.
Extend f to be zero outside {3 and set, for x ¢ R?

- 1 2R
u(0) =3, loa = 1) [dy

so that

—Au(x) =|f|,on R

note that L_t(X) >0forx € B, since >1Vx, y € By it follows

2R
Ix-yl
from the maximum principle that |u|<uonQ and thus

(47 -0)|uX®)|

L exp[T] dx< . exp[w

1dx
11l

using Jensen in quality

F([ w(y)p(y)dy) < [ wy)F (p(y) dy

with  7(t) = expt, w(y) = B ing o () = 7= 15 2R
We obtain It ||1 27 [ x—y]|
(Ur-uw,, _ L,
J, ! 7 k<], d IBR(\X T

J'B exp[(4ﬂ_§)u(x)]dx<j If(y)l[j (2R )_ﬁdx]dy
R |X

11l S f

but, for y € B, we have

[

and the estimate (3) follows.

47*

dx<|, (ﬁ) e

Corollary 2.2 Let u be a solution of (2) with f e L'(Q) Then for
every constant k>0

e l'(Q)

Proof: Let 0<g<% We may split f as f=fl+f2 with
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I, |, <eand f, € L"(Q)
Write u = ul + u2 where ui are the solutions of
—Au, = f,inQ
u,=0 onoQ

choosing, for example , ¢ = (47 —1) in Theorem (2.1) we find

el
Jaexel 0

And thus

J-Qexp[k |u, []<o

The conclusion follows since
lul<u, [+]u, |

And u, € Loo(€2)

Statement of the Results

Let u satisfy the nonlinear equation (Liouville Equation)

—Au=v(x)e" inQ
u=0 onoQ

“)

Where Qis a bounded domain in R and v(x) a given function

on Q)

Corollary 3.1 suppose u is a solution of (4) with v e L*(2)and
e" e I’ (Q) for some 1< p <coThen u e L* (Q)

Proof: By corrollary (2:2), we know that €™ € L' (Q),Vk >0,

ie, e el (Q)
ve' e P (QVS >0 if
p<wandve' el (Q)Vr<wifp=oco. Standard elliptic estimates
imply that u € L”(Q)

Vr <o It follows that

Resolution of the equation —Au = le" + f(X)
The Corollary (3:1) still holds for a solution u of
—Au=Ae" + f(x) inQ
u=g on o)

With ) = R?isabounded domain, g € Loo(0Q) and f e L/(Q)
for some g>1.

(5)

Let w be a solution of

—Aw= f(x) inQ ©)
w=g onokd
So that we L”(Q)
The function k=u-w satisfies:
—Ak=(Ae™)e" inQ
(Ae™)e" in 7

k=0 on 0Q

The solution k is of the problem of liouville (7). Thus the solution
of the problem (5) is u=k+w with w the solution of the problem (6) and
k the solution of the problem (7).

Remark 3.2
Corollary (3:1) is not valid for p=1 for that we have this example.
Example 3.3 Let 0 < a < 1. The function* =—alog(log ;) , with
r= x| satisfies
—Au = ve"
u=0
With

inQ =B,
on 0Q

(8)

a

p=——
r2(log £)**
B
Note that ye I/(Q),e" € Loo(Q) and nevertheless u ¢ L”(Q)
since u(x) — —c0asx — 0. The same function u with a<0 provides
an example where u satisfies (8) with v e I'(Q),ve" € L'(Q) and
nevertheless u* ¢ L”(Q) since u(x) — +oasx — 0
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