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Abstract

This article is devoted to investigating the existence of solutions to a coupled system of ordinary inclusions at
resonance in suitable Banach algebras. We convert the system of differential inclusions to a system of fixed point
problems with nonlinear multi-valued inputs. More precisely, we introduce a new class of multi-valued mappings for

a weak topology.
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Introduction

The area devoted to the study of differential equations and
differential inclusions has received much attention due to the fact that
they describe many phenomenons in various fields of applied sciences
like physics, control theory, chemistry, biology, and so forth. For some
of these applications, one can see [1-8] and the references therein.
In most papers, sufficient conditions for the existence of solutions
to the corresponding problems are obtained by using classical fixed
point theory. We refer, for example, to few studies [9-14]. In this
work, we are mainly concerned with the existence results of solutions
for the following two-dimensional quadratic problems for ordinary
differential inclusion (in short QV P) occurring in some physical and
biological problems:

o[ x()=k(t.x(1))

ar[ Tty et

fl t,y(t HZ-#JJ@]? 5,x( /{& ds]v} (1.1)
2(0)=(x>3) € R

where v € X\{0} with H"H <1; the functions f, k, p, flz [0, T]XX— X are
supposed to be weakly sequentially continuous and the multi-valued
mapping G: [0,T]XX —P(X) is supposed to be weakly completely
continuous with respect to the second variable.

Here, [0,T]T< 1; is a closed and bounded interval of the real line R
and, X is a Banach algebra satisfying certain topological conditions of
sequential nature. Such systems occur in various problems of applied
nature, for instance [13-18].

By a solution of the above problem, we mean a pair
functions (x(t), y(t)) that satisfies the diff

x(t)—k(t.x(t))
AI0)

The problem QV P (1.1) has not been studied in the literature
before, so the results of this paper are new to the theoryofdifferential
inclusions for a weak topology.

of continuous

erential inclusions (1.1) and such that the function ¢ —
is differentiable.

The special cases of the problem QV P (1.1) has been discussed in
previous studies [9,13] with x=y, A=0, o(t)=0, and f/(t, y)=y for all t €

[0,7]. If more G(t, x)={g(t, x)} is a single-valued mapping, we obtain the
following integral equation:

x(t) = k(e x(0)) + £ (2.2(0)) [ g (s,x(5))ds (12)
x(O) =X, € R

The integral eqn. (1.2) has been discussed in previous studies
[11,12] for different aspects of the solutions under suitable conditions.

Note that the problem (1.1) may be transformed into the following
fixed point problem in weak topology settings for the 2x2 block
operator matrix:

A BB
c D

where the entries are generally nonlinear multi-valued mappings. Our
assumptions are as follows: A, B and B’ maps a nonempty, closed,
and convex (not necessarily bounded) subset S into the classes,
denoted P(X), of all nonempty subsets of a Banach algebra X satisfying
condition (P), C from S into X and D from X into X. The assumptions
of our main results are formulated in terms of an axiomatic definition
of the measure of weak- noncompactness. More precisely, we present
-4
B(I-p)'C
use the properties of D-set-Lipschitzian for the multi-valued mappings
A and B: Our results extend and generalize well-known results for a
weakly sequentially continuous single-valued mappings in previous
studie [15]. Again, we remove the quasi-regularity assumption on the
operator B(I-D)'C in a study [15].

(1.3)

a new class of multi-valued mappings of the form [ and we

In a series of papers [7,14,15], Jeribi et al. have established some
fixed point theorems for the block operator matrix (1.3), where the
inputs are multi-valued and single-valued mappings based on the
convexity of the bounded domain, on the well-known Schauders fixed
point theorem, and also on the properties of the inputs (cf.weakly
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sequentially continuous, lower semi-continuous,...). The obtained
results are then applied to a coupled system of perturbed functional
differential inclusions of initial and boundary value problems in order
to prove the existence of solutions under a Caratheodory condition.

In this direction, Ben Amar et al. have established in a study [16]
some existence theorems for a two- dimensional mixed boundary
problem, based on a new generalized Schauder's fixed point theorem,
in terms of completely continuous, and on Krasnoselskii's fixed point
theorem for the block operator matrix (1.3) acting on LpXLp space for
p € ]1,+00[ in the case where B'=1: It is important to mention that the
theoretical study was based on the existence of a solution of nonlinear
differential inclusions of the respective forms:

XEAx.Bx+Cx,x€S (1.4)

where A;B and C are multi-valued mappings and S is a nonempty,
closed and convex subset of a Banach algebra X, and obtained several
valuable results in Banach algebras. They were mainly based on the
convexity of the bounded domain and the properties of the operators
A, B and C (cf. weakly 1-set- contractive [17-19], D-set-Lipschitzian,
sequentially weakly upper semicompact, weakly completely
continuous, weakly condensing and the potential tool of the axiomatic
measures of non-compactness [20-23]. Since the weak topology is the
practice setting and it is natural to investigate the fixed point problems
occurring problems dealing with physics, it turns out that the above
mentioned results cannot be easily applied. However, because of the
lacks of stability of convergence for the product sequences under the
weak topology, the authors in a study [24] have introduced a new class
of Banach algebras satisfying the condition denoted (P):

(P) <[For any sequence {x” } and {y” }of X suchthat x, — xand y, — y

thenx, -y, — x- y;denote weak convergence

and they have established some new variants of fixed point results
based on the notion of weak sequential continuity. This notion seems
to be the most comfortable in use. Note that, if X is a Banach algebra
satisfying the condition (P) then, according to the Dobrakov's theorem,
C(K,X) is also a Banach algebra satisfying the condition (P), where K is
a compact Hausdorft space.

The content of this paper is organized in four sections. In the
next section, we give some preliminary results needed in the sequel.
In Section 3 and 4; we will refine the fixed point theorems established
in previous studies [7,14,15] for the 2x2 block operator matrix (1.3)
by using arguments of weak topology, which consist of multi-valued
mappings acting on nonempty, closed, and convex subsets in Banach
algebras. The main results of this section are Theorem 5.6 and Theorem
6.1. In Section 5; we will use Theorem 5.6 in order to discuss the
existence of solutions for the problem (1.1).

Auxiliary Facts and Results

Throughout this section, X denotes a Banach algebra satisfying the
condition (P), endowed with the norm k k and with the zero element
0,. For any r > 0,B, denotes the closed ball in X centered at the zero
with radius r and D(G) denotes the domain of an operator G.B(X) is
the collection of all nonempty bounded subsets of X and W(X) is the
subset of B(X) consisting of all nonempty weakly compact subsets of
X. In the remainder, > denotes the weak convergence and > denotes
the strong convergence in X. Let us recall that the notion of measure
of weak noncompactness p was introduced on B(X) by De Blasi [22] in
the following way:

B(S)=inf{r>0:there exists K € W(X) such that SC K + B,

For convenience we recall some basic properties of needed below
[21,22,25].

Lemma 4.1

Let S1 and S2 be two elements of B(X): Then the following
conditions are satisfied:

(1) 5, €S, implies B,(S)<B,(S,),

(2) B(S))=0 if and only if S'€ W (X), where S is the weak closure
of S,

1

(3) B(S)) = 5(S1),

(4) B (S,U S,)=max {B (S,), B(S,)g,

(5) B (AS)=|\|B(S), forall AER

(6) B(co(S,))=(S,), where co(S1) denotes the convex hull of S ,

(7) B(S, + 5 )= (5)) +(5)),

(8) If (S,), is a decreasing sequence of bounded and weakly closed
subsets of X with JLY?C,B(SH) =0 (Sn)=0; then Moo=n*" _ S is
nonempty and S, is a weakly compact subset of X.

A correspondence G: X— PP(X) is called a multi-valued operator
or a multi-valued mapping on X into X. A point x € X is called a fixed
point of G if x € G(x). For the sake of convenience:

G(s) = QSG(X) for all subsets S of X:

P(X)={ ScX, S is nonempty }.

P, (X)={ ScX, S is nonempty and bounded}.

P_(X)={ScX, S is nonempty and convex}

P (X)={ ScX S is nonempty and closed }.

(X)={ ScX, S is nonempty, closed, bounded and convex}.

,SGS}

Pbd

Pcv’cl

Forany S € P, (X), we denote by HSHp = Sup{HS

bd,cl

The function d;: P (X)XP (X)—>R, defined by the formula

dH(S,S/):max supd(x,S'),supd(y,S)}

o0es yes'
is called a Hausdorff metric on X [26].
Definition 4.1

A multi-valued map G:X-X is called D-Lipschitzian if there
exists a continuous and nondecreasing function @:R*—R", such that
d, (stcy) <o (x—»])» forall x, y € X, where ¢(0)=0:

Moreover, if ¢(r) < r, r > 0, then G is called a nonlinear
D-contraction.

Definition 4.2

A multi-valued mapping G is said to have a weakly sequentially
closed graph, if for every weakly convergent sequence (x ) of D(G) toa
point x, and for every weakly convergent sequence y, € G(x ) to a point
y, we have y € G(x).

Definition 4.3

A multi-valued mapping G is weakly completely continuous if G is
weakly compact and has a weakly sequentially closed graph.
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Definition 4.4

A multi-valued mapping G is sequentially weakly upper
semicompact in S (s.w.u.sco. for short) if for any weakly convergent
sequence (x ) in D(G) and for any arbitrary y € G(x ), the sequence
(y_)n has a weakly convergent subsequence.

If G is a single-valued mapping, then G is sequentially weakly
upper semicompact if for any weakly convergent sequence (x ), the
sequence (Gx,)_ has a weakly convergent subsequence in X. We say
that G is weakly sequentially continuous if for every weakly convergent
sequence (x, ), of D(G) to a point x, we have Gx_ -G

Definition4.5

A multi-valued mapping G : D(G)c P(x) is called D-set- Lipschitz
(with respect to) if there exists a continuous nondecreasing function: 1
:R*>R* with 1/1 (0)=0 such that B(G(M)) < ¥ B (M)) for all bounded
sets M of X such that G(M) € P, (X). In the special case, when (r)=kr,
k > 0, the map G is called k-set-Lipschitz mapping, and if k < 1, then
the multi-valued mapping G is called a k-set-contraction mapping.
Moreover, if (r) < r, then G is called a nonlinear D-set-contraction
mapping on X. Finally, we say that G is a f-condensing multi-valued
mapping if G is bounded and (G(M)) < (M) for any bounded subset M
of D(G) with (M) >0 [27].

Remark 4.1: If G : D(G)C X — B,,,(X) is sequentially weakly
upper semicompact and is D- Lipschitzian, then G is D-set-Lipschitz
with respect to In the particular case when G is a weakly sequentially
continuous and D-Lipschitzian single-valued mapping, then G is a
D-set-Lipschitz mapping ([28], Lemma 1.2]). In the sequel, we will use
the following results which were established in a study [29].

Theorem 4.1

Let S be a nonempty, closed, and convex subset of a Banach space.
Assume that G: S »P_(S) has a weakly sequentially closed graph such
that G(S) is weakly relatively compact. Then G has a fixed point ([29],
Theorem 4.2]).

Before stating the generalization of Theorem 4.1, we give a useful
definition.

Definition 4.6

A multi-valued mapping G is $-condensing on S if for any bounded
subset M of S with (M) > 0, we have G(M) is bounded and (G(M)) < (M).

Theorem 4.2

Let S be a closed and convex subset of a Banach space. Assume
that G: S »P_(S) is B-condensing and has a weakly sequentially closed
graph. In addition, suppose that G(S) is bounded, Then G has a fixed
point ([29], Theorem 4.3]).

Multi-valued Fixed Point Theory

In this section, we generalize and extend well-known results for
weakly sequentially continuous single- valued mappings in a study
[15]. In particular, we remove the assumption of boundedness of the
domain.

Theorem 5.1

Let S be a nonempty, closed and convex subset of a Banach
algebra X satisfying the sequential condition (P): Assume that A, B,

B': 8§ — P(X), C:S »X and D: X—X are five multi-valued mappings
satisfying the following properties:

(i) A, B and B’ are D-set-Lipschitzians with D-functions @A, @B
and B’ respectively,

(ii) A, B and B’ are s.w.u.sco. with weakly sequentially closed
graphs,

(iii) C is weakly sequentially continuous and is D-Lipschitzian with
D-function @C,

(iv) D is weakly sequentially continuous and is a contraction with
a constant k,

(v) A(S), B(S) and B’ (S) are bounded and C(S)c (1—D)(S),
(vi) Ax + B(I-D)'Cx. B'(I — D) ' Cx e P, (S)

Then, the operator matrix (1.3) has a fixed point in SXS whenever

¢, (1) + b, (2-C) (r)-BO

Proof: Let {0, n € N} be a weakly convergent sequence of S to a
point 8 € S. In this case, the set {8 ,n € N} is relatively weakly compact.
Using both Proposition 3:1 in a study [30] and the following equality

(I-D)'C=C + D(I-D)'C (2.1)

and knowing the weak sequential continuity of the maps C and D; we
infer that

BUI-D)'C(B,),n € N)<B{D(I-D)"C(6 ),n € N})
<kB({D(-D)'C(8,),n € N})

This shows that B({D(I-D)'C(8,),n € N})=0 Hence, ({D(I-D)
'C(8,),n € N}) is relatively weakly compact, and so there exists a
subsequence (8 , ) of {8 , n € N} such that

(I-D)*C(6, )=y

Going back to eqn. (2.1) yields y=C8 + Dy. Now we claim that(I-
D)'C(8_)—Y.

Otherwise, then there exists a subsequence (Gni ) of (8,), such that
(I-D)'C(8,,) V", for some weak neighborhood V* of (I-D)-1C(8):
Arguing as i)efore, we may extract a subsequence (6n,, ) of (Bn, ) such that

(I—D)—lC(Gnik) - (I-D)-1C(8),

which is absurd. Hence, the operator inverse (I-D)'C is weakly
sequentially continuous. Again, using Lemma 2:1 in a study [24] and
rewording the above discussion, one obtains that

8((1- D) () <o (5(u1) (N.C

for each bounded subset M of S with (M) > 0.
Let us define the multi-valued mapping G: S—>P_(S) by the formula:
G(x)=Ax+B(I - D) ' Cx.B'(I—D)Cx 2.2)

Notice that G is well defined and is s.w.u.sco. In fact, consider {Gn,
n € N} as a weakly convergent sequence of S to a point 8and {z_, n € N}
as a sequence in G(0 ). Then,

z,=a,+b,b
for somea € A(B),b_ € B(I-D)'C6_and b eB'(I- D)7l C0, . From

the first part of assumption (ii), we can suppose that @, — a,b, — b!
and b — b’

The sequential condition (P) guarantees that,

z,=a,+bnb, —z=a+bb' cG(0)
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This implies that G is a s.w.u.sco. multivalued mapping and
consequently G has a weakly sequentially closed graph in view of the
last part of assumption (ii):

Our next task is to show that G is condensing with respect to f8. To
do so, take an arbitrary nonempty bounded subset M of S with (M) >
0. It is easy to verify that:

G(M)C A(M)+B(I-D) ' C(M).B'(I-D)"'C(M)
CA(S)+ B(S).B'(S)

This implies that G(M) is bounded in view of assumption (vi); and
we have:

B(G(M))<B(a(M)+B(1-D) " c(M)-B'(1-D)"'C(M))

1 1

<|B(s)| pﬁ(B/(I -D)
o(m)|a(B'(1-D) " c(m))+B(4(m))
<[IB(5)| pé0(26c ) +[[B'(8)] p6,0(26c) + 8, ](B (M)
+6,0(26.)(8(M))6,0(20c)(5(M))

This inequality means, in particular, that is G is B-condensing in
view of assumption (i). The use of Theorem 4.2 achieves the proof.
Q.E.D.

C(M))+|B'(S)|p8(B(1- D) "C(M))

+6(B(1-D)

When A, B and B’ are three single valued mappings, we obtain the
following result.

Corollary 5.1: Let S be a nonempty, closed and convex subset of a
Banach algebra X satisfying the sequential condition (P). Assume that
A, B, C, D, B': =X are ve weakly sequentially continuous operators
satisfying the following properties:

(i) A, B, C and B' are D-set-Lipschitzians with D-functions ¢ A, ¢
B, Cand ¢ B,

(ii) D is a contraction mapping with a constant k,

(iii) A(S),B(S) and B’ (S) are bounded and C(S) (I-D)(S),

(iv) Ax+ B(I - D) 'Cx.B'(I - D) 'Cxe s, forallx € 8.

Then, the operator matrix (1.3) has a fixed point in SXX whenever
@c

¢A (r) + (OR '¢3’)O[ﬁ

In the following result, we will use the notion of D-Lipschitzian
operators.

el (s ol o)<

Corollary 5.2: Let S be a nonempty, closed and convex subset of a
Banach algebra X satisfying the sequential condition (P): Assume that
A, B, C, D, B': § =X are five weakly sequentially continuous mapping
satisfying the following properties:

(i) A, B and C are D-Lipschitzians with functions ¢ A, B and $C,
(ii) D is a contraction mapping with a constant k,

(iii) B" maps bounded sets into relatively weakly compact sets,

(iv) A(S), B(S) and B’ (S) are bounded and C(S)(I-D)(S), and

(V) Ax+B(1-D) 'CxB'(I-D) 'Cxes forallx€S.

Then, the operator matrix (1.3) has, at least, one fixed point in SXS
whenever

I (s lls0 2

o)+ odlr) <7

Remark 5.1: Because every q-lipschitzian and weakly sequentially
continuous mapping is a D-set- lipschitzian mapping with D-function
&(r)=qr ([30], Proposition 3.1]), then Theorem 3:4 in a study [15]
follows as a consequence of Corollary 3.2. }

Remark 5.2: If we take C=1, and D=0, in the above result, in
which 1 and 0, represents respectively the unit and the zero element
of the Banach algebra X, then we obtain the following Corollary, which
extends and generalize one of the results obtained in a study [30],
Theorem 3.8].

Corollary 5.3: Let S be a nonempty, closed and convex subset of a
Banach algebra X satisfying the condition (P): Assume that A,B: X—
X and B': § — X are three weakly sequentially continuous mapping
satisfying the following properties [31-34]:

(i) A and B are D-Lipschitzians with D-functions ¢A and ©B
respectively,

(ii) B’ maps bounded sets into relatively weakly compact sets,

(iii) A(S), B(S) and B'(S) are bounded, and

(iv) x:Ax+Bx~B/y,y¢(S):>x€S

Then, the operator equation x € Ax+ Bx-B’x, has a solution
whenever HB'(S)Hp¢)B (r) + ¢4 (r) <r

Proof: Let y be fixed in S and let us define the mapping Ty: X —»X
by the formula

Ty(x)= Ax+ Bx.By

Letx, x, €X, The use of assumption (i) leads to

|7y (x1) = v (x, )| < || Ax, — 4x, | + | Bx,.By — Bx,.BY)|
<[, — Ax, |+ Bx, — szHHB/yH

< ¢ (1 = x2]) + [B'()| s (v — x.])

Now, an application of Boyd and Wong's fixed point theorem [14]
yields that there is a unique point

X € X such that Ty(xy) =X, or equivalently
/!
x,=Ax,+ Bx, By

1—-4

1
Consequently, the operator 7 .— B S — x is well

defined. Because assumption (iv) holds for all y € S; we have T(S)cS.
Using the following equality

T = AT+ BTB' (23)
combined with the assumption (iii); we obtain

T(S)C A(TS)+ B(IS)B'(S)

C A(S)+B(S)B'(S)

Using the subadditivity of the De Blasi's measure of weak
noncompactness, we get

B(7(S)) < B(A(TS)) + B(TS)B'(S))
< B(4T(5))+ B(BT)B'(5))
<o,(8(7(5)))+[B(s)|eB(5(T(S)))

If B(T(S)) 6=0; then we get a contradiction and so T(S) is a relatively
weakly compact subset of S. In order to achieve the proof, we will apply
Arino, Gautier and Penot's fixed point theorem [4]. Hence, we only
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have to show that the operator T is weakly sequentially continuous.
Indeed, consider {y }* _ asasequence in S that is weakly convergent to
y: From the above discussion, it is easy to see that {Ty } _ is relatively
weakly compact. Then, there exists a subsequence (yn, ) of {y } _; such
that Ty, —x. Taking into account the weak sequential continuity of
the maps A, B and B’ and using the equality (2.3) to obtain x=Ax +
Bx By. Now we claim that Ty —>Ty. Suppose the contrary, then there
exists a subsequence (yn) of {y }*,_ and a weak neighborhood V* of Ty
such that 7y,;, € V", for all j € N: Arguing as before, we may extract a
subsequence (yn, ) such that Tyn, —Ty, which is a contradiction and
the claim is approved. The use of Arino, Gautier and Penot's fixed point
theorem achieves the proof Q.E.D.

Remark 5.3: Under the assumptions of Corollary 3.3, the fixed

-1
point set of the operator inverse [% B’ is a nonempty and

relatively weakly compact subset of X. Now, we can modify some
assumptions of Theorem 3.1 in order to study the same problem.

Theorem 5.2

Let S be a nonempty, closed, and convex subset of a Banach algebra
X satisfying the condition (P): Assume that A, B, B":S—P, d,cm(X), C:S
—X and D: X—X are ve multi-valued operators satisfying the following
proprieties:

(i) A and B are D-set-Lipschitzians with D-functions ¢A and OB,
respectively,

(ii) A and B are s.w.u.sco with weakly sequentially closed graphs,

(iii) C is weakly sequentially continuous and is D-Lipschitzian with
D-function ¢C,

(iv) D is weakly sequentially continuous and is a contraction with
a constant k;

(v) BO is weakly completely continuous and C(S)c(I-D)(S),
(vi) Ax + B(I-D)'Cx B’ (I-D)!Cx € Pcv(S), for allx € S,
Then, the operator matrix (1.3) has a fixed point whenever

I (5,0 e ) +o,0) <

Proof: An argument similar to that in the proof of Theorem 5.1
leads to the weak sequential continuity of the mapping (I-D)'C: Let
{x, n € N} be a sequence in S that is weakly convergent and let {z , n
€ N} be any sequence of B’ (I-D'C(x,). Since B' is weakly completely
continuous, it follows that the sequence {z } has a weakly convergent
subsequence, and so B’ (I-D)'C is a s.w.u.sco. multi-valued mapping.

By using Theorem 5.1, it is sufficient to check that the multi-valued
mapping G defined in eqn. (3.2) is condensing with respect tof3. In
order to achieve this, let M be a bounded subset of S with (M) > 0.

Then (I-D)'C(M) is a bounded with  bound

2 ~1 i
5— 171{(“(1_1)) CaH+HC(M) ) , for some fixed point a € M, and we

subset

have
3(G(M)) < p{4() + B~ D) C(m)- B (1~ D) " c(m))
<|8/(s)|p3(B(1 D) C(a))+ B(4(n))

<

e e A )

Since HB’(S)H(/),;O[ﬁ¢C](r)+@A (r)<r, it follows that the multi-

valued mapping G is condensing with respect to . Now, we may apply
Theorem 4.2 to infer that G has, at least, one fixed point x in S and
consequently, the vector y=(I-D)'Cx solves the problem. Q.E.D.

Corollary 5.4: Let S be a nonempty, closed and convex subset of a
Banach algebra X satisfying the sequential condition (P): Assume that

AB C:S»X,D:X»Xand B':S'— P (X) be five multi-valued

bd ,cl ,cv
operators satisfying the following properties:

(i) A, B, C and B’ are D-Lipschitzians with D-functions ¢A, ¢B,
$Cand ¢ B,
(ii) A, B, C and D are weakly sequentially continuous, and

(iii) D is a contraction mapping with a constant k and C(S) (I-D)
(S),

(iv) B is s.w.u.sco with weakly sequentially closed graph,
(v) Ax + B(I-D)-1Cx B’ (I-D)!Cx € Pcv(S); for all x € S:

Then, the operator matrix (1.3) has a fixed point in S X S whenever

I (5, 0 e )+ 5 0 i)+ ) <

The next result extends Theorem 3:2 in a study [34] in a Banach
algebra relative to the weak topology.

Theorem 5.3

Let S be a closed and convex subset of a Banach algebra X satisfying
the sequential condition (P): Assume that A, B, B": S=P(X) are three
multi-valued operators and C: S— X and D: X—X are two weakly
sequentially continuous operators satisfying the following properties:

(i) A and B are D-set-Lipschitzians with D-functions ¢pA, ¢B and
¢ B' respectively,

(ii) A and B are s.w.u.sco. with weakly sequentially closed graphs,
(iii) C is D-Lipschitzian with D-function ¢C and C(S)c (I-D)(S),
(iv) D is a contraction with a constant k,

(v) B' is weakly completely continuous and A(S), B(S) and B’ (S)
are bounded,

(vi) Ax+B(I—D) ' Cx-B'(I-D) ' CxeP,(S)
Then, the operator matrix (1.3) has a fixed point whenever

\\B’(S)H%O[ﬁasg (r)+eu(r)<r

Proof: An argument similar to that in the proof of Theorem 3.1
leads to the multi-valued mapping defined in eqn. (2.2) is well defined
and has weakly sequentially closed graph.

Our next task is to prove that G is condensing with respect to 3.
For this purpose, let M € B(S) with (M) > 0, then G(M) is a bounded
subset of S and we have

B(G(M))<B(a(M)+B(1-D)" c(m)-B'(1-D) " C(M))
<|8'(s)|p3(B(1 ~D) " C(M))+ B(4(M))

|8(s)] p¢BO[ﬁ¢C] +¢,|(B(M))

The result follows from Theorem 2.2.

<
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When A, B, C and D are single valued operators, Theorem 3.3
reduces to Q.E.D

Corollary 5.5: Let S be a nonempty, closed and convex subset of
a Banach algebra X satisfying the sequential condition (P): Assume
that A, B, C:S—»XD: X »Xand B': S — P, (X ) are five multi-valued
operators satisfying the following properties:

(i) A, B and C are D-Lipschitzians with D-functions ¢ A, ¢ B and
¢ C respectively,

(ii) A, B, C and D are weakly sequentially continuous,

(iii) A(S), B(S) and B'(S) are bounded and C(S) - (1 — D)(S),
(iv) D is a contraction mapping with a constant k,

(v) B' is weakly completely continuous,

Then, the operator matrix (1.3) has a fixed point whenever
I (5) 0] i)+ o) <

Proof: According to Theorem 3.3, it is sufficient to show that G
defines a multi-valued operator with a convex values, where G is defi
ned in eqn. (2.2). Let x € $ be arbitrary and let u,u’ € Gx . Then, there

is v,v' € B’(([ — D)Cx) such that

u=Ax+B(I-D) ' Cx-v
[u’zAerB(ID)]CxAV’
For all \ € [0, 1], we have
N+ (1=N)u' = Ax+ B(I = D) ' Cx- (A + (1= A)Y)

This implies that Au+(1—X)u'€ Ax+ B(I—D) ' Cx-B'(I-D) 'Cx
and consequently G has convex values on S: The use of Theorem 5.3
achieves the proof. Q.E.D.

Theorem 5.4

Let S be a closed, convex and bounded subset of a Banach algebra
X satisfying the condition (P): Assume that A, B, B": S—P, d)CI,CV(X),
C: S »X and D: X —X are five multi-valued operators satisfying the
following properties:

(i) A, B, C, B and D are Lipschitzians with constants a, o, o, o,
and k € [0; 1],

(ii) A, B and B’ have weakly sequentially closed graphs,
(iii) A, BI-D)'Cand B'(I - D)f1 C are s.w.u.sco. and C(S) <(I-D)(S),
(iv) Ax + B(I-D)'Cx B’ (I-D)"!Cx 2 Pcv(S), for all x € S.

Then, the operator matrix (1.3) has a fixed point in S XS whenever

a,a e, | Loy
23 4 2 digm (S )+ oy <1

1-k  (1-k)
Proof: By using Remark 4:1 in a study [14], we infer that B(I-D)
'C and B’ (I-D)'C are two Lipschtzian multi-valued mapping with

D% and B% | respectively. Besides, taking into account
k

& ()] p 7=

¢ HBs)p

constants

that X is a Banach algebra satisfying the condition (P), and using the
assumption (iii), we deduce that, the multi-valued mapping G defined
in eqn. (2.2) is s.w.u.sco.

Next we will prove that G is condensing with respect to B. For
this purpose, consider a subset M of S with p (M) > 0, then G(M) is
bounded and we have

B(G(M)) < B(4(M))+ <1 D) c(M)-B'(1-D) " c(um))
<|B'(s)|ps(B(1—D) " c(m))+]B(5)|p(B'(1-D) ' C(M))
+6(B(1-D)" c(M))5(8'(1- D) (M) + B(4(M))

< HB Hp +HB(S)Hp1 alz +%dzam(é’)+al

a4,

B(M)

he use of Theorem 4.2 achieves the proof. Q.E.D.

Remark 5.4: We should consider the case where C=1, and D=0,,in
which 1_and 0, represents the unit element and the zero element of the
Banach algebra X. We have the following particular cases that constitute
the versions of hybrid fixed point theorems under weak topology.
Precisely, if we take a,=0 and B’ is weakly completely continuous in
the above Theorem, then we obtain the following Corollary 3.6, which
represents the new version of the fixed point result obtained in a study
[31, Theorem 5.4].

Corollary 5.6: Let S be a closed, convex and bounded subset of
a Banach algebra X satisfying the sequential condition (P): Assume
that A, B, B’: § — P, d‘d,w(S) are three multi-valued operators two
operators satisfying the following properties:

(i) A and B are Lipschitzians with Lipschitz constants q, and q,
respectively,

(ii) A and B are s.w.u.sco. with weakly sequentially closed graphs,
(iii) B" is weakly completely continuous,
(iv) Ax+ Bx-B'x€ P, (S),forallx €S:

Then, the operator equation x € Ax + Bx- B'x has a solution in S
whenever q, +Mq, < 1.

New Class of Multivalued Mapping
Before stating the main result, we need the following lemma [32-35]:
Lemma 6.1

Let S be a nonempty, closed, bounded, and convex subset of a
Banach algebra X satisfying the condition (P): Suppose that A, B,

B': S— P, (X), C:S»Xand D: X—X are five multi-valued operators
satisfying the following properties:

(i) A and B are D-set-Lipschitzians with D-functions ¢, and ¢,
respectively,

(ii) A and B(I-D)'C are s.w.u.sco. with weakly sequentially closed
graphs,

(iii) C and D are Lipschitzian with constants q and k respectively
withq+k<1,

(ivy C and D are weakly sequentially continuous and
c(s)c(1-D)(s),

(V) xe Ax+ B(I-D) ' Cx-B(I—D) 'CyC S, forallx,y€S.
I1—-4
B(I-p)'C
qkég(r)+¢)A(r)<r for r > 0, where

Then, the multivalued operator exists on

Iy -1 h
B'(I-D) C(S), whenever 1

M =|B'(1-D) " c(s)|
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Proof: Let y be a fixed point in S and let z € B'(I — D) ' C(y). Let
us define the multi-valued mapping ¢:S—P_ (S) by the formula
¢.(x)=Ax+B(I-D) Cx-z

Notice that this operator has a weakly sequentially closed graph.
Indeed, let {u, n € N} be any sequence in S weakly converging to a
pointuandletv_€ ¢ (u ) such thatv — v. Then, thereis 8 € A(u, ) and
€, € B(I- D)"'C(u,) such that v =0n + § _.z. The use of both assumption
(iv) and assumption (v) ensures that there exists a weakly converging
subsequence (0 ) to a point 8 € A(u) and there exist a weakly
converging subsequence (§ , ) to a point § € B(I-D)"'C(u).

Using the sequential condition (P); we obtain
v =6n+§&n.z -0 + §z € @ (u).

Consequently, the multi-valued mapping ¢, has a weakly
sequentially closed graph.

Taking into account the weak sequential continuity of the maps C
and D and using the equality (2.1) we get, for any bounded subset M
of S with (M) > 0

B((I-D)'C(M))=<B(C(M))+B(D(I-D)'C(M))
<qB(M)+kB((I-D)'C(M))
This implies that

B((1-p) " c(m))< ﬁ

Besides, it is easy to see that ¢ (M) is bounded and we have

B(M)

8= o) c(an) < L)

M
< [¢A +—1q_k¢B](ﬁ(M))
<pB(M)
Thus ¢, is condensing with respect to . Accordingly, the multi-

valued mapping ¢, has a fixed point by using Arino, Gautier and
Penot's fixed point theorem and so there is x € S such that

X € @ (x)=Ax + B(I-D)'Cx.z.
Or equivalently

-4
“< B(I-D)'C (x)

Then

z€ ;Ail (x)ﬂB/(I—D)71Cx~z
B(I-D) C

-1
So, the multi-valued mapping exists on

B'(1-D)'c(s)-QED.

I—A4
B(I-D)'C
In the following result, we will combine Theorem 5.1 and Lemma 6.1.

Theorem 6.1

Let S be a nonempty, closed and convex subset of a Banach algebra
X satisfying the sequential condition (P): Assume that A, B, B": S
—-P(X), C: S—X and D: X—X are five multi-valued operators satisfying
the following properties:

(i) A and B are D-set-Lipschitzians with functions ¢, and ¢,
respectively,

(ii) A, B and B’ have weakly sequentially closed graphs,
(iii) C is D-Lipschitzian with D-function ¢,
(iv) D is a contraction mapping with a constant k,

(vy C and D are weakly sequentially continuous and
C(S)C(1-D)(S)>
(vi) A, B and B’ are s.w.u.sco. and A(S), B(S) and B'(S) are bounded

vii I-4 "(1—DY'C(y ,forally €S,
(vii) 30-Dy°C B'(I-D)'C(y)epr,(S) y
iy ' , . . .
(viii) Bi-DyC B'(1-p)" ¢ is condensing with respect to f3,

Then, the operator matrix (1.3) has a fixed point whenever

Mo0[ ) +o,0)<r

Proof: Let us define the multi-valued mapping T: S—>P_(S) by the
formula
I1—4

T(x)=|——2
) [B(I—D)‘C

From Lemma 4.1, it follows that this operator is well defined and
has a sequentially closed graph. Indeed,

-1

B'(1-D) "' C(x)

let {x, n € N} be any sequence in S weakly converging to a point
x and let y_ € T(x ) such that y —y. In this case, the set {x , n € N} is
relatively weakly compact and we have

v, €Ay, +B(I—-D) "' Cy,-B'(I-D) 'Cx,

Thus, thereisa_€ A(y,),b, € B(I-D)"'Cy, and b, € B'(1 — D)7l Cx,
such that ¥, =a, +b,-b n:

Using the equality (I-D)'C=C + D(I-D)'C and the fact that C and
D are weakly sequentially continuous, we obtain

s({(7-p)" c(x,)mnen}) < s({c(x,).ne N} + 8 {p(1 - D) " C(x,)neN})
<6C(B({x,n e NY))+ k3 ({(r - D) " C(x,)m e N}

and therefore

s({r-py ' c(x)men)< ﬁ@ (8({(x,).neN})+5) n2Ng)):

This inequality means, in particular, that the set (I-D)'C(x ), n €N
is relatively weakly compact.

Then, there exists a subsequence (x, ) such that (I-D)'C(x,, )-y:

Going back to eqn. (2.1) yields y=D(y) + Cx. Accordingly we have
(I-D)'C(x, )~ (I-D)"'C(x).

Now a standard argument shows that the operator (I-D)?C is
weakly sequentially continuous [36,37]. From both assumption (i) and
assumption (vii); it follows that there exists a subsequence (y,, ) of {y ,n
€ N}such that

Vo =Gy + by bl —a+b-b'€dy+B(I-D) " Cy-B'(I-D) ' Cx
for some a € A, b €B(I-D)'Cyand b’ € B/(l — D)71 Cx.
Besides, taking into account assumptions (iii) and (vi), we get
T(S)C AT(S)+ B(1—D) ' CT(S)-B'(I-D) "' C(S)
C A(S)+B(1—-D) ' C(S)-B'(I-D) "' C(S)
A(S)+B(S)-B'(S)
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Now, by applying Theorem 4.2, we deduce that T has, at least one,
fixed point in S. Hence, the vector y=(I-D)'Cx D) xsolve the problem.
Q.E.D.

Corollary 6.1: Let S be a nonempty, closed and convex subset of a
Banach algebra X satisfying the sequential condition (P): Assume that
A, B, B’ B: S=P(X), C: S=X and D: X—X are multi-valued operators
satisfying:

(i) A and B are D-set-Lipschitzians with functions ¢, and ¢,
respectively,

(ii) A, B and B’ have weakly sequentially closed graphs,

(iii) C is D-Lipschitzian with D-function ¢ and C(S)C (I - D)(S),
(iv) D is a contraction mapping with a constant k;

(v) C and D are weakly sequentially continuous,

(vi) A, Band B’ are s.w.u.sco. and A(S), B(S) and B'(S) are bounded,

(vii) B(}’__D”; " B'(I-D)'c(y)ep,(s) forally €S,
I—4 - , , .
(viii) G-b)'C B'(1-p)'c is weakly compact.

Then, the operator matrix (1.3) has a fixed point whenever

1
M¢,0 ﬁ(bc](r)"'@ (r)<r

Corollary 6.2: Let S be a nonempty, closed and convex subset of
a Banach algebra X satisfying the sequential condition (P): Assume

that A, B, B': § — P(X), C:S=Xand D: X—X are five multi-valued
operators satisfying:

(i) A, B and C are D-Lipschitzians with D-functions ¢,, ¢, and ¢
respectively,

(ii) A, B and B’ have weakly sequentially closed graphs,
(iii) D is a contraction mapping with a constant k,

(ivy C and D are weakly sequentially continuous with
c(S)C-D)(S)s

(v) A, B and B’ are s.w.u.sco. such that A(S), B(S) and B'(S) are
bounded,

—1

. I1—4 -1
B'(I-D) C P,(S) forally €S,
(vi) 31-D)]'C (1-D) C(y)er,(s) forally
(vii) ﬁ B'(1-D)'c is condensing with respect to f.
Then, the operator matrix (1.3) has a fixed point whenever
1
M¢Bo[ﬁ¢c](r)+@ (r)<r

In the particular case when A, B and B are single-valued weakly
sequentially continuous mappings, we get the following corollary
which extends and improves

Corollary 6.3: Let S be a nonempty, closed and convex subset of
a Banach algebra X satisfying the condition (P): Assume that A, C:
S—X, and B,B,D:X — X are five weakly sequentially continuous
operators satisfying the following properties:

(i) A and B are D-Lipschitzians with D-functions ¢, and ¢,
respectively,

(i) D is a contraction mapping with a constant k and
C(S)cU—D)(S)>

(iii) A(S), B(S) and B'(S) are bounded,
—1

-4 B'(I-D)'C(y)ep,(S) is condensing

B(I-D)'C
with respect to f3,

(iv)

-1

I1—4
| (5)
B(I-D)'C
Then, the operator matrix (1.3) has a fixed point whenever

M%O[ﬁ%](r)w (r)<r

Theorem 6.2

™ B'(I-D)'C(S)c

Let S be a nonempty, closed and convex subset of a Banach algebra
X satisfying the sequential condition (P):

Assume that 4,B,B':S— P, (X),C:S— X and D: X—X are five
multi-valued operators satisfying:

(i) A and B are D-set-Lipschitzians with functions ¢, and ¢,
respectively,

(ii) A and B have weakly sequentially closed graphs,

(iii) C is D-Lipschitzian with D-function ¢ and C(S)—(I-D)(S),
(iv) D is a contraction mapping with a constant k;

(v) C and D are weakly sequentially continuous,

(vi) B’ is weakly completely continuous,

(vii) A and B are s.w.u.sco. and A(S);B(S) and B'(S) are bounded
-1
r-4 (§)>and forally €S, we have

(viii) B'(7—D) " C(S)c BI-DI°C

-1

1—-4

s o] PP een )

Then, the operator matrix (1.3) has a fixed point whenever

1
[

Proof: From Lemma 4.1, it follows that the multi-valued mapping

Me,0 (r)+o,(r)<r

-1
1—A

[

__1=4 | s well defined on B'(1—D)'C(S). Proceeding as in the
B(i-D)'C

proof of Theorem 4.1, we obtain that the multi-valued mapping T
defined in eqn. (3.1) has a weakly sequentially closed graph and the set
T(S) is bounded. Next we will prove that T is condensing with respect
to . For this purpose, let S, be a bounded subset of S with (S ) > 0. We

p<|B(s)r

w

first show that |B'(1 — D)7l c(s,)

Let xe B'(1—D) 'C(S,), then there exists {x,.ne N}c B'(1—D) ' C(s,)

such that x —x.

Since |x|| < liminf x| , we obtain that

x’l

I <[5 )" c(s)

p<|B(S)p=M

Using the equality 7 = 47 + B(/—D) ' CTB'(/-D)"'C, we infer that
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—w

B(T(M))<B|B'(I-D) ' CT(M)-B'(I-D) " C(M)|+B(AT (M))

M0,0{ Lo 3 ( () o, (r (v1)

This shows that T(M) is a relatively weakly compact subset of S and
consequently T is condensing with respect to . The result follows from
Theorem 4.2. Q.E.D.

Corollary 6.4: Let S be a nonempty, closed and convex subset of
a Banach algebra X satisfying the sequential condition (P): Assume
that A, B:S—)debdycv(X), B':S— P(S),C :§ — X and D: X—X are five
multivalued mappings satisfying the following properties:

(i) A, B and C are D-Lipschitzians with functions ¢,, ¢, and ¢_
respectively,

(ii) A and B have weakly sequentially closed graphs,

(iii) C and D are weakly sequentially continuous with C(S)—(I-D)(S),
(iv) D is a contraction mapping with a constant k;

(v) B' is weakly completely continuous,

(vi) A and B are s.w.u.sco. and A(S), B(S) and B'(S) are bounded

L -4 |
ii) B'(I-D) C(S)C|————| (S
(vii) B'(1-D) C(S)c B1-D)'C (S) and for all y € S, we have
1
-4 ) .
— | B(I-D) C P (S
] #Upr e

Then, the operator matrix (1.3) has a fixed point whenever
1
Mp,0| —
RN
An improved version of Corollary 4.4 under a weaker assumption
(v) therefore is provided in the following fixed point theorem.

(r)+0,(r)<r

Corollary 6.5: Let S be a nonempty, closed and convex subset of a
Banach algebra X satisfying the sequential condition (P):

Assume that 4,B,C,B’:S — X and D: X->X are five weakly
sequentially continuous operators satisfying the following properties:

(i) A, B and C are D-Lipschitzians with functions ¢,, ¢, and ¢_
respectively,

(ii) D is a k-contraction for some k € [0, 1],

(iii) A(S), B(S) and B'(S) are bounded and C(S) c (- D)(S)
(iv) B’ is maps bounded sets into relatively weakly compact sets,
) x:Ax+B(IfD)7]Cx.B’(IfD)Cy;yES:McGS s

Then, the block operator matrix (1.3) has a fixed point whenever
1
M¢Bo[ﬁ¢c](r) Lo, (r)<r

Remark 6.1: Like in the proof of Corollary 4.5, we verify that

1

r-4 B'(I-D)'C relatively weakly compact single-valued

B(I-D)'C
mapping. Thus, Corollary 4.5 improves and extends Theorem 6.1 in
a study [33] without the condition of quasi-regularity on the operator
B(I-D)''C.

Taking A=M_ a weakly compact convex subset of X in Theorem 6.2,
we obtain the following result.

Corollary 6.6: Let S be a nonempty, closed and convex subset of a
Banach algebra X satisfying the sequential condition (P):

Assume that B:S— P, (X),B':S—P(S)C:S— X and D: X-X
are five multi-valued operators satisfying:

(i) B is D-set-Lipschitzians with function ¢,

(ii) C is D-Lipschitzian with D-function ¢,

(iii) B and BO have weakly sequentially closed graphs,

(iv) D is a contraction mapping with a constant k,

(v) CandDareweaklysequentialy continuousand € (S)c(1-D)(S),
(vi) B and B’ are s.w.u.sco. such that B(S) and B'(S) is bounded

(vii) B'(1-D)'c(s)c B(%gl)u’c (), and for all y € S, we have
-1
I1—-M, f —1
—F—| B'(I-D) C P (S
S| Bu-pr k)R )

Then, the operator matrix (1.3) has a fixed point whenever
1
—1_k¢c](r)+q§A(r)<r

Corollary 6.7: Let S be a nonempty, closed and convex subset of a
Banach algebra X satisfying the sequential condition (P).

Me,0

Assume that B: S—P_(X), B':8— P(8,)C:8S — X and D: X—X are
five multi-valued operators satisfying:

(i) B(S) is bounded and B is D-set-Lipschitzians with function ¢,

(ii) B is s.w.u.sco. and has a weakly sequentially closed graphs,

(iii) C is D-Lipschitzian with D-function ¢,

(iv) D is a contraction mapping with a constant k,

(v) C and D are weakly sequentially continuous with
C(S)c(z-D)(S),

(vi) B' is weakly completely continuous and BO(S) are bounded

—1

(vil) B'(1-D) 'c(s)c ﬁ (s) and for all y € S, we have
-M, | -

—2 | B'(I-D) C P.(S

S aie| PUpCens)

Then, the operator matrix (1.3) has a fixed point whenever
1
M¢BO[E¢C](”) + ¢, (r) <r
Corollary 6.8: Let S be a nonempty, closed and convex subset of a

Banach algebra X satisfying the sequential condition (P):

Assume that B: S=P_ . (X),B":S — P(S,)C:S — X and D: X
—X are five multi-valued operators satisfying:

(i) B and C are D-Lipschitzians with functions ¢$B and ¢C,
respectively

(ii) B and B’ are s.w.u.sco. with weakly sequentially closed graphs,
(iii) B(S) and B'(S) are bounded,
(iv) D is a contraction mapping with a constant k

(v) C and D are weakly sequentially continuous such that
c($)C(1-D)(s),
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-1

- [I—M
B(I-D) C

(vii) B'(1-D)'c(s)c

B'(I-D)"'C is condensing with respect to B,

(S) and for all y € S, we have

B'(I-DY'C(y)eP,(S)

o

1-M,
B(I-p)'C

Then the operator matrix (1.3) has a fixed point whenever
1
MQSBO[ﬁ(z)C (r)<r

In particular, if we take M =0,, we obtain the following:

Corollary 6.9: Let S be a nonempty, closed and convex subset of a
Banach algebra X satisfying the sequential condition (P).

Assume that B: S »P_(X), B'(S)— P(S,)C:S — X and D: X—>Xare
five multi-valued operators satisfying:

(i) B is D-set-Lipschitzians with function ¢B with weakly
sequentially closed graph,

(ii) B is s.w.u.sco. and B(S) is bounded
(iii) C is D-Lipschitzian with D-function ¢C,
(iv) D is a k-contraction for some k € [0, 1],

(v) C and D are weakly sequentially continuous with
c(s)c(1-D)(s),

(vi) B' is weakly completely continuous such that B'(S) is bounded,

N . o,

(vii) B'(1-D)"c(s)c BioC (s) and for all y € S, we have
1-M, 1 1 )yt

3u-p)yc) TUD COIEnE)

Then, the operator matrix (1.3) has a fixed point whenever
1
M¢BO[Q¢C]()*)<r

Remark 6.2: If we take C=1,, D=0, and B=M, a weakly compact
convex subset of X in Theorem 6.2, in which 1X and 0X represents
the unit element and the zero element of the Banach algebra X, then
we obtain the following Corollary 4.10 and Corollary 4.11, which
represents the new version of the fixed point result obtained in a study [9].

Corollary 6.10: Let S be a closed and convex subset of a Banach
algebra X satisfying the sequential condition (P): Assume that A: X—
P_(X)and B ":(S)— P(S) are two multi-valued operators satisfying the
following properties

(i) A is D-set-contraction with D-function ¢,,
(ii) A and B’ are s.w.u.sco with weakly sequentially closed graphs,
(iii) A(S) and B'(S) are bounded,
-1
I—

(iv)

B’ is condensing with respect to f3,

M‘)
(V) xeAx+M,-B'y,yeS=xecS,and forally € S, we have
[I—A

-1

M,

Then the operator equation x € Ax + M- B'x has, at least, one
solution in S.

B'(y)er,(X)

0

Corollary 6.11: Let S be a closed and convex subset of a Banach
algebra X satisfying the sequential condition (P).

Assume that A: X—P_(X) and B':S— P(S)) are two multi-
valued operators satisfying the following properties

(i) A is D-set-contraction with D-function ¢,,

(ii) A is s.w.u.sco with weakly sequentially closed graph,
(iii) A(S) and B'(S) are bounded,

(iv) B’ is weakly completely continuous,

(V) x€Ax+M,-B'y,y€S=x€S andforally €S, we have

] penn

M()

Then the operator equation X € Ax+ M, - B'x has, at least, one
solution in S.

Nonlinear Functional Integro-Differential Inclusions

Let X be a Banach algebra satisfying the sequential condition (P).
The purpose of this section is to illustrate the applicability of Theorem
5.2 in order to study, in the space C([0,1],X), 0 <t < 1, of all continuous
functions, the existence of solutions for the following nonlinear
functional integral inclusion QIV P (1.1).

We need the following definition in the sequel.
Definition 7.1

A mapping g: [0,T] =X is said to be scalarly measurable if for every
@ in the topological dual space X* the function ¥Og is measurable.

Under the following hypotheses, we could reach the solution of (1.1):
(H,) The mappings fk: [0, T] xX—X are such that:

(a) fand k are weakly sequentially continuous,

(b) fis q,-contraction with respect to the second variable,

(c) k is D-Lipschitzian with D-function ¢, with respect to the
second variable,

(H,) The function p: [0,T]XX—R is such that:

(a) p is weakly sequentially continuous and is D-Lipschitzian with
D-function (bp,

(b) Hp(t,x)H < \r, » for x € C([0,7],X) such that [[x| <7
(H,) The function f: [0,T]xX—X is such that:

(a) f, is weakly sequentially continuous with respect to the second
variable,

(b) £, is a ®f -nonlinear contraction with respect to the second
variable,

(c) Hfl (t’O)H + )\HVH — )\ forallt € [0,T], and
(d) d(r) < (1-M)r, for all r > 0.
(H,) The function b: [0,T] >R is continuous and nonnegative.

(H,) There exists a scalarly measurable function v with v(t) € G(t,
x(t)), for all t € [0,T], and for each x3C(]0, T],X).

(H,) G is weakly completely continuous with respect to the second
variable.
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(H,) For each real number r > 0, there exists a function h_€ L!(J,R)
such that

|G(t.x)|p<h,(t)a-e for t € ] for all x € R with|x|<r (H,) There
exists 7 >1L

ho L + g |hofoo <7,

-7
such that ¢k (r,)+ K + F

For anymulti—valued function G:[0,t]XxX—Xand foreachx € C(J,X);
we denote [/G(s.x(s))ds = { [/ (s)dsv is Petis integrable . v(r)€ G{t.x(e))}, v(t)
€ G(tx(t))

Then, we have the following lemma due to Musial [31].

Lemma 7.1

Let f: [0,T]— X be a function satisfying the following conditions:

(i) There is a sequence of Pettis integrable functions (f ) weakly
convergent to f,

(ii) There exists h € L ([0,t]) such that for each ¢ € X* and each n
EN, wehave ‘ o, f ‘<h

Then f is Pettis integrable and f /. (s)ds converges weakly to

" f(s)ds

Theorem 7.1

Under assumptions (H,)-(?,), the problem (1.1) has a solution in
Br XBr,.

Proof: Let S be the closed ball Br, on C([0,t],X) centered at origin
of radius r,. Observe that the above problem (1.1) may be written
abstractly in the following form

x(t) € Ax(t) + By(t)- B’y(l) \
y(t) = Cx(t) + Dy(t)

Where

Ax(t) = k(t,x(t))
Bx(t) = f(l,x(t))

[/\+f
Dx(t):f(t,x(t))
B'x(r)= { Oiox‘) + (s

forallte€]J.

ds] v 3.1)

We shall show that A, B, C, D and B’ satisfy all conditions of
Theorem 5.2. This will be achieved in a series of following steps:

Step I: A, B, C and D define four weakly sequentially continuous
single valued operators on C([0,T],X) and B':S— Pcl,bd,cv(C[0,7], X)) . The
claim regarding the operators A, B, Cand D is immediate. In fact, using
both assumption (;)(b) and assumption (7 )(c) combined with the fact
that ¢, is continuous satisfying ¢, (0)=0, we obtain Ax, Bx € C([o,T],X).
Let {x ,n € N} be a weakly convergent sequence of S to a point x. In this
case {x_,n € N} is bounded and so we can apply the Dobrakov's theorem
[20] in order to get (t, x_(t)) — (t, x(t)) in [0,T]xX.

Using assumption (), we obtain

(Ax )(t)=(Ax)(t) in X. (3.2)

Going back to eqn. (3.2) and to the fact that {Ax ,n € N} is a
bounded subset of X shows that A is a weakly sequentially continuous
mapping. By using the same argument, we conclude that B, C and D
are also three weakly sequentially continuous operators. Now, let us
demonstrate that B’ has convex values on C([0,t],X). For this purpose,
let x € C([0,],X) be arbitrary and let u,, u, € B'x . Then, there exists

two Pettis integrable mappings v,, v, with v (s), v,(s) € G(s, x(s)) such

x, —k(0,x, )
ﬁﬁo“ (s)ds:t €[or]

o —k(0,x,)
f(O,J/O
So, for any A € [0, 1], we have

Ny (1) + (1= A)u, (t)m-i-j:v(s)ds

where v(s)=Av (s) + (1-A\)v,(s) € G(s, x(s)) for all s € J.

that u, ([) =

and uz(z) +f V(s ds te[OT}

As a result, \u; 4+ (1— M )u, (s) € B'x and B’ defines a multi-valued
map with convex values. Again, for each u € B'x, there is a Pettis
integrable v with v(s) € G(s, x(s)) such that

xo—k(O,xO) 4
u(t)=————=+ | v(s)ds

Let t,t’E[O,T] with u(;)iu(ﬂ), then there exists @ €
(C([O,t],X))* with [ =1

ORI EEORIG)

From assumption (7—{6) , it follows that

) ()] < [ B, (s)as

Consequently B'xe P<C([O,T],X)) .

Step II: A, B and C are D-Lipschitzians on C([0,t];=,X). To see this,
for all x,y € C([0,T],X); we have

lex—cl<Psup []p(sx(rs) -
1efo,7] 0

p(s.y(A(s)es
aft)

<lsup S op(Jx(rs) =y (rs)f)ds

<Pl 1)

<o, (b~ 1.)
This shows that C is D-Lipschitzian with D-function
= HVH7—¢p(r) , and it is similarly clear that A and B are
D-Lipschitzian with D-functions ¢,=¢, and ¢,(r)=q,r. Rewording the
above discussion, one obtains that A, B and C are D-set-Lipschitzians
with D-functions ¢,, ¢, and respectively.

Step I1I: C(S)C(/ —D)(S). Since f, is a nonlinear contraction
operator with respect to the second variable, it follows that the operator
inverse (I-D)"! is well-defined on C([0,7],X) in view of Theorem 1 in a
study [14]. Let (x, y) € SXC([0,t],X)

such that
(1)

A+ fp(t,x()\s))ds

0

y(t): v+fl(t,y(t)),t€[0,7']
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Since y € C([0,T],X), there is t*2 [0,t] such that Hwa = Hy(t *)H

and then
n(z*)
L <P+ [ p(esx())ds| ]+ 1(% 0 (%) = £(%,0)] + ] 4 (,0)]

<+ oy (=) + A (1= V)

This implies that [y|, <77 [v|+1<7r,andso (I- D)"'C(S)C S
Step IV: B’ has a weakly sequentially closed graph. To see this, let

{x, n € N} be any sequence in S weakly converging to a point x and

let y, € B’(x,,) such that y —y. For this case, {x (s), s € [0,7]} is a

bounded subset of X and there exists a sequence of Pettis integrable

mapping v, € F([0,t],X) with v (s) € G(s, x,(s)), for each s € [0,¢] such
Xy —k(0,x,)

that
yn(t): f(O,yO) +L Vn(s)ds

Since G(t,), t € [0,T] is weakly completely continuous, the set {v_(s),

n € N} is relatively weakly compact, for all s € [0,T] and consequently

the set {v , n € N} is relatively weakly compact in view of Tychono 's

theorem. Therefore, there exists a subsequence (v_ ) of (v ) such that

v, —V. From assumption (), it follows that v is Pettls 1ntegrable and
L(O’xo)

we have
k(0 xo !
+ + | v,(s)ds
f f(OaJ/o) ‘]; ( )

0 yo
Since G(t, ) has a weakly sequentially closed graph, we infer that
v(s) € G(s, x(s)) and

y(t)f Ox0 +f

O J/O
Step V: BO(S) is a relatively weakly compact subset of X.

s)ds € B'x(r)

Let {y,, n € N} be any sequence in B'(S), then there is a sequence
{x,, n € N} of S such that v, €B'(x,). So, there exists a sequence of
Pettis integrable mapping v (s) € G(s, x (s)), s € [0,T] such that

—k(0, t
L0 %) ( xo) +f v(s)ds
f (05 y() ) 0
Since {xn, n € N} is bounded, there is a renamed subsequence such
that v —v: The use of the Dobrokov's theorem [20] ensures that B(S) is
a relatively weakly compact subset of X.

v, (1)=

Conclusion

To end the proof, it remains to verify the assumption (vi) of Theorem
3.2. First, we begin by showing that 4x+ B(I—D) ' Cx-B'(I-D) ' Cx
X). To see this, let x € C([0,7],X) and
D)71 Cx .

is a convex subset of C([0,T],

z,z/ € X such that z,2' € Ax+B(I—D) ' Cx.B'(I -

Since (I- D) 'C(S) C S ; there exists a unique y € S such that

2(6)= 1 (t.2(0)) xf‘(’(‘)(;);‘)+ [ v(s)ds|+ k(1,x(0))
And
z’(t):f(t,y(t)) W—O—ﬁ’v’(s)ds +k(t,x(t))

where v, V' are two Pettis integrable with v(s),v'(s)€ G(S,y(s)) , for all
s € [0,T].

Now, for all A € [0,1], we have
Xe(0)+(1=2)2'|(0) = £ (6.3(0)) [ Pwls) +(1-
From assumption (7,), it follows that
Az(t)+( —A)z' € Ax+B(I —D) ' Cx-B'(I—D) ' Cx
Ax+B(I-D) " Cx-B'(I-D) " Cx € Pev(C([0,7], X))

v/(s)]ds +k(t,x<t))

This implies that
Ax+B(1-D) 'Cx-B'(1-D) 'Cxe P, (C([0,7]. X)),

for each x € C([0,t],X). Second, if x € S and z€ 4x+B(I-D) 'Cx-B'(1-D) 'Cx,
there is a unique y € S and a Pettis integrable v with v(s) € G(s,y(s))
such that

() =k(tx(0)+ f(er(0)- [ v(s)sires
Therefore, we have

() <[ (e (e Mf ()] [ v(s)lds

<[i(t,x(1)) — K (.0) + | t,y( £ (60)+|7(0) 2

<6, (x t)\)+1<+{ql\y 0|+ F]

<au{[<(0)) + & +[av )]+ Flf,

This implies that

gi)k(rO)
<

HyHOC - 1—q||h, o

Thus Ax+B(I—D) ' Cx-B'(I-D) ' Cx is a convex subset in S, for
eachx €S.
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