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Abstract
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Introduction

In 1985 Filippov [1] proposed a generalization of the concept of a
Lie algebra by replacing the binary operation by n-ary one. He defined
an n-ary Lie algebra structure on a vector space L as an operation which
associates with each n—tuple (x,,...,x,) of elements in L another element
[x,...,x,] which is n-linear, skew-symmetric:

[ 01yse %00 ] = sign(o)[x,,. .., X, ]

and satisfies the generalized Jacobi identity (called also the Filippov
identity):

[[xls""xn]’st"'!yn]:Z[xla"'5x,;]7[xisy2""’yn]’xi+1"">xn]s

i=1

where o€S .

Now, such structures are also called n-Lie algebras or Filippov
algebras. For n=2 we obtain a classical Lie algebras.

Note that such an n-ary operation, realized on the smooth function
algebra of a manifold and additionally assumed to be an n-derivation,
is an n-Poisson structure. This general concept, however, was not
introduced neither by Filippov, nor by other mathematicians that
time. It was done much later in 1994 by Takhtajan [2] in order to
formalize mathematically the n-ary generalization of Hamiltonian
mechanics proposed by Nambu [3]. Apparently Nambu was motivated
by some problems of quark dynamics and the n-bracket operation he
considered was:

9 N
ax  ox,
Lfis--n S ]=det| = -0
L/
o, o

n

where L=R[x,....x ] is the vector space of polynomials in n-variables.

Nambu does not mentions that the n-bracket operation satisfies the
generalized Jacobi identity but Filippov reports this operation in his
paper [1] among other examples of n-Lie algebras. The formal proof
is given in [4].

Ternary Lie algebras were studied [5,6]. For other generalizations
and applications see ref. [7].

The study of fuzzy Lie algebras was initiated in refs. [8,9], and
continued in various directions by many authors (for example [10-
12]). The study of fuzzy n-ary algebras was initiated by Dudek [13].
Davvaz and Dudek described fuzzy n-ary groups as a generalization of

Rosenleld’s fuzzy groups [14].

In this paper we describe fuzzy n-ary Lie algebras.

Preliminaries

Let X be a non-empty set. A fuzzy subset y of X is a function u:
X—[0,1]. Let  and A be two fuzzy subsets of X, we say that y is contained

in A, if p(x)< AM(x) for all xeX. The set U, ={xeXu(x)=t}, t€[0,1] is
called a level subset of y.

Definition 2.1

Let V' be a vector space over a field F. A fuzzy subset y of V'is called
a fuzzy subspace of Vif for all x,ye V and a€F, the following conditions
are satisfied:

o u(x+y)zminfu(x), u(y)} for all x,yeV,

o u(ax)2p(x) for all xe V, aeF.

Note that the second condition implies, y(—x)= p(x) for all xe V,
Lemma 2.2

If p is a fuzzy subspace of a vector space V, then p(x)< u(0) for all
xeV,and

o u(x)=p(-x),

o u(x=y)=p(0)= u(x)=u(y),

o ()< p(y)= plx—y)=p(x)=p(y—x)
for all x,ye V.

Proof. Directly from the definition we obtain p(x)< p(0) and
u(x)=p(—x). Moreover, for all x,ye V we have

min{zu(x—y), u(»)} 2min{min{u(x), u(=y)}, u(»)} = min{u(x), u(y)}
=min{u((x—y)+ ), u(»)} = min{min{u(x - y), u(»)}, u(y)}
=min{u(x—y), u(»)},
which implies
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min{z(x - y), u(y)} = min{u(x), u(y)}.
Similarly

min{z(x = y), p(x)} = min{u(x), ()}
Hence

min{z(x - y), u(y)} = min{u(x — y), u(x)} = min{z(x), u(y)}.
This for p(x—y)=u(0) gives u(x)=p(y), and u(x—y)=p(x) for u(x)<
u).

Theorem 2.3

For a fuzzy subset y of a vector space V, the following statements
are equivalent.

o u is a fuzzy subspace of V.
« Each non-empty ;, is a subspace of V.

This theorem firstly proved in ref. [15] is a consequence of the
Transfer Principle for fuzzy sets described in ref. [16].

Let {44}, bea collection of fuzzy subsets of X. Then, we define the
s and Uielﬂ; by:
(#4)(x) = inf {41,()} for all x € X,

iel

(U 1) (x) =sup{u,(x)} forall x e X.

iel iel

fuzzy subsets

Fuzzy Subalgebras and Ideals

Recall that a non-empty subset S of an n-Lie algebra L is its
subalgebra if it is a subspace of a vector space L and [x,,....x ] €S for
all x,....x, €S.

A subspace S of an i-ideal of L if for all Xppoens X, and y€S we have
[xl,...,x{irl},y, Ky o xn]E L.

Two n-Lie algebras L,, L, over the same field F are isomorphic
if there exists a vector space isomorphism ¢:L —L, such that for all
o([x,5....x, ])=[@(x,),...0(x )] forall x,....x €L.

Let L be an n-Lie algebra. Fixing in [x, x,,....x ] elements x,,...,
x,,,, We obtain a new binary operation (x,y)=[x.x,,....x, ,y] with the
property (x,,y)=(y»x,)=0 for all k=2,...,n—1 and all yeL. It is easily to
see that L with respect to this new operation is an classical Lie algebra.
It is called a binary retract. Fixing various x,,...,x, , we obtain various
(generally non-isomorphic) retracts. Obviously, any subalgebra (ideal)
of an n-Lie algebra is a subalgebra (ideal) of each binary retract of L.
The converse is not true. Hence results obtained for n-Lie algebras are
essential generalizations of results proved for Lie algebras.

Basing on the idea of fuzzyfications of algebras with one n-ary
operation proposed in ref. [13] we present a fuzzyfication of n-Lie
algebras.

Definition 3.1

Let L be an n-Lie algebra. A fuzzy subalgebra of L is a fuzzy subspace
u such that

p([x,....x, 1) = min{u(x,),...,u(x,)} forall x,,....x, L.
Definition 3.2

Let L be an n-Lie algebra. A fuzzy ideal of L is a fuzzy subspace y such that

p(x,....,x, )= pu(x,) forallx,,...,x, e Land1<i<n.

The following facts are obvious. Their proofs are very similar to the
proofs of analogous results for fuzzy n-ary systems [13] and fuzzy Lie
algebras [9].

Proposition 3.3:

A fuzzy subspace p of an n-Lie algebra L is its fuzzy ideal if and
only if

#5000, 1) 2 max{u(x,),..., 4(x, )} 1)
forall x,,...,x €L.

Proposition 3.4: If 1 is a fuzzy ideal of an n-Lie algebra L, then

L, ={xeLlu(x)=u0)}
is an ideal of L contained in every non-empty level subset of y.

Proposition 3.5: Let 4 and A be two fuzzy ideals of an n-Lie algebra
L such that 4(0)=A(0). Then L,meHer

Theorem 3.6

Let ¢:L—L' be an n-Lie algebra homomorphism of an n-Lie algebra
L onto an n-Lie algebra L'. Then the following conditions hold:

o if pis a fuzzy ideal of L, then @(y) is a fuzzy ideal of L',
o if v is a fuzzy ideal of L' then ¢™'(v) is a fuzzy ideal of L,
o 9'(v),=¢ '(v,) for every te[0,1] and every fuzzy ideal v of L.

Proposition 3.7: Let L be an n-Lie algebra. Then the intersection of
any family of fuzzy subalgebras (ideals) of L is again a fuzzy subalgebra
(ideal) of L.

It is easy to see that the union of fuzzy subalgebras (ideals) of an
n-Lie algebra L is not a fuzzy subalgebra (ideal) of L, in general. But
we have the following proposition on the union of fuzzy subalgebras
(ideals) of L.

Proposition 3.8: Let {u } be a chain of fuzzy subalgebras (ideals) of
an n-Lie algebra L. Then |J #, is a fuzzy subalgebra (ideal) of L.

Theorem 3.9

For a fuzzy subset y of an n-Lie algebra L, the following statements
are equivalent.

o u is a fuzzy subalgebra (ideal) of L.

« Each non-empty 4 isa subalgebra (ideal) of L.

Proof. Let p be a fuzzy ideal of L. Since u is a fuzzy subspace of

L, by Theorem 2.3, each non-empty £, is a subspace of L. Therefore,

it is enough to prove that [L--.L. 4. L,....LYS 44, For every yeu,
i-1 n—i

and x,,...,x €L we show that [x,,...,x_,»,%,,...,X,] € 4, . Since y is

a fuzzy ideal, we have

£ () € KXy 15 95T e, )
and so [xlr"'rxi—lry:xi+17"'7xn] EH, .

Conversely, assume that every non-empty 4, is an ideal of L.
Therefore, A, is a subspace of L and so by Theorem 2.3, u is a fuzzy

subspace of L. Now, for every ye L, we put tozy(y). Then, y € My Therefore,
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for every x,,...x, €L we have [Xi,....X 1, ¥, %5000 %, ] 5/7,0 which implies
that #([x,.... X ¥, X050 X, 1) 28, = u(y) . So, p is a fuzzy ideal.

For subalgebras the proof is analogous.

Proposition 3.10: Let L be an n-Lie algebra and y be a fuzzy
subalgebra of L. Let 1, 1,

subalgebras of y. Then ,LT[I = #, if and only if there is no x in L such
that £, < p(x)<t,.

. and A, (with t<t) be any two level

Theorem 3.11

Let {S| AeA}, where @#Ac[0,1], be a collection of ideals of an n-Lie
algebra L such that

G L=UJS,

eA
(i)a>p=Sc S’B forall a,feA
Then y defined by
H(x)=sup{leA|xeS,}
is a fuzzy ideal of L.
Proof. By Theorem 3.9, it is sufficient to show that every non-empty
level /TD, is an ideal of L.
Let ,lTa = for some fixed a€[0,1]. Then
a=sup{leA|A<a}l=sup{leA|S,cS,}
or
a#sup{fleAlA<a}=sup{ieA|S,cS,}.

In the first case we have /70, = ﬂS , » because

A<a
xep, < (xes, forall i<a)oxe())S,.
A<a
In the second, there exists £>0 such that (a« —e,A)"A=. In this case
,LTa = US/I. Indeed, if x e USA, then xe$, for some A>a, which gives

2za Aza

u(o)2A>a. Thus x e ;a, ie., USA c /’Ta

Aza

Conversely, if x g S,, then x £S5, for all A>a, which implies
x £ S8, for all A>a—e, ie., if xeS, then A<a—e. Thus u(x)<a-e.

Therefore x & /Ta . Hence ﬂt c USl , and consequently ,LTa = USA. .
This completes our proof. Aza iza

Theorem 3.12

Let y be a fuzzy subset defined on an n-Lie algebra L and let
Im(u)={ttst,...}, where 12t >t >t,...20.If S S cS,... are subalgebras

(148 i

(ideals) of L such that Iu(sk\sk—l):tk for k=0,1,2,..., where 871:®, then y
is a fuzzy subalgebra (ideal) of L.

Proof. First consider the case when all S are subalgebras. If
[x,...,x,]€ L\ UkSk thenalsoatleastoneof x,,...,x isin L\ UkSk because
in the opposite case XpperosX,, and [xl,. . .,xn] will be in some S,.So, in this case

([ 5ysees, ) = 0 = min () 5, )

Itis clear that for arbitrary elements Xp--s X EL there exists only one
k such that [x,,...,x ] €S,\S, | and only one k, such that X; € Sk‘. \Ski—l .

ThuS /u([-x]a"-)x,,]) :tk > ﬂ(x[):tk['

Suppose t“i >1, for all i=1,2,...,n. Then, by the assumption, ki<k
and S, c S, S, cS,, where s=max{k ...,k }. Hence x,...x €S, ,

and, in the consequence, [xl,...xﬂ]eS]ﬁ1 because S, isa subalgebra.

This is a contradiction. Therefore there is at least one %, <. In this
case u([x,...,x,])=t, 2t =min{u(x,),..., u(x,)} . Since y also is a fuzzy
subspace of a vector space L, it is a fuzzy subalgebra of L.

Now, let all S, be ideals and let [xl,. . .xn] €S\, | for some XX, €L,
Then these Xp...x, arein L\S, . If not, then there exists xS, . Butin
this case [x,...x ] €S, | because S,  is an ideal. This is a contradiction.

So, all xeL\S, |. Hence max{u(x,),..., u(x,)} <t, = u([x,,...,x,]) . Now,
if [xl,...,xn]eL\UkSk, then also all x,,...x, are in L\UkSk. Thus
max{(x,),..., 4(x,)} = p([x,...,x,]) - This completes the proof that
y is a fuzzy ideal.

Corollary 3.13

For any chain § =§,S,... of subalgebras (ideals) of an n-Lie algebra
L and any chain of reals 1>f >t >...>0 there exists a fuzzy subalgebra

(ideal)  of L such that £, =S .
Theorem 3.14

Let Im(u)={t i1} be the image of a fuzzy subalgebra (ideal) y of an
n-Lie algebra L. Then

(@) There exists a unique ¢ eIm(y) such that ¢ > ¢, for all t.e Im(p),
(b) L is the set-theoretic union of all 4, ¢, € Im(u),
(c) Q= {Z |t, € Im(u)} is linearly ordered by inclusion,

(d) Q contains all level subalgebras (ideals) of y if and only if u
attains its infimum on all subalgebras (ideals) of L.

Proof. (a) Follows from the fact that t =u(0)>u(x) for all xeL.

(b) If xeL, then u(x)=t elm(u). Thus er,u_,_gL, where
t.eIm(u), which proves (b). '

(c) Since ,LT,, c Z <1, 2t; for i,j€l, then Q linearly ordered by
inclusion.

(d) Suppose that Q contains all levels of . Let S be a subalgebra
(ideal) of L. If y is constant on S, then we are done. Assume that y is
not constant on S. We have two cases: (1) S=L and (2) S#L. For S=L

let B=infIm(y). Then p<telm(y), i.e., /7/;2,;[ for all teIm(u). But
,170= LeQ because Q contains all levels of y. Hence there exists
t'eIm(u) such that ,LTt,=L. It follows that ;TﬂDATf:L so that
;T/J = Z = L because every level of y is a subalgebra (resp. ideal) of L.

Now it sufficient to show that f=t'. If S<t, then there exists

t"eIm(u) such that <t’"<t'. This implies ;D;:L, which is a
contradiction. Therefore =t € Im(u).

In the case S#L we consider the fuzzy set y; defined by
xes,

#s(x) = {0 for xeL\S.
Clearly p, is a fuzzy subalgebra (ideal) of L if S is a subalgebra (ideal).

a for

Let
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J={iel|u(x)=t, for some xeS}.

Then Qg = ={u H, |i e J} contains (by the assumption) all levels of 12..
This means that there exists x,€8 such that #(x,) =inf{x;(x)[x € S},
ie., plx)=p,(x) for some xeS Hence yp attains its infimum on all
subalgebras (ideals) of L.

To prove the converse let /Ta be a level subalgebra of p. If a=t for
some teIm(u), then u € Q . If a#t for all teIm(u), then there does not
exist xe L such that p(x)=a.

Let S={xe L|u(x)>a}. Obviously 0€S and y(x)>a for all x, €S. From
the fact that y is a fuzzy subalgebra we obtain

A5, 1) 2 M (), 1) (3, > 2,

which proves [x,,...,x,]€S. Hence S is a subalgebra. By hypothesis,
there exists yeS such that u(y)=inf{u(x)|x€S}. But p(y) e Im(u) implies
u(y)=t' for some '€ Im (). Hence inf{u(x)|xe S}=t'>a.
Note that there does not exist zeL such that a<u(z)<t'. This gives
# =4y -
Theorem 3.15

Hence x, € Q . Thus Q contains all level subalgebras of p.

If every fuzzy subalgebra (ideal) 4 defined on an n-Lie algebra L has
a finite number of values, then every descending chain of subalgebras
(ideals) of L terminates at finite step.

Proof. Suppose there exists a strictly descending chain
§2828 ...

of ideals of L which does not terminate at finite step. We prove that y
defined by

— for xeS§\S,,.
H(x)=1k+1
1 for xe ﬂ S,,

where k=0,1,2,... and S,=L,is a fuzzy ideal with an infinite number of
values.

If [x,,...,x,] € ﬂ S,, then obviously

u([xp,..x, 1) =12 max{u(x,), u(x,),..., t(x,)}.

If [x,...x,]12 ﬂSk, then [x,...,X,]€ Sp \ S,M for some p>0

.n such that x, ,&’ﬂSA, because
,xn]eﬂSA.

Let S be a maximal ideal of L such that at least one of
XpperorX, belongs to S\S Then m<p. Indeed, for m>p we have
and, consequently [%,....X,]€S,,,,

and there exists at least one i=1,2,..
Xpyeeer X, eﬂSk implies [x,,...

m+1"

X, €S <8 CS

m =~ p+l

X5 Xy 50
which is impossible. Thus m<p and

4 __m
xn])_ Zmax{ﬂ(xl)r"nu(xn)}_i'

p+1 m+1

This proves that y is a fuzzy ideal and has an infinite number of
different values. This is a contradiction. Hence every descending chain
of ideals terminates at finite step.

a(x5e 0

For subalgebras the proof is analogous.
Theorem 3.16

Every ascending chain of subalgebras (ideals) of an n-Lie algebra
L terminates at finite step if and only if the set of values of any fuzzy
subalgebra (ideal) of L is a well-ordered subset of [0,1].

Proof. If the set of values of a fuzzy subalgebra (ideal) y is not well-

ordered, then there exists a strictly decreasing sequence {t} such that

t=u(x) for some x,€L. But in this case x, form a strictly ascending
chain of subalgebras (ideals) of L, which is a contradiction.

In order to prove the converse suppose that there exists a strictly
ascending chain S cS,cS,c... of subalgebras (ideals) of L. Then
M = JS; is a subalgebra (ideal) of L and u defined by

ieN
0 for xg M,
X)=41 .
H(x) - where k =min{i|x € §,}

is a fuzzy subalgebra (ideal) on L.

Indeed, for every x,,..
that x, €S, «.» and a minimal number p such that [x,,

kz, ..,kn} all X

X, EM there exist a minimal number k, such
x| eSP. Ifall S,

are subalgebras, then for k:max{kl, X, and [xl,...,xn]

are in S,. Thus k>p. Consequently,

1

B[, ) = 2 = min (), 105,), o5, )}
p k

The case when at least one of x,x,,..
Hence y is a fuzzy subalgebra.

X, is not in M is obvious.

Now, if all S, are ideals, then [x
Thus p<m. Hence

.,xn]eSm for m:min{kl,...,k 1

L n

B, 1) = = > - = max (), 15 ) 15,1
p m

which means that in this case y is a fuzzy ideal.

Since the chain §,=S,=S,c... is not terminating, 4 has a strictly
descending sequence of Values ﬂns contradicts that the set of values
of any fuzzy subalgebra (ideal) is well-ordered. The proof is complete.

Definition 3.17

A fuzzy subset y of an n-Lie algebra L is said to be normal if 4(0)=1
The following lemma is obvious.

Lemma 3.18

If u is a fuzzy subalgebra (ideal) of an n-Lie algebra L, then u*
defined by

1 () =p(x)+1-p(0)
is a normal fuzzy subalgebra (ideal) of L.
Corollary 3.19

Any fuzzy subalgebra (ideal) of an n-Lie algebra L is contained in
some normal fuzzy subalgebra (ideal) of it.

Proof. Indeed, u(x) < p(x)+1—u(0)= " (x) forevery xeL.

Proposition 3.20: A maximal normal fuzzy subalgebra of an n-Lie
algebra L takes only two values: 0 and 1.

Proof. If u(x)=1 for all xeL, then obviously y is a maximal normal
fuzzy subalgebra of L. If y is a maximal normal fuzzy subalgebra of
L and 0<u(a)<l for some acL, then a fuzzy subset v defined by

v(x)= l(y(x)-k,u(a)) is a fuzzy subalgebra of L. Moreover, v* is a
2

non-constant normal fuzzy subalgebra of L such that u(x)<v*(x) for
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every xeL. Thus, y is not maximal. Obtained contradiction shows that
u(a)=0 for all u(a)<l.

Proposition 3.21: Let y be a fuzzy subalgebra (ideal) of an n-Lie
algebra L. If h:[0,4(0)]—[0,1] is an increasing function, then a fuzzy
subset y, defined on L by p,(x)=h(u(x)) is a fuzzy subalgebra (ideal).
Moreover, y, is normal if and only if h(u (0))=1.

Proof. Straightforward.

If p is a fuzzy subset of an n-Lie algebra L, and fis a function defined
on L, then the fuzzy subset v of (L) defined by v(y) =sup, o m{ u(x)},
for all yef(L) is called the image of 4 under f. Similarly, if v is a fuzzy
subset in f{L), then the fuzzy set y=vofin L is called preimage of v under f.

Theorem 3.22

An n-Lie algebra homomorphic preimage of a fuzzy ideal is a fuzzy
ideal.

Proof. Let ¢:L —L, be an n-Lie algebra homomorphism, and v be
a fuzzy ideal of L, and u be the preimage of v under ¢. Then, as it is not
difficult to see, y is a fuzzy subspace of L and

HX e X Yy XX, 1) = V(@([Xe e X Y0 X5 X, 1))
=v([@(x))s- -, (X)), (1), P(x,,1)5- - P(%,)])
2v(p(y) = u(y),

for all Xppeo X,y EL and aeF.

A fuzzy set p of a set X is said to possess sup property if for every
non-empty subset S of X, there exists x, €S such that u(x,)=sup__{u(x)}.

Theorem 3.23

An n-Lie algebra homomorphism image of a fuzzy ideal having the
sup property is a fuzzy ideal.

Proof. Suppose that ¢:L —>L, is an n-Lie algebra homomorphism, y
is a fuzzy ideal of L, with the sup property and v is the image of y under
. Suppose that ¢(x),p(y) € o(L). Let x,€ ¢ (((x)) and y, € ¢~ (¢((x)) be
such that #(x,)= Supzegz’](w(x)){ﬂ(t)} and H(y,) = Sup,egf‘({p(y)){ﬂ(t)} >
respectively. Then,

vp(X)+e(y) = sup  {u(O)} = p(x, +y,) = min{u(x,), 4(yy)}

tep” (p(x)+(1)
—min{ sup {u(0)},
teg ()

= min{»(p(x), V(p(»))},

sup {ﬂ(f)}}

tep” (p(»)

and
Wp(-x)) = sup {u@)} 2 p(=x,) = pu(x,) = v(p(x)),
teg” N p(-x)
v(ap(x)) = sup {u(0)} = plax,)) 2z p(x)) = v(@(x)).
reap™ (p(x))
Finally, let O(x),-. ., 0(x,),0(¥) € p(L) and let

a, € (@(x)).....a, € (p(x,))> be g (p(y)) be such that

ula)= sup {u@®},....pu(a,)= sup {u(®)},
tep™ (p(x) tep™ (p(x,)
u®)= sup {u@)}.
tep™ (p(y)
Then,

V([w(xl )s tee w(x[—l)’ (o(y)’ ¢(x;+1 )s tee @(X” )])
= v(go([(p(x, )7' . "(D(xi—l )5 @(y)’ ¢(xi+] )7' N "¢('xn )]))
@)y}

= sup
lEff‘(¢([¢(x]),-»-«ﬂ(xi,l),r/)(yW(xM) ----- o(x,))

2 (a5, 50,0500, 1) 2 1(b) = V(@()).-
This proves that v is a fuzzy ideal of ¢(L).
Fuzzy Quotient n-Lie Algebras

If Iis an ideal of an n-Lie algebra L, then we can define a new n-Lie
algebra on the quotient space L/I with the n-linear map

[, +1,....x, +1]:=[x,....x,]+ 1,
for all Xpe X, €L

If I is an ideal of an n-Lie algebra L, then the quotient space L/I is
also an n-Lie algebra and is the quotient n-Lie algebra.

Theorem 4.1
Let L be an n-Lie algebra.

o Let u be a fuzzy ideal of L and let t=4(0). Then the fuzzy subset

y of L/, defined by # (x+ )= u(x) for all xeL, is a fuzzy ideal
of L/, .

o IfIisanideal of L and v is a fuzzy ideal of L/I such that v(x+L)=v(I)
only when xel, then there exists a fuzzy ideal y of L such that 4, =1,
where t=4(0); and v=y".

Proof. (1). Since u is a fuzzy ideal of L, 4 is an ideal of L.
Now, u is well-defined, because if x+,L7[ = y+E for x,yeL, then
xX—ye ;, and so p(x—y)=u(0). Hence, u(x)=u(y) which implies that
1 )= p (y+ ) -

Now, we show y* is a fuzzy ideal of L. Let x,yeL and aeF. Then,
we have

(Gt )+ () = (e )+ 1) = pCxe+ ) 2 min (), ()}
=min{g’ (x+4,), 1" (v + 44}

and

H(xt ) = (=)= () = p (et ),

(e ) = i (@x+ 1) = plax) = u(x) = 1 (x+ 41,).

Finally, for x,,...,x, € L, we have

o ([x, + ;,,...,x‘._l + ;,,y + ;,,xm +;,,...,xn + 71,])

=,u*([xl,...xl.fl,y,x,.”,...,x”]+;7,)
:/’l([‘xl5"'xifl’y’xi+l""5xn])Zﬂ(y):/'l*(y+/'lt)'

(2). We define a fuzzy subset y of L by p(x)=v(x+I) for all xeL. A

routine computation shows that y is a fuzzy ideal of L. Now, u, =1,
because

xe;,<:>,u(x):t:,u(0)c>v(x+1):V(I)<:>er.
Finally, g'=v, since # (x+1)= ' (x+ 11,) = p(x) = v(x+ 1),

Let y be any fuzzy ideal of an n-Lie algebra L and let xe L. The fuzzy
subset ,U: of L defined by ,u:(a) =p(a—x)forallacL is called the
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fuzzy coset determined by x and p.

Let I be an ideal of L. If X, is the characteristic function of I, then it is
easy to see that (7, /)i is the characteristic function of x+1I.

Theorem 4.2

Let p be any fuzzy ideal of an n-Lie algebra L. Then the set of all

fuzzy cosets of pin L, i.e., the set L[u]= {u.|x € L} ,is an n-Lie algebra
under the following operations:

M+ = y:” for all x,y € L,

*

;= f,
[y:l,...,/u: ]:ﬂ[*vl,.v.,-‘ , forallx,...x, eL.

forallxeL,aeF,

Theorem 4.3

If y is any fuzzy ideal of an n-Lie algebra L, then the map ¢:L->L[u]

defined by @(x) = 4. for all xeL, is a homomorphism with kernel £, ,
where t=4(0).

Proof. It is easy to see that f is a homomorphism. We show
u(x)=u(0) implies A, = 4, . For this, let a€L. Then, p(a)<u(0)=u(x).
If u(a)<u(x), then p(a—x)=u(a), by Lemma 2.2. On the other hand, if

u(a)=u(x), then a,x€{y€L|u(y)=u(0)}. Hence, u(a—x)=u(0)=p(x)=p(a).
Therefore, in either case, we have shown that y(a—x)=u(a) for all a€L.

C?nseq*uently ,U; = ,u; . Also, ﬂ: = ,U; implies that p(x)=u(0). Hence,
M, = 4y if and only if u(x)=u(0). Now, we have

kerg = {x € Lip(x) = 1y} = {x € L|u, = 1y} = {x € L|p(x) = p(0)} = p,,
where t=4(0) ¢ = 1(0) .

Theorem 4.4

Given a homomorphism of n-Lie algebras :L—L' and fuzzy ideal
pof L and ' of L' such that @(u)cy'. Then, there is a homomorphism
of n-Lie algebras ¢ :L[u]—>L'[y'], where P ()= ,u;(,) , such that the
following diagram is commutative.

L —» L
2 2

o S L]

Proof. If y1, =y, then p(x—y)=p(0). So

H(@(x)— () =t (@p(x—y) =@ (1) x - y) = u(x— y) = u(0),

and so p'(@(x)—@(y))=u(0). Hence, u'(¢(x))=u'(¢(y)) holds. Thus, ¢" is
well-defined. It is easily seen that ¢ is a homomorphism.

Let 4 be a fuzzy ideal of an n-Lie algebra L. For any x,yeL, we
define a binary relation ~ on L by x~y if and only if pu(x—y)=p(0). Then
~ is a congruence relation on L. We denote [x] the equivalence class
containing x, and L/u={[x]u|x€L} the set of all equivalence classes of L.
Then, L/u is an n-Lie algebra under the following operations:

[x], +[¥], =[x+ ], for all x,y e L,
alx], =[ex],

(1E) PP B P Al ISP 1

forallxelL,a € F,
for all x,y € L.

Theorem 4.5 (Fuzzy first isomorphism theorem)

Let o:L—L' be an epimorphism of #-Lie algebras and A be a fuzzy

ideal of L. Then L/¢_ (A)=L'|A.

Let I be an ideal and p a fuzzy ideal of an n-Lie algebra L. If y is
restricted to I, then p is a fuzzy ideal of I and I|y is an ideal of L/p.

Theorem 4.6 (Fuzzy second isomorphism theorem)

Let 4 and A be two fuzzy ideals of an n-Lie algebra L with (0)=A(0).

nLutly | L,

A umi

The

Theorem 4.7 (Fuzzy third isomorphism theorem)
Let 4 and A be two fuzzy ideals of an n-Lie algebra L with Acy and
L/A
0)=A(0). Then
1#(0)=A(0) 7 1

=L/pu

Conclusion

Methods of construction fuzzy ideals are presented. Connections
with various fuzzy quotient n-Lie algebras are proved. Properties of
fuzzy subalgebras and ideals of n-ary Lie algebras are described.
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