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It is proven that the mixed initial-boundary value problem for a class of quasilinear hyperbolic systems of balance
laws with general nonlinear boundary conditions in the half space | {(t,x)|t>0,x >0} admits a unique global C1
solution u=u(t,x) with small C1 norm, provided that each characteristic with positive velocity is weakly linearly
degenerate. This result is also applied to the flow equations of a model class of fluids with viscosity induced by fading
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Introduction and Main Result

Consider the following quasilinear hyperbolic system of balance
laws in one space dimension:

du . of (u)

ot 0x

+Lu=0 (1.1)

where L>0 is a constant; u=(ul,...., u®)" is the unknown vector function
of (t, x), f(u) is a given C® vector function of u.

It is assumed that system (1.1) is strictly hyperbolic, i.e., for any
given u on the domain under consideration, the Jacobian A(u)=V f(u)
has n real distinct eigenvalues.

A <A, () <..<A (u) (1.2)

Let 1.(u)=(,(),..I,(w) (resp.r,(u) = (r,(w),....r, (u))") be a left
(resp. right) eigenvector corresponding to Ai(u)(i=1,...,n)

L(w)AW) =2, () (resp.A(w)r,(u) =X, ()1, (u)) (1.3)

then we have

det|1;(u) |# 0 (Equivalently, det|1;(u)[%0). (1.4)

Without loss of generality, we may assume that on the domain
under consideration

L(wr(w) =8;(i, j=1,....n) (1.5)
And

fwrw=1l (=1...,n) (1.6)
Where Sij stands for the Kronecker's symbol.

Clearly, all A;(u),1;(w) and 1, (w3, j=1,...,n) (1.7)

i
have the same regularity as A(u), i.e., C* regularity.

We assume that on the domain under consideration, each
characteristic with positive velocity is weakly linearly degenerate and
the eigenvalues of A(u) =V f(u) (1.8)

satisfy the non-characteristic condition.

Ar(u) <0 < As(u) (1.9)

(r=1,...,m;s=m+1,...,n) (1.10)

We are concerned with the existence and uniqueness of global C'
solutions to the mixed initial-boundary value problem for system (1.1)
in the half space

D={(t,x)|t=>0,x >0} (1.11)
with the initial condition:
t=0:u=0(x)(x=0) (1.12)

and the nonlinear boundary condition:
x=0:v, =G, (a(t),vl..vm)+h (t),s =m+1,..,n(t > 0) (1.13)
Where

v, =1.@)u(i =1,...,n) (1.14)
And

a(t) = (o, (1),....,a, (1))

Here, @=(®,,.....¢,) ,a,G andh (s=m+1,...,n) are all C'

functions with respect to their arguments, which satisfy the conditions
of C' compatibility at the point (0; 0). Also, we assume that there exists
a constant >0 such that

0= max {Sg})ﬁ(l +3)1+p( 0(x) [ +]0'(X) | sup
A+ 01+ p(e® |+ h®) [+ o®) [+ ') [+[h'(®) )} <+
in which

h(t) = (h,, ., (®),....,

(1.15)

h, (©)
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Without loss of generality, we assume that

G, (a(t),..,0)= 0(s = m+1,...,n) (1.16)

For the special case where (1.1) is a quasilinear hyperbolic system
of conservation laws, i.e., L=0, such kinds of problems have been
extensively studied (for instance, [1-8] and the references therein).
In particular, Li and Wang proved the existence and uniqueness of
global C' solutions to the mixed initial boundary value problem for
first order quasilinear hyperbolic systems with general nonlinear
boundary conditions in the half space {(t,x|t>0,x>0])}. On the
other hand, for quasilinear hyperbolic systems of balance laws, many
results on the existence of global solutions have also been obtained
by Liu, et al., (for instance, see [8-14] and the references therein), and
some methods have been established. So the following question arises
naturally: when can we obtain the existence and uniqueness of semi-
global C1 solutions for quasilinear hyperbolic systems of balance laws?
It is well known that for first-order quasilinear hyperbolic systems of
balance laws, generically speaking, the classical solution exists only
locally in time and the singularity will appear in a finite time even if
the data are sufficiently smooth and small [15-20]. However, in some
cases global existence in time of classical solutions can be obtained. In
this paper, we will generalize the results in [21] to a nonhomogeneous
quasilinear hyperbolic system, the analysis relies on a careful study of
the interaction of the nonhomogeneous term. Our main results can be
stated as follows:

Theorem 1.1. Suppose that the non-characteristic condition
(1.10) holds and system (1.1) is strictly hyperbolic. Suppose
furthermore that for j = m + 1,...., n; each j-characteristic field
with positive velocity is weakly linearly degenerate. Suppose finally
that @,0,G,,h (s=m+1,...,n) are all C' functions with respect to
their arguments, satisfying (1.15)-(1.16) and the conditions of C'
compatibility at the point (0; 0). Then there exists a sufficiently small
0, >0 such that for any given 6 €[0,0,] the mixed initial-boundary
value problem (1.1) and (1.12)-(1.13) admits a unique global C1
solution u=u(t; x) in the half space {(t,x)|t>0,x >0}.

The rest of this paper is organized as follows. In Section 2, we give the
main tools of the proof that is several formulas on the decomposition of
waves for system (1.1). Then, the main result will be proved in Section
3. Finally, an application is given in Section 4 [22].

Decomposition of Waves

Suppose that on the domain under consideration, system (1.1) is
strictly hyperbolic and (1.2)-(1.6) hold.

Suppose that A(u) € C* where ks an integer , 1. By Lemma 2.5 in
[23], there exists an invertible C**! transformation u = u(@)(u(0) = 0)
such that in 1 -space for eachi=1,..., n, the ith characteristic trajectory

passing through i =0 coincides with the U;-axis at least for |, |
small, namely,

f(le)=ei,V|ii|small (i=1,...,n) 2.1)
Where

(i)
e, =(0,...,0,1,0,..,0)"

This transformation is called the normalized transformation, and
the corresponding unknown variables @ = (iil,...,in)" are called the
normalized variables or normalized coordinates [24-28].

Let

wi=li(wux (i=1,..., n);

Page 2 of 14
where
li(u) = (Lil(u); : : 5 lin(u))
denotes the ith left eigenvector.
By (1.5), it follows from (1.14) and (2.2) that
U= vy (u) (2.3)
k=1
And
u, = Z w, 1, (u) (2.4)
k=1
Let
d o0 0
—=—+A(u)—
i i( )aX (2.5)

be the directional derivative along the ith characteristic. Our aim in this
section is to prove several formulas on the decomposition of waves for
system (1.1), which will play an important role in our discussion.

Lemma 2.1.
d(euw') N Lt N Lt~ .

dt = ety @ww, + Y ey @yvw (i=1..,n) (26
Where
Yige (@) = (A (W) = A (w) ro VW1 (w) - VA @ rWs,) (2.7)
?ijk (uw)= _Lro WV (w)r, (v (2.8)

Hence, we have

Ya W =0,Vj=i{,j=1,....,n) (2.9)
7i(W) ==-VA,@ri=L...,n) (2.10)
Moreover, in the normalized coordinates,

?ijj(ujej) =0, V| u; | small, Vi, j; (2.11)

while, when the ith characteristic A,(u) is weakly linearly degenerate,
in the normalized coordinates,

Vi (we,) =0,V |u, [small, Vi. (2.12)
Lemma 2.2.

%:tvi) _ sz] B,y (W) v, W, + szl BV, v (i=1,.0m) (213)
Where

By (W) = (A () 1 WV li(u) 1 (u) (2.14)
By (W) =—Lr @V Ii(u)r, (u) (2.15)
Thus, we have

Bu(W=0, Vi, j(,j=1,...,n) (2.16)

Moreover, by (2.1), in the normalized coordinates we have
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By (ue;) =0, V|u;|small, Vi, ] (2.17) Ty () = (W =2, @)t WV W, (w) (2.29)
And
Hence,
Buk (uie;)=0, V|u;|small, Vi, j (2.18) Ty (W) =0 Vi, (2.30)
The proofs of Lemmas 2.1-2.2 can be found in [29]. Proof. Differentiating the first equation of (2.27) with respect to y
. gives
Similarly, we have 4 o o
t, - X, (t,
Lemma 2.3. In the normalized coordinates, it follows that dt( a(y Y)) VA, (u(t, X, (t, Y))) (t,X;(t,y) a(y Y (2.31)
Lt . .
d((i1 u,) Z eupgk @uw, (i= n) (2.19) Then, noting (2.6), it follows from (2.31) that
LR deq) _ d(e"'w)) 3%,(t,y) rebw, LI LS/ N
Where dt o o oy (2.32)
. 0% (t, ’
Py (W) =0, Vij (2.20) (X €1 W W, + 7, @) w,w, T+, V2, (W, ) ";y L
Jk=1
And . .
Thus, from (2.4), (2.7) and (2.32), we immediately get (2.28)-(2.30).
p(w) = (A, (u))J‘ (Tul ~~~~~~ JTug vy, Tu ) AT (207 The proof of Lemma 2.4 is finished.
Hence, Similarly, noting (2.4), by (2.13) and (2.31), we have
. X (t,y)
p;(w=0, Vij (2.22) Lemma?2.5. Let pi(; x) be defined by Pi (6 X, () = Vi (6, X, (6, y)) —_—= o
Then along the ith
Proof. By (1.1), (2.4) and (2.5), it is easy to see that B
Characteristic x = X, (t,y) we have
du
—=> (A (w)—=X, (w)w,r, (u)—Lu (2.23) d(e™ 1L . (t, L AR,
FrapCIORECURC) €P) g B, L $ o BN,
i dt ) Oy | oy
On the other hand, we have .
Where B, (u) is given by (2.15) and
u,(t,x)=u"(t,x)e, (2.24) "

Thus, noting (2.1), in the normalized coordinates, it follows from
(2.23)-(2.24) that

% = i(k‘ (u) =X, (u))wkrkr(u)elfLul = i(ll(u)f Kk(u))wk[r‘?(u)f 1rkr(ukek )le,—Lu; (225)
By Hadamard's formula, we have

(-1 (ue )= J'z "(Tul, Tuy_u, Ty, Tu)uds  (2.26)

J:k

Therefore, from (2.25)—(2.26) we immediately get (2.19)-(2.22). The
proof of Lemma 2.3 is finished.

For any given y >0 on the existence domain of C! solution, let

X =X,(t,y) be the ith characteristic passing through point (— ¥)(a
> 0, constant):

d&; (by)
- = (u(t,X; (1)) (2.27)
%i(2y)=y
a
Lemma?2.4. Let qi(f; x) be defined by q;(t.%,(t,y)) = w, (1, %,(t, y)) Bxa(; =

Then along the ith characteristic

X =X, (t,y) we have

@:z L‘Fuk( )5)( 0 y)WW +ZCL'Y1J1<( )ax'(‘Bt/Y) Wik (2.28)
oy

di k=1 k=1

Where 7ijk(u) is given by (2.8) and

B (W) = By (W) + VA, (W5, ()3, (2:34)

By (2.16), it is easy to see that

B;(w)=0 Vi#ji,j=1,...,n) (2.35)
B (w) = VA, (wr(uv) Vi(i=1,...,n) (2.36)

Moreover, by (2.17), in the normalized coordinates we have

(u]e ) =0 (2.37)

iji

V| uj| small, Vj=#i
6

while, when the ith characteristic ki (u) is weakly linearly degenerate,
in the normalized coordinates,

B, (ue)=0 V|u, | small Vi (2.38)
Lemma 2.6. Let zi(t; x) be defined by Z,(t, %, (t, y)) = u, (t, %,(t, )) a"a(; y)
Then along the ith characteristic

x =X, (t,y) we have
d(fz;‘tz,) :; ¢E (u )8xa(}t,y) W (2.39)
Where

Eji (W) = py (W) + VA, (0) 1, (u)§; (2.40)
By (2.20) and (2.22), it is easy to see that
E,(0)=0, Vi#jGi,j=1,...,n) (2.41)
F.(u)=0, Vi# i, j=1....n) (242)

iji
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And andfori=m+ 1;:::; n; let
Ey(w=VA@r( Vii=1..,n) (2.43)
D' ={(t,x) [0 <t < T, [, +n(%,(0)~ 2, (0)]t
Proof. Differentiating the first equation of (2.27) with respect to y (3.10)

gives

%[%J =V ) R ) T 2
Then, noting (2.19), it follows from (2.44) that
Ae"2) _d"Z) F,0Y) | iy 4 (F Y
dit dit oy d t Oy
(2.45)

[ z e"py (W u,w, +e"Z VL, (wu,

=

]Oxi(t, y)
oy

Thus, from (2.4), (2.20)-(2.22) and (2.45), we immediately get
(2.39)-(2.43). The proof of Lemma 2.6 is finished.

<x =2, (0)t <[5, +n(h, (O]
where n>0 is suitably small (Figure 1).

Noting that n > 0 is small, by (3.3), it is easy to see that

D/ND; =@, V, #]j (3.11)
And

U DD’ (3.12)
i=m+l1

By the definitions of D and DT, it is easy to get the following
lemma. Lemma 3.1. For each i = m + 1,..., n, on the domain D" /D
we have

ct<x -4, (0)t|<Ct, ex | x—A,(0)t|< Cx (3.13)
Proof of Theorem 1.1
where c and C are positive constants independent of T.
By the existence and uniqueness of a local Cl solution for
quasilinear hyperbolic systems [22], there exists T0>0 such that the Let
mixed initial-boundary value problem (1.1) and (1.12)-(1.13) admits a T L
unique C' solution u=u(t, x) on the domain V(D,)= max ” A+x)7;(t,x) ”Lw(DT (3.19)
D(T,) = {(t 0 |0<t<T,, x>0} G.1) W(D) = max || (1+)™ (X)) (3.15)
Thus, in order to prove Theorem 1.1 it suffices to establish a uniform V(D )= max ” 1+ t)lw x|
.. . 0 . . wi Leo(DT
a priori estimate for the C° norm of u and u_on any given domain of (3.16)
existence of the C! solution u = u(t; x). W(DT) H a )1 oy
max +t)™ (t,x v
Noting (1.2) and (1.10), we have v Leo(D-) (3.17)
AMO)<..<h (0)<A,,(0)<...<A (0) (3.2) VE(T) = max{max sup (1+T)"™* IV.(1,%)]
Thus, there exist sufficiently small positive constants § and 9§, T 6xeD (3.18)
such that max - sup (I+ ] x=21,(0) t )" | v (t,x) |}
s=m+l,...,n (t,x)eD" \Dg
Aa@-=2,(v)245, V]ul,|v|<d@i-1,..,n-1) (3.3)
5 WE(T) = max{max sup 1+T)"™ | W.(t,%)]
L@-AME2 V[ul|VIE8(i-1,..,0) G4 I (3.19)
2 max  sup (I+|x=A(0)t))™ | W (t,x)[}
And s=m+l,...,n I X)GDT \DT
. US(T)=max{max sup (1+1t)"*|u,(t,x
M (0)23, (i=1,...n) (3.5) (T)=max{max_ sup I+ u, (x)]
For the time being it is supposed that on the domain of existence of Jmax =~ sup T(1+ |x=2,(0) )™ [ W,(t,x)[} (3.20)
the C' solution u = u(f; x) to the mixed initial-boundary value problem (6)<D7ibs
(1.1) and (1.12)-(1.13), we have
V (M= max max sup j | v, (t,x)|dt
‘ u(t, X) |S 8 (3.6) i=m+l,..., G (3.21)
At the end of the proof of Lemma 3.3, we will explain that this
hypothesis is reasonable. Thus, in order to prove Theorem 1.1, we only
need to establish a uniform a priori estimate for the piecewise C° norm
of vand w defined by (1.14) and (2.1) on the domain of existence of the
C' solution u=u(t; x).
For any fixed T > 0, let
DI ={(t,x)|0<t<T,x2(A,(0)+5,)t} (3.7)
DT={(t,x)|OStST,OSXS(XmH(O)+60)t} (3.8)
D' = {tx)|0<t<T,(A,,(0)=3,) t <x < (X, (0)+5,)t} (3.9) Figure 1: Where n>0 is suitably small.
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W,(T)= max max sup [ 1wt |de (322 f, = y (3.34)

B ’ ' A, (0)=2,(0)+5,/2
U,(T)= _max maX supj | U;(t,x)|dt (3.23) Therefore it follows from (3.32)-(3.34) that

A A, (0

Where C. denotes any given jth characteristic in x(0) Vy<X,(5,Y)<y, Vse[0,t] (3.35)

! A, (0)=A,(0)+5,/2
DiT(]' #1,i=m+1,..,n)

By integrating (2.6) along this ith characteristic, we have
VI(T) = t,x)|d _ U ey N
(1) = max sup Jor ol Vi(bX) [ G20 w0 = w09+ [ Y v @ww,
k=1

W,(T) = max sup r | w,(t,x)| dx (3.25) n

i I | £ 75 @V, W, 65, %,(5, ) ds (339
U,(T)= max sup |u (t,x) | dx (3.26) jok=1

e 0stsT Thus, noting (3.6) and the fact that L > 0, using(3.33)-(3.35), it
Where D/ (t)(t > 0) denotes the t-section of D follows from (3.36) that
D/ (t)={(t,x)| T=t(t,x)e D} (3.27) 1) | w, (4, %) [€ C {1+ )™ [ w,(0,y) | +(1+y) " t{(W(D!)) + WD) V(DD]}
Voo(T)=max sup | v,(t,x)]| (3.28) <C,{0+(1+y) ™ WID)HIW(DD)+ V(D]

i=hah 0<t<T<x20
And <C, {0+ W(D)W(D)+V(D)]} (3.37)
V, (T)=max sup | w, (,X) | (3.29) where here and henceforth, Ci(i=1; 2,....) will denote positive constants

i=lah 0t Tx20 independent of and T.
Clearly, V,_(T) is equivalent to (ii) Fori=m+ 1;:::5m let £=x. (s,y) be the ith characteristic
U, (T)= max  sup | U, (t,x)| (3.30) passing through any fixed point (t.X) € D} and intersecting the x-axis

-1 O<t<T<x>0

In the present situation, similar to the corresponding result in
[24,30-33], we have

Lemma 3.2. Suppose that in a neighborhood of u=0; A(u)e C?
system (1.1) is strictly hyperbolic and (1.10) holds. Suppose furthermore
that @(X) satisfies (1.15). Then there exists a sufficiently small 0, >0
such that for any fixed 0, <[0,6,] on any given existence domain
{(t,x)|0<t<T,x >0} of the C' solution u = u(# x) to the mixed initial-
boundary value problem (1.1) and (1.12)-(1.13), we have the following
uniform a priori estimates:

V(D). WD) <k, 0

where here and henceforth, ki(i=1
independent of © and T.

(3.31)

2,....) are positive constants

Proof. We first estimate W(D")
(i) Fori=1,..
through any fixed point (t,x)e D! and intersecting the x-axis at a

point (0; y). Noting (3.6), by (3.3)-(3.4), it is easy to see that the whole
characteristic

Lm, let & = X, (s,y) be the ith characteristic passing

E=x,(s,y)(0<s<t) is included in D!
Noting (3.6), by (3.4) we get

v+ (0)-8,/2)s<x,(s,y)<y Vse[o,t] (3.32)
By (3.4), it is easy to see that
s<t<t, (3.33)

where 10 denotes the t-coordinate of the intersection point of the straight
line x=(1, (0)+5,)t with the straight line x=y+ A, (0)+38,/2)t
passing through the point (0; y). Clearly,

at a point (0; ). Noting (3.6), by (3.3)-(3.4), it is easy to see that the
whole characteristic &=x;(s,y)(0<s<t1) is included in D!

Noting (3.6), by (3.4) we get

y<x,(5,y) <y+A (A (0)+8,/2)s  Vse[0,t] (3.38)
By (3.4), it is easy to see that
s<t<t, (3.39)

where t0 denotes the t-coordinate of the intersection point of the straight
line x=(%,(0)+38,)t with the straight line x=y+(X;(0)+5,/2)t
passing through the point (0; y). Clearly,

y

T A () -h(0)+5, /2 (3.40)
Therefore it follows from (3.38)-(3.40) that

nyi(s,y)_k (0)k ;Oz;r)ia Y v, Vs €[0,t] (3.41)
Then, similar to (3.37), we have

(1) | w,(t,%) < C, {0+ w(D)[W(D!) + V(D])]} (342)
Combining (3.37) and (3.42), we obtain

W(DI) < C, {6+ WDH[W(DI)+V(D)]} (3.43)
Similarly, we have

V(D)< C,{0+V(D)HW(D!)+VDH]} (3.44)

By (3.43) and (3.44), it is easy to prove that for 4 > 0 suitably small,
there exists a positive constant k1 independent of g and T, such that
for any fixed T,(0< T, <T) if
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W(DI), V(D)< 2k,0 (3.45)
Then
WD), V(D) <k,0 (3.46)

Hence, noting (1.15), by continuity we immediately get (3.31). The
proof of Lemma 3.2 is finished. 2 Lemma 3.3. Under the assumptions
of Lemma 3.2, suppose furthermore that system (1.1) is weakly
linearly degenerate. Then in the normalized coordinates there exists a
sufficiently small @, >( such that for any fixed 6 €[0,6,] on any
given existence domain {(t,x)|0<t<T,x >0} of the Cl solution
u=u(t; x) to the mixed initial-boundary value problem (1.1) and (1.12)-
(1.13), we have the following uniform a priori estimates:

WD) <k, 0 (347)
V(D) <k, 0 (3.48)
U (T)<k,6 (3.49)
W2 (T), Vi(T) <k, 0 (330)
W, (1), W, (1), V,(T), V,(T), U, (T), U,(T) < k, 0 (3:51)
U_(T),V,(T)<k,0 (3.52)
And

Woo(T) <k, 0 (3.53)
Proof. We first estimate W(D")

For j = 1; : : : ;m, passing through any fixed point (t,x) €D’ we

draw the jth characteristic C;:&=§(s,t,x) which must intersect the
boundary x = (A, (0)+8,)tof D" at a point (£0; »).

Proposition 3.1. On this jth characteristic C,;:&=¢&(s,t,x) it follows

that S
—1,(0)- "¢
t>t,>2— 2 ¢ (3.54)

8
M (0)=2;(0)+ =

Proof. Noting (3.4), it is easy to see that

x—(kj(0)+%0)tSy—(Kj(0)+6—2‘))t0 (3.55)
On the other hand, from (3.8), we have
x>0 (3.56)
Since
y=(*,(0)+3)¢, (3.57)
we conclude from (3.55)-(3.57) that
)

ty > Mt (3.58)

L, (02, —7

Noting the fact that t > t, we immediately get (3.54).

By integrating (2.6) along &=¢(s;t,x) and noting (2.9) and (2.11),
we have

w,(tx) = e~ L' w (t,.y)

e T 0 Y Y @ ww s gLl

i,l=1 |e(l ..... m}  lefl..m} il=m+l
lg{l,..,m} ig{l,...m} izl

HCERED YR MED P AEA LY SRS

iefl,..,m} I{I,.v,,m} i,l=m+1
leflom} igllo.m} izl

J‘ LI z T =7 @e) viw, 1(s,€,(s;1,x)) ds

l=m+1

(3.59)

By using Lemma 3.2 and noting (3.54) and (3.57), it is easy to see that
[W,(te,y) <k, 01+ y) "™ <CO(1+1t,) "™ <C,01+t)""™  (3.60)

By Hadamard's formula, we have

N N 1 OF
Yj]l(u)_lel(ulel):J‘OZgﬂl(tu]a--w’rul—]9---’Tun)ukd (3.61)
k=1 k

k#l
Thus, noting the fact that L>0, and using (3.13) and (3.54), we
obtain from (3.59) that
1+0" | w,(t,x) [< Cg {0+ (W(DI))* + WD) V(D)
+WE(DIW,(T) + Wi (T) + V(T + Vi (T) + T(T) V(T + U (T) V,(T)] - (3.62)
+W (Vi (T) + U (T)V, ()]}

Similar to Lemma 3.2 in [21], differentiating the nonlinear
boundary condition (1.13) with respect to ¢, we get

ov
= = t i 3
Z @OV V)
(3.63)
Z oV, )l (H) +hl(t)(s = m+1,...,n)
By (1.1), (1.3) and (2.4), it is easy to see that
%Vt‘ S 0@ =k ww, +Za,k(u)wk Lu'VL(u)u(i=1,...,n) (3.64)
Where
2, (@) = 4, W @V, Wu (3.65)
Therefore it follows from (3.63)-(3.65) that
Wm+1 Wl
x=0:(I,_,-B,@)| : [=B,| ! |-B, (3.66)
Wn Wm

where B1(u) is a matrix whose elements are all C1 functions of u, which
satisfy

In-m - B1(u) is invertible; for sufficiently small |u]

B2isan (n-m)x mmatrixindependentof wi(i=1,..., n); (3.67)

v,)al () +hi () +F (tu)u (3.68)

B,

Z?(a(t),vl,...,
:(i:I

m+1<s<n
Ay (u)
in which Fs(s = m + 1,...,n) are continuous functions of t and u.

Thus, noting (3.6), for 0 > 0 small enough, by (3.66)-(3.68) we
easily get
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m k
x=0:ws= Zfsj(t,u)wj-i-Zfsi(t,u)(xi’(t)
i=1 i=1
. (3.69)
+ > £, (Luhi () +f,(twu(s =m+1,...,n)

I=m+1

Where f,f.,f. andf are continuous functions of t and u.

§27sj2 Tsi

For j = m+1; : : : ; n, passing through any fixed point (t,x)e DT
we draw the jth characteristic ¢, : & = &;(s;t,x) which must intersect the
t-axis at a point (#0; 0). Then, we have

Proposition 3.2. On this jth characteristic ¢, 1E=E(s:t,x) it follows
that 5
A;(0)=1,,.,(0)+ ?o
t=t, 2 N 60 t (3.70)
(0)- EY

Proof. Noting (3.4), it is easy to see that
X=040) =22 -0, 0 -2,

(3.71)
On the other hand, by (3.8), we have
X< (A, (0)=5,)t (3.72)
Therefore, it follows from (3.71)-(3.72) that
1)
2;(0)—=2.,,,,(0) +7°
t, > 5 t (3.73)
}\‘j (0) - ?0
Noting the fact that t > t; we immediately get (3.70).
By integrating (2.6) along ¢, : & =&;(s;t,x) we have
—L(t-t0) —L(t-s)
wi(t,x)=e wij(t, O)+j kzl:l Vin (W)W, W] (3.74)
Y (@ VW, I(s,€(s5t,x)) ds
By (3.69), we have
m kK
W,(ty,0)= D, (ty,u(ty, 0) w, (t,,0)+ D F, (ty, u(t,, 0)a(t,, 0)
- - (3.75)

+ Z i1 (to, ulty, 0)) hi(t, )+f (ty, u(ty, 0)) ut,,0)

l=m+1

By employing the same arguments as in (i), we can obtain

()™ [wr(t,, 0) € ¢, {0+ (W(DD))” + W(DI) V(D)
+Wo (MWD + W (D) + V(D + V(D + U, (D V(D + UL MV,(D] (3.76)
+W,(DIV2(T)+ U (D) V..(T)]}

Thus, noting (1.15), (3.6) and (3.70), it follows from (3.75) and
(3.76) that

()™ [ W, (t,,0) < ¢, (14 )™ [, (8, 0) |

<c, {0+(V(D))’ + WD) W(DT)

+WE(T)[W,(T)+ WE(T)+ V,(T) + VE(T) + U, (T) V, (T) + U (T) V, (T)] (3.77)
+W DIV + U (D V, (D]}

Hence, noting the fact that L>0, we obtain from (3.74) that

(1+9"* [ wj(t,x) [ C12{8+ V(DI) + (W(DD))* + W(DI) V(DI) + W;(T)
[W,(T) + W (T) + V(D) + V(D) + U(D) V., (T) + UL (T) V,.(T)]
+W(DIVE(D + UMV, (D]}

(3.78)

Combining (3.62) with (3.78), we get

W(D!) <Cp; {6+ V(D) +(W(D!))* + W(D!) V(DI) + W;(T)

[W,(T)+ WS (T)+ V,(T)+ VE(T)+ U,(T) V,(T)+ U(T) V,(T)] (3.79)
+W,(T)[V; (T)+ U (T) V,(T)]}

We next estimate W,(T)

Let

Cix=x,(0)(t, <t<t,)

n) By (3.4), the
whole ith characteristic x=xi(t) passing through O(0; 0) is included

be any given jth characteristic in D (#i,i=m+1,...,

in D] Let (0; xj(t0)) be the intersection point of this characteristic

with C, Passing through any given point (£ xj(t)) on C we draw the
ith characterlsuc & =X,(s,y) which intersects one of the boundaries
of DT, say x=(n(0)+3,)t (resp.x=(A,, (0)—5,)t) at a point

m+1

A (y/ (1, (0)+8)),y)  (resp.B,(y/ (h,,.,(0)=8,) Y)if t, St<t,(resp.t, <t<ty)
Clearly, we have
% (ty)=x;(0 (3.80)

which gives a one-to-one correspondence t = t(y) between the segment
OA,, |(resp.B,0) and C(t, <t<t,)(respC,(t, <t<t,)). Thus, the
integral on C, with respect to ¢ can be reduced to the integral with

respect to y. Differentiating (3.80) with respect to ¢ gives
A X (6 y) =A@ (6y) - Iy

in which t=t(y). Then, noting (3.3) and (3.6), it is easy to see that in
order to estimate

dy (3.81)

Joiwiaoue= ["1wiaxld 7w ex,o)a

. . (3.82)
= [MIwiex@) 1 d+ [ w %, 0)de
it suffices to estimate
N Y2
(X, (L, dy and (X, (8, d
Jllaexal | dvand [Clacrel d @s3)

Y2 ~
We now estimate fo |q; (L X;(t,y)) |t:1(y)dy

By integrating (2.28) along § = %,(s,y) and noting (2.30) and the
fact that % (y/ )\, (0)+6,),y) = y we obtain

L) A QY (A (0)+46),Y)

hSw (0)+6 == 0+,

6% LY =€ }

<Z+ >+ Z 30 )T @)W (5,5, (5 1) ds

JRSLJefloml Keflmp jk=mil
kECm) jgllim) =

(Z+ ST Y w6 K (s y)ds

1) Ly -92
+f e
/(An(0)+50)
Bk=1  jelloam}  kefl.m}  jk=m+l

1) Laty-92
+ f e
/(An(0)+50)
kg(llmy  gilmy =l

o 253 (3.84)

[ Z 5y (@) Vw165, %, (s, y)) ds

e
v/(An(0)+60) =t

By Hadamard's formula and (2.11), we have
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[—
T =7, =, (e = [ Ziaul,.‘.,Tuj,,,uj,TuJ+l,...7Tu.,)u,dl (3.85)
. 9,4(5,y)
Noting (3.6), (3.11), (3.13) and the fact that L > 0 and >0
obtain from (3.84) and (3.85) that %

GOF 6V E=1) </ W, (2 y) [+ ([W (T + WE(T) V2 (T) + W (T) UL, (D V.. (T)]

£, 0)+0,

109 . i 0% (s,
e T
FHIWE(T) + VAT + ULV, (T)]

S g 7 s 9 P

A+ v (8, X8, y)) | — 2

(5% (s,¥)eD]

A

(5:%;(s,y)eD]

Hmmy |

9%,(s.y) ;o
Ay

(3.86)

(49 55,59 F0

Noting that the transformation {X 9 gives the area element

dtdx = stdy (3.87)

y
by Lemma 3.2, it easily follows from (3.86) that

fuh\Q.(t,i‘(l«,y))\riwt(v<Cm0+W MW +WLM WD+ +VIM+ UM VD] (3.88)

FUS(T) Vo (D] + WD)+ WDV (T) + VE(T) + UL (T V. (T)]]
Similarly, we have

fu IRy dy<Coff+ W DIW D+ D)+ D +HD+ VU + U (T Vo (T (3.89)
FUL (M V. (D]+ W (D]+ W (DVU(D) + VM +UL(T) V. (T)]]
Thus, we obtain

W(T) < Cp {0+ W (D) + W (W, (T) + W (T) + W< (T)+V(T) + VE(T)+ U, (T) V. (T)] 3.90
LUV D]+ W, (D] + W, DIV () + UL (T)+ V. (D] (3.90)
We next estimate W1(T).

For i = m+1,..., n, passing through any given point (& x) € D/ (t)
we draw the ith characteristic ¢ = %,(s,y) which intersects one of the
boundaries of DT, say x=(),(0)+6)t (resp.x =(A,,,(0)—§,)t ata
point 4, (y/ (A,(0)+6,),y) (resp.B, (y/ A, 1(0)=6,)¥) Clearly, we have

X =X,(t,y) Therefore we obtain
N - 2 ~
Lo wit0ke= [Ma@xaydy+ [ Claexeydy (3.91)

where y1 and y2 are shown in Figure 2.

Figure 2: Where y1 and y2 are shown in figure.

Similar to (3.90), it follows from (3.91) that

W(T) < Cpo {0+ W (D') + W (W, (T) + W (T) + W2 (T) +V(T) + Vo (T)+ U (T) V. (T)]
FULM Ve (MI+ WD+ W DIV + UL (D) + Vo (D]

(3.92)
We next estimate W, (T)

(i) For r = 1; : : : ;m, passing through any fixed point (t,x) € D" we
draw the rth characteristic C, :£=¢ (s;t,x) which must intersect

the boundary y = (A, (0)+&,) tof D" atapoint (t0; y). Then, we have

Proposition 3.3. On this rth characteristic C, :§=¢,(s;1,%) it follows
that

Ay (@) =2 (0)— %

1>1,> st (3.93)
WORPYUR

Proof. By (3.4), it is easy to see that
OO+ DSy 0+ D, (3.94)
On the other hand, from (3.9), we have
x> (A, (0)=0,)t (3.95)
Since
y=MA0)+4)t, (3.96)
we conclude from (3.94)-(3.96) that

A ()= A (O~
1> 2 4 (3.97)

&m%&@—%

Noting the fact that > ¢, we immediately get (3.93).

By integrating (2.6) along ¢ = ¢ (s;t,x) and noting (2.9) and (2.11),
we have

w,(t,x)=e " "w (t,,y)

J:l H S)(E:Jr S+ >+ Z Vi @ W, W, (5,€(5,1,X)) ds

I S
omy o Ig{m) =l
o " (3.98)
+f et S)(ZJr S+ DT Y W vw (.4, 1,x))ds
fo k=l detlom)elom)  =mt]

10 my 1 my il

+f e b)[ Z Vo (W) = 7, (w,€,)) v w18, X, (s, y)) ds

I=m+1
By using Lemma 3.2 and noting (3.93) and (3.96), it is easy to see that
|W,(tg, ) ISk, 01 +y) " <Cp 01+ <C, 00+ (3.99)

By Hadamard's formula, we have

0y
Vo ) =7, (0y8,) = f Z o u(TUp 5TU_, UL TU 5., TU U, AT (3100)

k=l /¢

Thus, noting (3.93) and the fact that L > 0, we obtain from (3.98) that

(A+0"" [w, (6 %) € Cop 40+ W2 (DIW,(T) + W2 (T) + V(T + V(D) + T,(T) V. (T)

+ULMV, (D]+W(MDVL(D+UL MV, (D] (3.101)

(ii) Fori=m+1;:::; n, for any fixed point (t,x) € D" but (t,x) ¢ D"
by the definition of D! for fixing the idea we may assume that
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x=X(0)t > [&, +n(A, (0) = A, (0)]¢

which implies i < n. Let £ = £,(s;t,x) be the ith characteristic passing
through (£ x), which intersects the boundary x = (X, (0) +6,) t of D" at
a point (10; y) (Figure 3).

(3.102)

Recalling (3.4), it is easy to see that

=0+ 2y <y =0+ 2 (3.103)
Since
y =, (0)+6)), (3.104)

recalling (3.102) and the fact that ¢ > £, it follows from (3.103) that
t>t, >t (3.105)

By integrating (2.6) along ¢ = £ (s;t,x) and noting (2.9) and (2.11),
we have

w;(t,x) =e—L""w,(t,,y)
f e 5)(Z+ Z + Z + Z W@ w,w,(s,€,(s;t,x)) ds
il=1 i(;(/l :g i;;l ::: :ilmﬂ
+f e Y Y Y W w st ds
il=1 ie{l,...m} le{l..m} il=m+] ( 106)
1¢{l,..m} i¢{l,...m} i=/
+f e (32 7300) — 7,0 e ) v, ). s £, x)) ds
I=m+1

+L/:0 eI ()W, w, (s, €8 1,%)) ds
By Lemma 3.2 and observing (3.104)-(3.105), it is easy to see that
[ W, (£, 1) IS K1+ ) < Cp 0(14-1,)" " < G011 (3.107)

By Hadamard's formula, we have

il
T @ = T (8) = [; (914” (Tuy,ees Tuy v, Tuy s, T, Ju, dT (3.108)

Thus, recalling (3.13) and (3.105), and noting the fact that L>0, it
follows from (3.106) that

(4 [ x= A O) )" [w,(1,) [ Cos 40+ WS (D)W (T) +WE(T) + V(T) +VE(T)+ U, (T) V. (T) (3.109)
+ UL (T (DN+W (DT + ULV (D]}

Figure 3: At a point (0; y).

Next, we assume that

x =X (0) <8, +n(N(0) = A, (0)] (3.110)

which implies i > m + 1. Let £=6(st.%) (t; x), which intersects the

boundary x = ()\_,,(0)—§,)tof D" at a point (¢0; y).

'm-+1

Recalling (3.4), it is easy to see that

=0 -z -0 -2, (311
Since
Y=, 1 (0)=6), (3.112)

noting (3.110) and the fact that 7 > 7 n¢ it follows from (3.111) that

t>t, >0t (3.113)

By integrating (2.6) along £ = ¢&(s;t,x) and noting (2.9) and (2.11),
we have

w,(t,x) = e (1, )

f 0+ Y+ Z 30 @) W, (5. (530, X))

JA=1 el m} Jd=m+1
fenm m) j=l

j:' Lt >(Z+ Z + Z + Z V350 @)V, w, (5, &, (532, x))ds
o = ;I m} ] ;5 + (3114)

[ Guto-

I=m+1

T (e ))vyw;)(s,& (532, x))ds

+f €1 ) (5. (530, X))ds
By (3.113), it is easy to see that
[, (£, ) IS Co W (DI YA +2,)" " < C W (DDY(A+1)" (3.115)
Thus, using (3.13), (3.108) and (3.113), and noting the fact that L >
0, it follows from (3.114) that

([ =000 )" | w, (8, 0) [< Cog W (D) + WL (DIW,(T) + W (T) + Y, (T) + Vi (T)
+0,(NV (D) + ULV D+ WDV (T

FUS MV (T} (3.116)
Combining (3.101) and (3.109), (3.116), we obtain
WE(T) < Coy 0+ W (D) +WE (D)W (T)+WE(T)+V,(T)
+VED)+U(TW, (1) +US(T)V, (1) +W,(T) (3.117)

oM +UL(D) V(D

We next estimate ¥(D") (i) For j = 1; : : : ;m, for any fixed point
(t,x) € D similar to (3.59), by integrating (2.13) along &= ¢ (s;t,x)
and noting (2.17)-(2.18), we have

vi(tx) = ety (to;y)

f ke ‘(Z-F Z + Z + Z )8, )W, (s, €, (s38,x))ds
)

=l et } Lisml

fy 124l

I f L~ &)(E‘F Z + Z + Z )d/[(u)vv(sf(st Xx))ds

i€fl,..,m} Efl,..
Amy il fr

(3.118)
+ f e ’[Z(@,,,w) B0 )y, 1(5. €, (s:1,3)ds

fo

+ f OIS (B0~ B 15,6 (521 )

I=m+1

By using Lemma 3.2 and noting (3.54) and (3.57), it is easy to see that
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1V, (9> 1) IS KO+ ) 0 < Cuf(1+10) 0 < C0(1+10) " (3.119)

By Hadamard's formula, we have
B () — ﬂ/,,(u,e,)ffz Bujﬂ (Tuy,.; Tuy_,uy, Tuy e, Tuy ) u dT (3.120)
o k=1
k=1

And

~ ~ 1L 08
ﬁjll(u)_ﬂjll(ulel)zj; ZaTj”(Tul, ----- sTug,u, Tuy e, Tu )u, dT (3.121)
k=1 k

k=1

Thus, noting the fact that L>0, and using (3.13) and (3.54), we
obtain from (3.118) that

A+ v, (t,x) [< C, {0+ (VD)) + W (DD (D)
HLODT) + WD)+ V(1) + V) + 0TV (D) + UL V(D] (3.122)
HUL (W, (DT + W (T)+ V(D] + WD)+ U (T, (D]}

Forj=m+1;:::; n, for any fixed point (t; x) € D’ similar to
(3.74), we have

R CROR DY Butrmm,
k=1 3.123

+/§jkl W v,v, (s, gj (s;t,x))ds

Noting (1.16), by (1.13), it is easy to see that

v_/'(t070) = Zg_/r(to)vr(tmo)+h‘/(to) (3.124)
r=1
Where
B ' 9G, ond
gjr(t()) - [ avy 0° geesey th(tO’ )) T (3125)

By employing the same arguments as in (i), we can obtain

(141" |9, (4,,0) [< C {0+ (V(DD))’ + W(DI W/ (D")
HVEDIT) +WET) +V(T)+VET) + U (T, (T)+ UL (T, (T)] (3.126)
+ UL (W, (D) + W (T) + V(DI WD)+ U (T (D]}

Thus, noting (1.15), (3.6) and (3.70), it follows from (3.124)-(3.126)
that

A4 v,(4,0) [€ Cyy (141)" | v, (8, 0) [< Cys {0

+W (D) +W (DI (D) + VA (T(T) + W (T) + V(T +V(T)
U, (TW, (D) + ULV (DI+UL W (TIVE(T)+ W (T) + V(D] +
WD)+ 0, (TN, (D]}

(3.127)

Hence, noting the fact that L > 0, we obtain from (3.123) that
0" v, (LX) < Cogd+ (7 (D)) + W (DI W (DT + VE DI (T) + WE(T) + V(T +VE(T)

+O, (T, (1) + U (W, (TN +US (TW, (TIPS (T) + W (T) + TN+ (3.128)
W (DT + U (T (D]}

Combining (3.122) and (3.128), we get

V(D7) < Cop {0+ (V (D)) + W (DT (D7) + V(D)W (T) + WE(T) + V(1) + Vi(T)
U (1) + UL (T (T + U (T) V. (DI (T) + W (D) + V(D] + WDV +(3.129)
U, (W (D]}

We next estimate 7(T) and VI(T).

For i=m + 1,...., n, for any given jth characteristic C,in D (j=1) as
in the proof of (3.90), in order to estimate ¥,(T) it suffices to estimate

1 y2
J1pRE Dy dv and [ pEE D] d (3.130)
0 0

By integrating (2.33) along & = %,(s,y) similar to (3.84), we have

. AW Ay (A (0)+8,),y)
P, (t, —e (0045, y -2 n o
26X (6 Y) | = G YOI i A +6

1) Lty Y
+‘/‘r/(r\,,(m+me ” (E+ Z + Z + Z )B/k(u)v WA(SX(S y))ds

ERN T

£y) 0:

e L) -9 HeD ”[Z B (W) VW ](5,%,(5,9)ds (3.131)

j=m+1

) L)

" B, (u) v s,X;(s,y))ds

+‘/:»/(Anun+m (;\*ﬁ?m;+ ;m‘#/g:ﬂ )B,, (W) v W (s,%(s,Y))
mp gLm)

T B s s

PO O+ et

Noting that A, (u)(i = m + 1;: : :; n) are weakly linearly degenerate,

by (2.37) and (2. 38) we have

B (ue)=0,V] (3.132)
By Hadamard's formula, and noting (2.18) and (3.132), we have
Bijj(u) = Bijj(u) j Bijj(ujej)

= f Z 5 Py (Tuy,... Tu,_,u, Tug,, Tu ud, (3.133)
=; ou

And
Bijj (u) = B,‘jj (u) - Bijj (ujej)

_f Z 8;1/ (Tuy,eee., Tuy w5, Tuy, e, Tu Juyd;y

I=j

(3.134)

Then, using Lemma 3.2, similar to (3.88), it follows from (3.131) that

S IDAREI | dy< €t WL DIV, + U, D V. (D)

+VE(DIW,(T) + W (T) + V,(T) 4V (T) + U, (T) V. (T) + US (D) V., (T)] (3.135)
+UL(T) V., (DIWS(T) + W,(T) + V()]

Similarly, we have

SRR @] dv < CovDD) + WMV, + UM V..(T)]
FVEDIW,(T) + W (T)+ Vi (T) + VE(T) + U, (T) V. (T) + U (T) V., (T)] (3.136)
+UL (D V (DIWL (D) + W (T) + Vi (D]}

Thus, we obtain

Y, < Cu{V(D)+ WL (DV,(T)+ U, (T) V, (T)]

+VE(D[W,(T) + WL (T) + V,(T) + V2 (T) + U (T) V,.(T) + US, (T) V., (T)] (3.137)
+ UL (T)V, (DWW (T)+ W, (T)+ V, (D]}

Similarly, we have

< Cy (VDD + W5 (DIVi(D) + U, (T) V(D]
+ Vo (MIW(T) + WL (T) + Vi(T) + V(D) + U (D V (T) + UL (T) V. (T)] (3.138)
+UL(D V. (DWW + W (D + V(D]

We next estimate V (T)

(i) For r=1; : : : ;m, for any fixed point (t; x) € DT, noting (2.17) and

(2.18), similar to (3.98), we

Have
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Vr(t,x)=e " r(t,,y)

f hs (ZJr z + Z + Z )Bj (u) v; w, (s,X,(s,y)) ds

Jk=1 je{l....m} ke{l,...,m} jok=m+1
kg1l } JQ{‘ “1‘ j=k
+flens+ Z + Y+ BV, R s y)ds
Jok=1 jE{l,...m} ke{l,...,m} Jok=m+1 (3'139)

kgilom}  Gleom) ek

+ j’” et i (‘(;)rll(u) - Brll(ulel)) v 1(s, € x(s;t,x)) ds

I=m+1

+f[ L(-s) 2 (ﬁr"(u) 3m(ue NV; (s, Ex(s; t,x)) ds

By using Lemma 3.2 and noting (3.93) and (3.96), it is easy to see that
| Vi(t,, y) S K, 01+ y) " < Cpf(1+1) " < Cf(1+1)"(3.140)

By Hadamard's formula, we have

0
By =B, (ue)= fz B (Tuy,...., Tug 0, Tuy,,
Uy

k=l

..,Tlln)tlkd,l. (3141)
And

0,
B0y = [0 (T T To s (3,142

k=l k
Thus, noting (3.93) and the fact that L > 0, we obtain from (3.139) that
A+ 0™ v, (6,%) [€ Cy 0+ WS (DIV,(T) + T, (T) V, (T)]

+ VMWD + W (T) + V() + VL (T) + U, (T) V. (T) + UL (T) V. (T)] (3.143)
+ UL (D) V (DWW (T)+ W, (T) + V(D]

similar to (3.116), we have

A+1x=X O )" v, (t,X) [< Cis { V(D)) + WS (DV,(T) + T, (T) V, (T)]
+VIMDIW(T) + W (T +V(T)+ VL (T) + U, (T) V., (T) + UL (T) V. (T)] (3.144)
+US(T) V(DWW (T) + W, (T) + V(D]

Then, it follows from (3.143) and (3.144) that

Vi(T) < C VD) + W (DIV(T) +T,(T) V, (T)]

FVE(DIW,(T) + WE(T) + V,(T) + V. (T) + U, (T) V._(T) + U (T) V._(T)] (3.145)
+USL(T) V(DWW (T) + W,(T) + V(D)]}

We next estimate U, and U1(T).
Fori=m+1;:::; n,for any given jth characteristic C, In D] (j=1) as

in the proof of (3.90), in order to estimate U, (T) it suﬁ’ices to estimate

N - Y2 -
[l1zexaml  dvand [T1Z0x00)] b (3146)
t=t(y) 0 t=t(y)

By integrating (2.39) along & = X,(s,y) noting (2.41), similar to
(3.84), we have

. W y A (u(y/ (A, (0) +6
2K g =e “w A“m,vmu\A (0})+a‘ i ,(U(y)\(:\,(\);l;r 0):Y),
() L)) N
L R <,k2+/ ,Z_m* r Z L, (5.5 5.4 (3,147)
mi il m)
+f’m e Mo ‘()X(\ Y)F(u)u w,(s,%,(s,y))ds
(An(0)+é&)

normalized coordinates, by (2.43),
we have
F.(ue)=0,Y|u,| (3.148)

iii

Then, using Hadamard's formula, we have

F,,(w)=F,; () —F;(ue,)

iii ifi iii

_fz "‘(Tul, ,Tu, ,u, Tu,,,.... Tu )ud;

l=i

(3.149)

Hence, noting (3.6), (3.11), (3.13) and the fact that

L>0 and w > 0 we obtain from (3.147) and (3.149) that

y

26X (V) |y S0 (== W [ C {IWL (D UL () + WL (D UL (T) V. (T)]

)y (0) +8,
o
% i 159

ULV [
=R

—(+p) A% (s
(4%, (s, y) ) d%(;&)’) ds

(3.150)

09 5, 5.3 2 (; -Y)

0%, (9 y)

+[W;(T>+W;(T)W(T)]ifw ) (5.8, . |

By Lemma 3.2, similar to (3.88), it follows from (3.150) that

[F1ziex e
HIWE (UL (1) + UL (D) + WS (D) U (D]V.. (D)}

S Call + WL DU+ UL MWD+ W DU (3 157
Similarly, we have

[ 1Z0 @] C VDD + WD ULM)+ UL (D WD)+ W (M U(M)

(3.152)
HWE(T) U (T)+ U (T) + WS (T) U (T)] V. (T)}
Thus, we obtain
U\(T) < Cyy {0+ VD!) + WL (T) U (T) + U (T) W, (T) + WL (T) U, (T) (3.153)

HWLMULM+ UM+ W (DU DIV, (D)}

Similarly, we have

U,(T) < Gy, {0+ V(DT) + W5, (T) UL (T) + U (T) W, (T) + WL (T) U, (T) (3.154)

HWLM UL M+ UL (M + WL (MU, D]V, (T)} .

We next estimate U¢_

(i) For r = 1; : : : ;m, for any fixed point (t,x) € D” noting (2.19) and
(2.20), similar to (3.98), we have

u, (t,%)=e""u, (t),y)

f e M- ’)(Z-&- Y+ XH: )0 (W u;w, (5,%,(s,y))ds (3.155)

id=l ie{l,m}  Ie{lm}  Li=m+l
I om} ig{lmy =k

By using Lemma 3.2 and noting (3.93) and (3.96), it is easy to see that
[, (t,,y) [< Cy 00+ y) ) < Couf(141,) " < CL0(1+ 1) ) (3.156)
Thus, noting (3.93) and the fact that L>0, we obtain from (3.155) that
(9" u,(t,%) < Cys 10+ WL (UL (T) + UL (D W(T) = WL (T) U,(D)} (3.157)

(ii) For i= m+1;:: :; n, for any fixed point (t,x) € D’ but (t,x) & D]
similar to (3.116), we have

(41 x= A O )" [, (6,%) [ Co {0+ WL (U (T) + UL () W(T) = Wi (T) U,(T)} (3.158)
Then, it follows from (3.157) and (3.158) that
Us <Cy {0+ WL (T)US(T) + UL (T) Wy(T) = W (T) U, (T)} (3.159)
We now estimate ¥ (T)

draw the ith characterlstlc & =¢&,(s;t,x) which 1ntersects one of the

boundaries of DT at one point. For fixing the idea, suppose that this
characteristic intersects x = (), (0)+§,)t at a point (y/ (), (0)+6,),y)
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By integrating (2.13) along this characteristic and noting (2.16)-(2.18),
we have

Vr(t,x) =e " Vir(t,,y)

f -Lo- 5‘(Z+ S+ Y+ Z VB, (W) v, w, (5. %, (5, ) ds

L el el e
ke{l,... J#{em}
S KR SEE SIESD DIEED DS A MATICERCR LS
R T R ( 160)

kellom) gl mi ek

[ LY (B~ By e ) Vs, Extsstx)ds

o I=m+1

#[1MIY (Ga@ - uue ) v Ertsit)ds
I=m+1

Noting Lemma 3.1 and Lemma 3.2, and using Hadamard's formula,
it follows from (3.160) that

[Vt %)< C {0+ V(DT) + WL (T) US, (T) + US, (T) Wy(T) + W5, () U, (T)

LW (T US(T) 4 U (T) + WE(T) U, (TY] V.. (1)} (3.161)

On the other hand, for i = m + 1; : : : ; n, for any fixed point
tx)ZDTM) ={(tx)[0<t<T,x >0} but (t,x)€D/,|v,(t,x)]
can be controlled by V¢ (T)or V(D") Moreover, for i = 1; : : : ;m, for
any fixed point (t,x) ¢ D(T)={(t,x)|0<t< T,x >0} | Vi(t, X) | can be
controlled by V¢ (T) or V(D) as well. Thus, by using Lemma 3.2 again,
we have

V., < Cy {0+ V(D) + WL (T) U (T) + US, (T) W, (T) + WL (T) U (T)

HIWE (T) U (T) 4 US,(T) 4+ W (T) U, ()] V.. (T)} 162)

We finally estimate W_(T)

For i = m+ 1; : : : ; n, passing through any given point (t,x) € D"
similar to (3.160), noting (2.9), (2.11)-(2.12) and the fact that A (u) is
weakly linearly degenerate, we have

—L(y)-—2—)
wt=e MO

) Yy
0,0+,

+f I Y 4 T 4 Y p@w, w6 (556 x)ds

1O (0+8) Jh=ljeilomy kellomy  jhk—mtl
ke{l....m} J#{l.m} j=k

,Y)

S P AR AR R CRACIREE (3.163)

S P EaT) SRS DIRED DI R TR M RIS IR

/(A (0)+6y) jok=1 " je{lem} ke{lo.m}  jhk=m+1
kg{loam} @ {le.m) =k

LY @) A, e ) Wi (s L) ds

¥ (0)485) ot

Noting Lemma 3.1 and Lemma 3.2, and using Hadamard's formula,
it follows from (3.163) that

[ W (6 X) [ Cop {0+ WL (T) UL (T) + UL (T) Wi(T) + WL (T) Uy(T) 3164
HWL(M UL + UL+ W (DU D]V, (D)} (3164

Thus, by using the definitions of W< (T), W(D" )and W(D”) and
using Lemma 3.2, we have

W, (T) < Ce{0+W (D) + W (T)US (T) + UL (T) Wy(T) + W (T) U, (T)

HIWS (D UL (T) + UL (T) + W (D) U, (T)] V.. (1)} (3.165)

We now prove (3.47)-(3.53).

Noting (1.15), evidently we have

W (0), V. (0),U (0)<C, 0 (3.166)

W(0)=V,(0)=U,(0)=W,(0)=V,(0)=U,(0)=0 (3.167)

W, (0),V (0)<Cg0 (3.168)
And
T=0:W([D"),V(D')<C,0 (3.169)

Thus, by continuity there exist positive constants k2; k3; k4; k5; k6;
k7 and k8 independent of y, such that (3.47)-(3.53) hold at least for
0<T7 <TO0 whereT0 is a small positive number. Hence, in order to
prove (3.47)-(3.53) it sutces to show that we can choose k2; k3; k4; k5;
k6; k7 and k8 in such a way that for any fixed ,(0 <7, <T).

W([D")<2k, 6 (3.170)
V(D") <2k, 0 (3.171)
U (T,) <2k, 0 (3.172)
WE(T,),VE(T,) <2k, 0 (3.173)

W,(T,), W,(T,), Vi(T,), V,(T,), U, (T,),U,(T,) < 2k, 0 (3.174)

V_(T,),U_(T,) <2k, 0 (3.175)
W (T,) <2k, 0 (3.176)
we have

w(D")<k,0 (3.177)
W([D")<k,0 (3.178)
w(D")<k,0 (3.179)
W (T), Vo (T) <ks0 (3.180)

(), W, (T, V(T ).V, (T,), 0, (T U (Ty) <k 6 G.1sD)
V. (T, U (T) <k, 0
W_(T,) <k,0

To this end, substituting (3.170)-(3.176) into the right-hand sides
of (3.79), (3.90), (3.92), (3.117), (3.129), (3.137)-(3.138), (3.145),
(3.153)-(3.154), (3.159), (3.162) and (3.165)(in which we take T=T0 ),
it is easy to see that, when 6§, > 0 is suitably small, we have

(3.182)

(3.183)

WD) <2C,(1+k,)0 (3.184)
W,(D")<2C,,(1+k,)d (3.185)
Wi(T,) <2C,(1+k,)0 (3.186)
Wo(T)) <2Cy(1+k,)0 (3.187)
y(Dr)y<2cC,,0 (3.188)
V,(T,) <2C,,(1+k,)0 (3.189)
V,(T,) <2C,,(1+k,)f (3.190)
Vo(T) <2C, (1+k;)0 (3.191)
U,(T,)<2C,,(1+k,)0 (3.192)
U,(T,) <2C,,(1+k;)0 (3.193)
U (T,) <2C,,(1+ky)0 (3.194)
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V_(T,) <2C,(1+k,+k,)0 (3.195)
W_(T,) <2C,,(14k,+k;)f (3.196)
Hence, if k322C37; k222C13(1+k3); k4=2C57(1+k3); k522

maxfC29(1+k2);C46(1+k3)g, k6 >2maxfC18(1+k2);C19(1+k2); C40
(1+k3);CA1(1+k3);C50(1+k3);C51(1+k3)g,  k7>2C59(1+k3+k5) and
k822C61(1 + k2 + k5), then we get (3.177)-(3.183). This proves (3.47)-
(3.53).

Finally, we observe that when 0 > 0 is suitably small, by (3.52) we
have

Ux(T)§k79§k76§g

(3.197)
This implies the validity of hypothesis (3.6). The proof of Lemma
3.3 is finished.

Proof of Theorem 1.1. It sutces to prove Theorem 1.1 in the
normalized coordinates. Under the assumptions of Theorem 1.1, by
(3.52) and (3.53), we know that there is a suxciently small 6, >0
such that for any fixed 6 € (0,6,] on any given domain of existence
D(T)={(t,x)| 0 <t <T,x >0} of the C1 solution u = u(f; x) to the
mixed initial-boundary value problem (1.1) and (1.12)-(1.13), we have
the following uniform a priori estimate for the C1 norm of the solution:

u(t )l e" Euct,) " +[lu )] e < ko (3.198)

Thus we immediately get the conclusion of Theorem 1.1. The proof
of Theorem 1.1 is finished.

Application

Consider the following mixed initial-boundary value problem for
the system of the flow equations of a model class of °uids with viscosity
induced by fading memory (cf. [7]):

wt—vx+w=0 @)
vt—(c(W)x+v=0
with the initial condition
t=0:w=w,(x),v=V,+v,(x)(x >0) (4.2)

and the boundary condition
x=0:v="n()(t>0) (4.3)

Here, w is the displacement gradient and v the velocity of a model
class of fluids, the stress-strain function ¢ (w) is a suitably smooth
function of w such that

a'(0)>0 (4.4)

V, is a constant, (W,(x),V,(x)) €C' and we assume that there
exists a constant y > 0 such that

S_lfjov{(l +2) (W () D V() |+, () |+ wo )|+ vo(x) D} <+oo (4.5)

In addition, we assume that A(t) € C'
Sup{(1+0)""(|1h®) [+ h'(H) D} < +o0 (4.6)
>0
Moreover, the conditions of C1 compatibility are supposed to be
satis”ed at the point (0; 0).

Let

w
u= [ } 4.7)

v

system

By (4.4), it is easy to see that in a neighborhood of u, = [f}
0

(4.1) is strictly hyperbolic and has the following two distinct real
eigenvalues:

A W) =—Jo' (W) <0<\ (u)=+/d'(w) (4.8)

The corresponding right eigenvectors are
R (W) /1 W) W)/ K=o (W) (49)

0
It is easy to see that in a neighborhood of %, = [ﬁ ] all characteristics
are linearly degenerate, ‘

then weakly linearly degenerate, provided that

o"(w)=0,V|w| small (4.10)
The corresponding left eigenvectors can be taken as

(W) = (o' (W), 1).1,(W) = (—/o'(w). 1) (4.11)
Let

vi=li(uwu (i=1;2): (4.12)
Then, the boundary condition (4.3) can be rewritten as
x=0:v,+v, =2ht) 2 H(t) (4.13)

By Theorem 1.1 we get

Theorem 5.1. Suppose that (4.4) and (4.10) hold. Suppose
furthermore that w0(x); v0(x) are all C1

functions with respect to their arguments, for which there is a
constant g, > 0 such that

0 £ max {sup{(1+x)"" (| W, (x) |+ vy (x) |+ W () |+ Vo () ], )
x>0 14
sup(1+ )" (| H(®) |+ H'()) )} < +o0

Suppose finally that 4(t) € C' satisfies (4.14) and that the conditions
of C1 compatibility are satisfied at the point (0; 0). Then there is a
sufficiently small §, >0 such that for any given ¢ €[0,6,] the mixed
initial-boundary value problem (4.1)-(4.3) admits a unique global C1
solution u = u(t x) in the half space {(t,x)|t>0,x>0}.
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