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Abstract

In this paper we obtain some properties for real lightlike hypersurfaces of paraquaternionic
space forms and give an example.
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1 Introduction

It is well-known that the lightlike hypersurfaces are of interest in mathematical physics, owing
to their extensive use in general relativity and electromagnetism. The general theory of lightlike
submanifolds has been developed by Kupelli [4] and Bejancu-Duggal [1]. In [3], the present
authors and R. Mazzocco have begun the study of the real lightlike hypersurfaces of paraquater-
nionic manifolds. In this paper we obtain new properties for this kind of hypersurfaces and give
some obstructions to the existence of lightlike hypersurfaces in paraquaternionic space forms.

2 Lightlike hypersurfaces

Let (M,g) be a (m +2)-dimensional semi-Riemannian manifold with index ¢ € {1,2,...,m+1}
and let (M, g) be a hypersurface of M, with g = g~ Wesay [1] that M is alightlike hypersurface
of M if g is of constant rank m.

If we consider the vector bundle 7'M+ whose fibres are:

T,M* ={Y, € T,M|§,(X,,Y,) =0, VX, €T,M}, VpeM

then we can easily see that M is lightlike if and only if TM* is a distribution of rank 1 on M.

Let S(TM) be the complementary distribution of TM~ in T'M, which is called a screen distri-
bution. This distribution is non-degenerate [1]. Thus we have direct orthogonal sum decompo-
sition TM = S(TM) L TM+*. On the other hand, if S(T M)+ is the orthogonal complementary
vector bundle to S(T'M) in TM s, we have direct orthogonal sum TM |, = S(T'M) L S(TM)*.

From [1] we know that, if (M, g, S(T'M)) is a lightlike hypersurface of M, then there exists a
unique vector bundle Itr(TM) of rank 1 over M so that for any non-zero section & of TM* on
a coordinate neighborhood U C M, there exists a unique section N of ltr(TM) on U satisfying:

g(N,§) =1, G(N,N) =g(W,W) =0, YW eT(S(TM)y)
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The vector bundle ltr(T'M) is called the null transversal vector bundle of M with respect to
S(T'M). Thus, we have

TMy = S(TM) L (TM~* & ltr(TM)) = TM & ltr(TM)

Let (M, g, S(TM)) be a lightlike hypersurface of M. If V is the Levi-Civita connection on
M, then we have

VxY =VxY +h(X,Y), VX,Y e (TM) (2.1)
VxV = -AyX + V%V, VX e T(TM), VYV e T(litr(TM)) (2.2)

where VxY, Ay X € I'(TM) and h(X,Y),VV € I'(itr(TM)).

V is a symmetric linear connection on M called an induced linear connection, V+ is a linear
connection on the null transversal bundle itr(T'M), h is a I'(ltr(TM))-valued symmetric bilinear
form and Ay is the shape operator of M with respect to V. If {{, N} is a pair of sections on
U C M as above, then we define a symmetric F'(U)-bilinear form B and a 1-form 7 on U by

B(X,Y) =g(h(X,Y).§), 7(X)=g(VxN,§), VXY eI (TMy)

Thus, from (2.1) and (2.2), locally we have
VxY =VxY + B(X,Y)N (2.3)
VxN =—-AyX + 7(X)N

If we denote by P the projection of T'M on S(T'M ), we have the decompositions:

VxPY = V4 PY + C(X, PY)¢ (2.5)
Vi€ = —ALX +e(X)E (2.6)

where Vi PY, At X € S(TM) and e is a 1-form on U. Moreover, it is easy to see that e = —7.

3 Real lightlike hypersurfaces of paraquaternionic manifolds

Let M be a smooth manifold. We say that a rank-3 subbundle o of End(TM) is an almost
paraquaternionic structure on M if a local basis {J1, Jo, J3} exists on sections of o, such that
for all o € {1,2,3} we have

J2 = —€n,  Jador1 = —Jatr1da = €arodaro  (indices mod 3)

where €1 = 1, €9 = €3 = —1.

Let (M,g) be a semi-Riemannian manifold and o an almost paraquaternionic structure
on M. The metric g is said to be adapted to the paraquaternionic structure o if it satisfies
G(JoX, J0Y) = €,g(X,Y) for all a € {1,2,3} and for all vector fields X,Y on M and any local
basis {Ji, Jo, J3} of o, where €; = 1,63 = €3 = —1. Moreover (M,7, o) is said to be an almost
hermitian paraquaternionic manifold. Moreover, if the Levi-Civita connection of g satisfies the
following conditions for all o € {1, 2, 3}:

VxJa = —€alwar2(X)Jar1 — War1(X)Jasz2] (indices mod 3) (3.1)

for any vector field X on M, wy,ws,ws being local 1-forms over the open for which {Ji, Jo, J3}
is a local basis of o and €] = 1,65 = €3 = —1, then (M, g, 0) is said to be a paraquaternionic
Kéhler manifold (see [2]).
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Let (M4m,§, o) be an almost hermitian paraquaternionic manifold and let (M, g) be a real
lightlike hypersurface of M. We remark that we can choose the screen distribution S(T'M)
such that it contains J,(TM)"’ as a vector subbundle, because we have: g(J.&,€) =0, V& €
F(TM@), Jo€ are tangent to M and thus J,(T M)+ is a 3-rank distribution on M such that
Jo(TM):NTM*+ = {0}.

If {&, N} is a pair of sections on U C M as in above section, then g(J, N, &) = 0 = g(J,N, N),
and we deduce that J,N € I'(S(TM)). It is easy to see that J,(TM*) @ J,N is a vector
subbundle of S(T'M) of rank 6. Then there exists non-degenerate distribution Dy on M such
that S(TM) == {Dl D D2} 1 Do, where D1 == Jlg 1 Jgf L Jgg and D2 == JlN 1 JQN 1 J3N

We remark that the distribution Dy is invariant with respect to J, for all o € {1,2,3}
(see [3]). We consider now the local lightlike vector fields: Vo, = —J N, Uy = —J,€ for all

a € {1,2,3}. Then any local vector field on M is expressed as follows:

3
X =8X+) eafalX)Va (3.2)

a=1

where S is the projection on the almost paraquaternionic distribution D = {T'M L1 Dy} L Dy
and f, are 1-forms locally defined on M by: f,(X) = g(X,Uy,), for all a € {1,2,3}.
By using (3.2) we derive:

JoX = O X + fou(X)N
where ®,X are the tangential components of J, X for all a € {1,2,3}.
Theorem 3.1. Let (M,q,0) be a paraquaternionic Kdhler manifold and let M be a lightlike

hypersurface of M. Then M is totally geodesic if and only if: AnX, AZX, Vi Zy & I'(D3), for
all X € T(TM),¥YN € T(ltr(TM)),V¢ € T(TM™),¥Zy € T'(Dy).

Proof. By using (2.3), (2.4) and (3.1) we obtain for any X € I'(T'M) and Zy € I'(Dy):

h(X, JaZo) = _Ea[wa+2(X)Ja+IZO - Wa+1(X)Ja+QZO]
+ Jo(Vx Zo) — C(X, Zo)Us — B(X, Zo) Vo — VxJaZo

The proof is now complete, since by the definition of a lightlike hypersurface, M is totally
geodesic if and only if: h(X,U,) = h(X,V,a) = h(X,Zy) = h(X,€) =0, a € {1,2,3}, for all
Zy €T(Dy) and € € T(TM™). O

Theorem 3.2. Let (M,g,0) be a paraquaternionic Kdhler manifold and let M be a lightlike
hypersurface of M. Then Dy is integrable if and only if: C(X,Y) = C(Y,X), C(X,J,Y) =
C(Y,JoX), B(X,J.,Y) = B(Y,JuX) for all X,Y € T'(Dyp) and a € {1,2,3}.

Proof. Dy is integrable if and only if: VX,Y € I'(Dy) = [X,Y] € I'(Dy) and from the general
decomposition TM = {(D1 @ D2)} L Dy L. TM~*} we deduce that Dy is integrable if and only
if: g([X,Y],N) =9([X,Y], Vo) =9([X,Y],Us) =0 for all X,Y € I'(Dy), N € I'(itr(T'M)) and
a€{1,2,3}. For X,Y € I'(Dy) and N € I'(ltr(T'M)), by using (2.5) we deduce:

(X, Y],N)=C(X,Y)-C(Y,X) (3.3)
From (2.5) and (3.1), we obtain:
G([X,Y], V) = O(X, JuY) — C(Y, JuX), Vae{1,2,3} (3.4)

and similarly we deduce
g([XaYLUa) :B(Xv JO&Y)_B(K JOéX)v Va € {1a2a3} (35)
The proof is now complete from (3.3), (3.4) and (3.5). O
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Corollary 3.1. Let (M,g,0) be a paraquaternionic Kdhler manifold and let M be a totally
geodesic lightlike hypersurface of M. Then the distribution D is parallel.

4 Non-existence of real lightlike hypersurfaces in paraquater-
nionic space form

Let (M,g,0) be a paraquaternionic Kithler manifold and let X be a non-lightlike vector on M.
Then the 4-plane spanned by {X, J1 X, Jo X, JsX}, denoted by PQ(X), is called a paraquater-
nionic 4-plane. Any 2-plane in PQ(X) is called a paraquaternionic plane. A paraquaternionic
Kahler manifold is said to be a paraquaternionic space form if its paraquaternionic sectional
curvatures are equal to a constant.

We recall now the following technical results [3].

Lemma 4.1. Let (M,g,0) be a paraquaternionic Kdhler manifold and let M be a lightlike
hypersurface of M. Then we have for all o € {1,2,3}:

(Vx®a)Y = —€afwar2(X)Pat1(V) — wasr1(X)Pata (V)] + fa(Y)ANX —B(X, YY)V, (4.1)
(Vx[a)Y = —€alfatr1(Y)wat2(X) = fara(Y)war1(X)] = B(X, @aY) = fo(YV)7(X) (4.2)
(indices mod 3) for all X, Y € I'(T'M).

Let (M, g) be a lightlike hypersurface of a semi-Riemannian manifold (M,g). The null sec-
tional curvature of M at p € M with respect to &, is the real number K¢, (M) defined by:

R(Xpa &p, Xp, gp)
Q(Xpa Xp)

Ke, (M) = (4.3)

where X, is non-null vector in 7}, M.

Theorem 4.1. There are no real lightlike hypersurfaces with positively or negatively null sec-
tional curvature of paraquaternionic space forms.

Proof. Let M(c) be a paraquaternionic space form and let M be a real lightlike hypersurface
of M(c). By using (4.2) and (4.3) we obtain:

Re(D) = 315 2 Zeaf 3

If we take now X € I'(Dy) we deduce that K¢(M) = 0, which proves our assertion. O

Theorem 4.2. There are no real lightlike hypersurfaces with positively or negatively Ricci cur-
vature of paraquaternionic space forms.

Proof. Le M be a real lightlike hypersurface of a paraquaternionic space form M (c). We have:

Ric (X,Y) Z (Zi, Z)g(R(X, Z,)Y, Z;) + g(R(X, €)Y, N)+
=1

3
IR, Ua)Y. i) + 9(R(X. Vo), Uo) (4.4)

where {{Z;};,_15m—5, {Ua}to=1 a=T3} 18 a basis of S(T'M)y. By straightforward compu-
tations using (2.3), (2.4), (2 5) ( ) (4. 1) and (4.2) in (4.4) we obtain Ric (X&) = 0. O
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5 Example

We consider the paraquaternionic manifold (R$, g, {J1, J2, J3}) where the metric g and the struc-
tures Ji, Ja, J3 are given by

9((zi);—18 (Wi)i=13) Z%?JF“Z%%

Jl((x’i)i:Lg) = (_I'Q, X1, —T4,T3, —T6, L5, —IY, .’E7)
JQ((xi)i=1,8) = (_1.77 Iy, —T5,T6, —I3, T4, —T1, ‘TQ)

Js((xz')izﬁ) = (908,967@67365,374,563,362,901)

We define now a hypersurface M of (R§, g, {J1, Ja, J3}) by

f((t)iz17) = (tisto, t +t3,ta + t5, 83 + t5 + L6, t6 + t7, 17, 12)

Thus the tangent space T'M is spanned by {Wi}i:ﬁ, where

Wi = (1,0,1,0,0,0,0,0), W, =(0,1,0,0,0,0,0,1), W;=(0,0,1,0,1,0,0,0)
w, = (0,0,0,1,0,0,0,0), Ws=(0,0,0,1,1,0,0,0), Ws=(0,0,0,0,1,1,0,0)
W7 = (070707(]’0’17170)

If X = (x1, 29,23, 74,25, T6, x7,23) € TML, from conditions g(X,W;) =0 (i € {1,...,7}) we
obtain

ri=x3=x4=a5=x¢=x7=0, x20=2o8
Hence,
X =1(0,22,0,0,0,0,0,z2) = z2W>
Thus TM~+ = Sp(Wz) and M is lightlike hypersurface of Rf.
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