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Abstract
Basic notions related to the characterized fuzzy R, and characterized fuzzy 7: , -Spaces are introduced
Pl i
2 2
and studied. The metrizable characterized fuzzy spaces are classified by the characterized fuzzy RZL and
2

the characterized fuzzy T,-spaces in our sense. The induced characterized fuzzy space is characterized by the
characterized fuzzy T, and characterized fuzzy T, -space if and only if the related ordinary topological space
3 3L

2 2
is ¢"2R21 -space and (/’1,2]1 | -space, respectively. Moreover, the a-level and the initial characterized spaces are
2 2
characterized R, and characterized T, -spaces if the related characterized fuzzy space is characterized fuzzy
2— 3=
2 2
R21 and characterized fuzzy T, , respectively. The categories of all characterized fuzzy R21 and of all characterized
2 3 2

2
fuzzy T31 -spaces will be denoted by CFR-Space and CRF-Tych and they are concrete categories. These categories

2
are full subcategories of the category CF-Space of all characterized fuzzy spaces, which are topological over the
category SET of all subsets and hence all the initial and final lifts exist uniquely in CFR-Space and CRF-Tych. That
is, all the initial and final characterized fuzzy R21 spaces and all the initial and final characterized fuzzy 711 -spaces
2 2
exist in CFR-Space and in CRF-Tych. The initial and final characterized fuzzy spaces of a characterized fuzzy R ,
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and Finer Characterized Fuzzy
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-space and of a characterized fuzzy 7 -space are characterized fuzzy R, and characterized fuzzy T, -spaces,
3= 2- 3=

2
respectively. As special cases, the characterized fuzzy subspace, characterized fuzzy product space, characterized
fuzzy quotient space and characterized fuzzy sum space of a characterized fuzzy Rz, -space and of a characterized

fuzzy C , -space are also characterized fuzzy RZ, and characterized fuzzy 7, -spaces, respectively. Finally, three
an - 5L

finer characterized fuzzy R | -spaces and three finer characterized fuzzy T3 , -spaces are introduced and studied.
2— .
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2

2

Keywords: Fuzzy filter; Fuzzy topological space; Operation;

Characterized fuzzy space; Metriz-able characterized fuzzy space;

Induced characterized fuzzy space; a-Level characterized space;

¢,,¥, ,-fuzzy continuous; Initial and final characterized fuzzy spaces;

Characterized fuzzy T, -space; Characterized fuzzy T, -space; AMS
2 2

classification; Primary 54E35, 54E52; Secondary 54A4003E72

Introduction

Eklund and Gahler [1] introduced the notion of fuzzy filter
and by means of this notion the point-based approach to the fuzzy
topology related to usual points has been developed. The more general
concept for the fuzzy filter introduced by Gahler [2] and fuzzy filters
are classified by types. Because of the specific type of the L-filter
however the approach of Eklund and Gabhler [1] is related only to the
L-topologies which are stratified, that is, all constant L-sets are open.
The more specific fuzzy filters considered in the former papers are now
called homogeneous. The notion of fuzzy real numbers is introduced
by Gahler and Gahler [3], as a convex, normal, compactly supported
and upper semi-continuous fuzzy subsets of the set of all real numbers
R. The set of all fuzzy real numbers is called the fuzzy real line and will
be denoted by R, where L is complete chain.

The operation on the ordinary topological space (X,T) has been

defined by Kasahara [4] as a mapping ¢ from T into 2* such that A € A¢,
for all A € T. Abd El-Monsef et al. [5], extend Kasahara [4] operation
to the power set P (X) of the set X Kandil et al. [6] extended Kasahars’s
and Abd El-Monsef’s operations by introducing operation on the class
of all fuzzy sets endowed with an fuzzy topology T as a mapping ¢: L* >
L* such that int g < u? for all u € L%, where y? denotes the value of ¢ at
u. The notions of fuzzy filters and the operations on the class of all fuzzy
sets on X endowed with an fuzzy topology T are applied in ref. [7] to
introduce a more general theory including all the weaker and stronger
forms of the fuzzy topology. By means of these notions the notion
of ¢, -interior of the fuzzy set, ¢ ,-fuzzy convergence and ¢, ,-fuzzy
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neighborhood filters are defined. The notion of ¢, ,-interior operator
for the fuzzy sets is also defined as a mapping ¢, ,.int: L* > L* which
fulfill (I1) to (I5). Since there is a one-to-one correspondence between
the class of all ¢, ,-open fuzzy subsets of X and these operators, then the
class ¢, ,OF (X) of all ¢ ,-open fuzzy subsets of X is characterized by
these operators. Hence, the triple (X, ¢, ,.int) as will as the triple (X, ¢, ,
OF (X)) will be called the characterized fuzzy space of ¢, ,-open fuzzy
subsets. For each characterized fuzzy space (X, ¢, ,int) the mapping
which assigns to each point x of X the ¢, ,-fuzzy neighborhood filter at
x is said to be ¢, ,-fuzzy filter pre topology [7]. It can be identified itself
with the characterized fuzzy space (X, ¢, ,.int). The characterized fuzzy
spaces are characterized by many of characterizing notions, for example
by: ¢, ,-fuzzy neighborhood filters, ¢, ,-fuzzy interior of the fuzzy filters
and by the set of all ¢, ,-inner points of the fuzzy filters. Moreover, the
notions of closeness and compactness in characterized fuzzy spaces are
introduced and studied in ref. [8]. For an fuzzy topological space (X, 1),
the operations on (X, 1) and on the fuzzy topological space (I, I), where
I=[0, 1] is the closed unit interval and I is the fuzzy topology defined on
the left unit interval I, are applied to introduced and studied the notions
of characterized fuzzy R, -spaces and characterized fuzzy T3 1 -spaces

or (characterized Tychorfoff spaces) [9]. In this paper, Basic notions
related to the characterized fuzzy R, and the characterized fuzzy
2—

2
T3 1 -spaces are introduced and studied. Some of this the metrizable

characterized fuzzy spaces, initial and final characterized fuzzy spaces
and three finer characterized fuzzy R | -spaces are introduced and
Pl

classified by the characterized fuzzy Rzl2 and characterized fuzzy T3 .

2 2
-spaces. The metrizable characterized fuzzy space is introduce as a
generalization of the weaker and stronger forms of the fuzzy metric
space introduced by Gahler and Gahler [3]. For every stratified fuzzy
topological space (X, t,) generated canonically by an fuzzy metric
d on X, the metrizable characterized fuzzy space (X, ¢ ,int ) is
characterized fuzzy T,-space in sense of Abd-Allah [10] and therefore

it is characterized fuzzy R 1 and characterized fuzzy T, L-space.
2— 3—

2 2
The induced characterized fuzzy space (X, ¢, ,.int ) is characterized

fuzzy g  and characterized fuzzy T3 | -space if and only if the related
z 2

2
ordinary topological space (X, T) is ¢, , 7 -space and ¢, T‘ | -space,

2
respectively, that is, the notions of chardcterized fuzzy R | -spaces
2—
2
and characterized fuzzy T | -spaces are good extension as in sense of
5L

2

Lowen [11]. Moreover, the a-level characterized space (X, ¢, ,.int ) and
the initial characterized space (X, ¢, ,.int) are characterized R  -space

: ol

2
and characterized T, -space if the related characterized fuzzy space
3—
2
(X, ¢,,-int) is characterized fuzzy R2 | ~space and characterized fuzzy
T3 1 -space, respectively. We show that the finer characterized fuzzy
2

space of the characterized fuzzy R | -space and of the characterized

2=

2
fuzzy T | -space is also characterized fuzzy R | and characterized fuzzy

3— 2—
2 2

7; 1 -space, respectively. The categories of all characterized fuzzy R2 i
2
and of all characterized fuzzy T, -spaces will be denoted by CFR-

Space and CRF-Tych, respectlvely We show that these categories

are concrete categories and they are full subcategories of the category

CF-Space of all characterized fuzzy spaces, which are topological over
the category SET of all subsets and hence all the initial and final lifts
exist uniquely in CFR-Space and CRF-Tych, respectively. That is, all
the initial and final characterized fuzzy T3 1 -spaces and all the initial

and final characterized fuzzy T3 | -spaces are exist in the categories

CFR-Space and CRF-Tych. Moreover, we show that the initial and
final characterized fuzzy spaces of the characterized fuzzy R , -space
2=

2
and of the characterized fuzzy 7  -space are characterized fuzzy R |
3 z
2 2
and characterized fuzzy T, -spaces, respectively. As an special cases,
3—

2
the characterized fuzzy subspace, characterized fuzzy product space,
characterized fuzzy quotient space and characterized fuzzy sum space
of the characterized fuzzy R | -space and of the characterized fuzzy
2—

T
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T
3

2
-space are also characterized fuzzy R, and characterized fuzzy
2=

2
| -spaces, respectively. Finally, in section 5, we introduce and study

"2
three finer characterized fuzzy g~ and three finer characterized fuzzy
2—

2
T, -spaces as a generalization of the weaker and stronger forms of
3

the completely regular and fuzzy T -spaces introduced [1,12,13].

The relations between such new characterlzed fuzzy R -spaces and

our characterized fuzzy T -spaces are introduced. More general the
3=

. 2 .
relations between such new characterized fuzzy T, -spaces and our
3—
2
characterized fuzzy T | -spaces are also introduced. Meany special
3—

2
cases from these finer characterized fuzzy Rz' -spaces and from finer
2

characterized fuzzy T, -spaces are listed in Table 1.
3—
2
Preliminaries
We begin by recalling some facts on fuzzy sets and fuzzy filters.
Let L be a completely distributive complete lattice with different least
and last elements 0 and 1, respectively. Consider L =L\{0} and L =L\{1}.
Recall that the complete distributivity of L means that the distributive

law v (o, nar) = ( va, ) Ao . Sometimes we will assume more specially
iel iel

that L is a complete chain, that is, L is a complete lattice whose partial
ordering is a linear one. The standard example of L is the real closed
unit interval I=[0, 1]. For a set X, let L* be the set of all fuzzy subsets
of X, that is, of all mappings p: X > L. Assume that an order-reversing
involution a 7-a’ is fixed. For each fuzzy set y, let co y denote the
complement of p defined by: (co y) (x)=co p(x) for all x € X. For all
x € X and a € L. Supy means the supremum of the set of values of u.
The fuzzy sets on X will be denoted by Greek letters as y, 7, p,. . . etc.
Denote by ¢ the constant fuzzy subset of X with value a € L. The fuzzy
singleton x_is an fuzzy set in X defined by x (x)=a and x_(y)=0 for all
y # x> a € L. The class of all fuzzy singletons in X will be denoted by
S(X). For every x € S(X) and u € L*, we write x_< p if and only if & <
u(x). The fuzzy set p is said to be quasi-coincident with the fuzzy set p
and written p q p if and only if there exists x € X such that p(x)+ p(x)>1.

If u not quasi-coincident with the fuzzy set p, then we write 490 . The
fuzzy filter on X [14] is the mapping M: L* 5L such that the following
conditions are fulfilled:

(F1) M(a) < o forall « € Land M(1)=1.
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(F2) M (uAn)=M (u) A M () for all u, 5 € L~.

The fuzzy filter M is said to be homogeneous [14] if M(;) =a

for all a € L. For each x € X, the mapping x: L' — L defined
by x(u)=u(x)for all u € L¥ is a homogeneous fuzzy filter on X.
The homogenous fuzzy filter at the fuzzy set is defined by the same
way as follows, for each p € L¥, the mapping y: L* > L defined by
u(o)= O<{7\(X)O' (x) for all o € L* is also homogenous fuzzy filter on
X, called homogenous fuzzy filter at p € L*. Obviously, the relation
between homogenous fuzzy filter p* at p € L* and the homogenous
fuzzy filter x™ at x € X is given by:

um)= 0% 2.1)
for all # € L*. As shown in ref. [15], 4 < # if and only if# < 77 holds
for all y, 7 € L*. Let F, X and F, X denote to the sets of all fuzzy filters
and of all homogeneous fuzzy filters on X, respectively. If M and N are
fuzzy filters on the set X, then M is said to be finer than N, denoted
by M <N, provided M (u) = NV (u) holds for all p € L*. Noting that if
L is a complete chain then M is not finer than N, denoted by M/< N,
provided there exists g € L* such that M () < A (u) holds. As shown
in ref. [4], if M, N 'and L are three fuzzy filters on a set X, then we have:

M =L > N implies M = N and M > L = N implies M = N .

The coarsest fuzzy filter M on X is the fuzzy filter has the value 1 at
1 and 0 otherwise. Suprema and infimum of sets of fuzzy filters are
meant with respect to the finer relation. An fuzzy filter M on X is
said to be ultra [2] fuzzy filter if it does not have a properly finer fuzzy
filter. For each fuzzy filter M € F X there exists a finer ultra fuzzy
filter U € F X such that U/< M. Consider A is a non-empty set of
fuzzy filters on X, then the supremum WM exists [2] and given
by (v M)(u)= A M(u) for all u=L"but the infimum Mea

does not exists, in general. As shown in ref. [16], the infimum VoA

of A with respect to the finer relation for fuzzy filters exists if and
only if M,(u)A..AM,(1,)<sup(g4 A...A 1) holds for all finite subset

M,,..M )} of Aand Fhs-es My € L In this case the infimum is given by:
(AM)(u)= v (M () A AM (1),

MeA My A A, S
M,,.M,e

forall y € LX.

Fuzzy filter bases. A family (B ) €, of non-empty subsets of L*
is called a valued fuzzy filter base [2] if the following conditions are
fulfilled:

(V1) p € B_ implies a < sup .

(V2) Foralla, B € L, with aAB € L and all p € B and € B, there
areyzaAfando<puAnsuchthato € B,

As shown in ref. [2], each valued fuzzy filter base (B*)*€" defines
an fuzzy filter M on Xby M(u)= v

peismen® for all 4 € L*. Conversely,
each fuzzy filter M can be generated by a valued fuzzy filter base, e.g.,
by (a-pr M) €, with a-pr M:{‘uELXT’oKM(‘u)} (a-pr M)E,, is a
family of pre filters on X and it is called the large valued filter base of
M. Recall that a pre filter on X [17] is a non-empty proper subset of F
of L¥ such that (1) y, n € F, implies p An € F and (2) from p € Fand
u < n it follows € F. A subset B of L* is said to be superior fuzzy filter

base [2] if the following conditions are fulfilled:

(S1) ¢ e B for every a € L.

(S2) For all 4, 7 € B there is a fuzzy set 6 € Bsuch thato <y, o<y
and sup o=sup y A sup 1.

Each superior fuzzy filter base B generated a homogeneous fuzzy
filter M on X by M(u)= v _supn for all x€L" and each fuzzy
neBn<u

filter M can be generated by a superior fuzzy filter base, e.g., by base
M ={ueL"|M(y)=supu}=prMulueL"}, where base M will be called
the large superior fuzzy filter base of M. If X is a non-empty set and
W is an fuzzy subset of X, then B = {ura | acLliuia| acl}isa
superior fuzzy filter base of a homogeneous fuzzy filter on X, called
superior principal fuzzy filter generated by p and will be denoted by
[#]. In case L is a complete chain and p is not constant we have [u]

()=sup y, when y < and [#](n ): U(X) otherwise for all 4 € L*.

For each ordinary subset M of X we have that [m] = v, x, wherex,, is
the characteristic function of M.

Fuzzy topology

By the fuzzy topology on a set X, we mean a subset of L* which
is closed with respect to all supreme and all finite infimum and

contains the constant fuzzy sets () and | [16,18]. A set X equipped
with an fuzzy topology t on X is called an fuzzy topological space.
For each fuzzy topological space (X, 1), the elements of T are called
the open fuzzy subsets of this space. If 1, and t, are fuzzy topologies
on a set X, then T, is said to be finer than T, and T, is said to be
coarser than T, provided T, €1, holds. For each fuzzy set p € L%,
the strong a-cut and the weak a-cut of p are the ordinary subsets
S, (u) ={xeX | u(x) > atand W,(u) = {xeX | u(x) 2 a}of X
respectively. For each complete chain L, the a-level topology and the
initial topology [19] of an fuzzy topology T on the set X are defined as
follows:

= {Sa(,u)eP (X) uet yand i(T) = inf{r,

respectively, where inf is the infimum with respect to the finer relation
for topologies. On other hand if (X, T) is an ordinary topological space,
then the induced fuzzy topology on X is given by Lowen [17] as the
following:

cael},

o(T) ={uel’: S, (u)eT forall acL}.

The fuzzy topological space(X, 1) and also T are said to be stratified
provided a € 1 holds for all a € L, that is, all constant fuzzy sets are
open [19].

The fuzzy unit interval

The fuzzy unit interval will be denoted by I, an it is defined in [3]
as the fuzzy subset:

I, ={xeR", | x <17},

where I=[0, 1] is the real unit interval and R; = {xeR, | x(0) = land 0" < x}
is the set of all positive fuzzy real numbers. Note that, the binary
relation < is defined on R as follows:

X Sy X, S y,and Xy S Voo,

for all XYy € RL’ where X, = inf{zeR | x(z) > a}and x,, = sup{zeR | x(z) > a}
for all « € L. Note that the family Q which is defined by:

3= {R,|I,| e} U{R’|I,| sel} U0 |1,}

is a base for an fuzzy topology I on I, where R, and R’ are the fuzzy
subsets of R" defined by R, (x) = v x(a) and R’ = (g;x(a))' for all x
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€ R, and § € R. The restrictions of R, and R’ on I, are the fuzzy subsets
R, I and R° I, respectively. Recall that:

RJ(X)AR’V(y)
where, x+y is the
(+3)(&) =y (x(r)n

Operation on fuzzy sets

< R (x + y), (2.2)

fuzzy real number defined by

y(¢)) forall £ ER.

In the sequel, let a fuzzy topological space (X, 1) be fixed. By the
operation [6] on the set X we mean the mapping ¢: L* > L* such that
int () < p* holds for all y € L, where, y? denotes the value of ¢ at
¢ The class of all operations on X will be denoted by O %, . By the
identity operation on O %, ), we mean the operation 1% L* > L* such
that 1 % (u)=y for all u € L*. The constant operation on O(L »y is the
operatlon ¢ LX > L*defined by ¢ * (w)=1 for all p € L*. If < is a partially
order relation on 0.5, )€ defined as follows: ¢, <@, < ¢, (1) <@, (u)
for all y € L¥, then (O * @ <) is a completely distributive lattice. The
operation ¢: L* > L¥ is called

(i) Isotone if y < 1 implies gy < ¢n, for all y, n € LX.

(ii) Weakly finite intersection preerving (wfip, for short) with
respect to A< L*if nAp(u) < @ Ap) holds, for all # € A and
u€ELx

(iii) Idempotent if (u) = (p(gp(,u)), forall y € LX.

The operations ¢, y € O %, are said to be dual if y(u)=co(g (cou))
or equivalently ¢(u)=co(y (cop)) for all y € L*, where cou denotes
the complement of p. The dual operation of ¢ is denoted by ¢~. In
the classical case of L={0, 1}, by the operation on a set X we mean the
mapping ¢: P (X) > P (X) such thatint A € A¢ for all A € P (X) and the
identity operation on the class of all ordinary operations O, ,,, on X
will be denoted by i, ., and it defined by: i, ...(A)=A for all A € P (X).

P (X) P (X)

The @-open fuzzy sets

Let a fuzzy topological space (X, 1) be fixed and ¢ € O X, . The
fuzzy set p: X > L is said to be p-open fuzzy set if yu < u# holds. We will
denote the class of all @-open fuzzy sets on X by ¢ of (X). The fuzzy set
w is called ¢-closed if its complement coyt is ¢-open. The operations @,

y € O, are equivalent and written ¢ ~ y if ¢ of (X)=y of (X).

The ¢ ,-interior fuzzy sets
Let a fuzzy topological space (X, 1) be fixed and

¢y ¢, € O, Then the ¢, ,-interior of the fuzzy set j: X > Lisa
mapping ¢, ,.inty: X > L defined by:

Pratnt st = rzewloF(vX)w:'zé#n' (2.3)

That is, the ¢, ,.inty is the greatest ¢,-open fuzzy set n such that
n? less than or equal to y [19]. The fuzzy set  is said to be ¢, ,-open
if and only if p < ¢, ,.int p. The class of all ¢, ,-open fuzzy sets on X
will be denoted by (p OF (X). The complement co p of the ¢, ,-open
fuzzy subset p will be called ¢, ,-closed, the class of all ¢, closed fuzzy
subsets of X will be denoted by 9,,CF(X). In the class1ca1 case of L={0,
1}, the fuzzy topological space (X, T) is up to an identification by the
ordinary topological space (X, T) and ¢, ,.int p is the classical one.
Hence in this case the ordinary subset A O X is ¢,,openif AC ¢ ..
int A. The complement of a ¢, ,-open subset A of X w1ll be called ¢, ,-
closed. The class of all ¢, -open and the class of all ¢, ,-closed subsets
of X will be denoted by ¢, ,0(X) and ¢, ,C(X), respectlvely Clearly, F is
¢, ,-closed if and only 1f(p -l F=F.

Proposition

For each two operations ¢, ¢, € O(L*1) and for each y, n€@1, 92 €
L¥, the mapping ¢, ,.int: X > L fulfills the following axioms [7]:

() Ife,>17%then¢ .intu<p.
(i1) (plzmt is isotone, i.e if p < 1), then (plzlntp (plzmtq

(olzmtl =1

If ¢, > 1 X is isotone and ¢, is with respect to ¢ OF (X), then
@y nt(uAmn) = @, intu A @, intn.

If ¢, is isotone and
Oy dntu < (pl.z.int((pu.intﬂ)-

¢'~2'im(f\e/zﬂ") = l_\e/l(pl,zjnt/xifor all u; € ¢, ,OF (X)

idempotent  operation, then

Proposition

Let (X, 1) be a fuzzy topological space and ¢, ¢, € O %, .. Then the
following are fulfilled:

() Ifg,2 1 X, then the class ¢ ,OF (X) of all ¢, ,-open fuzzy sets
on X forms an extended fuzzy topology onX [7,21].

If ,> 1 .and (Pl,z-mﬂ = 1, then the class ¢,,0F (X) of all ¢, ,-
open fuzzy sets on X forms a supra fuzzy topology on X [21].

If ,> 1 Xisisotoneand ¢, is with respect to ¢, OF (X), then ¢ ,OF
(X) is an fuzzy pre topology on X [21].

If ¢, 2 1 X is isotone and idempotent operation and ¢, is with
respect to @ OF (X), then ¢,,0F (X) is fuzzy topology on X [16,18].

Because of Propositions 2.1 and 2.2, if the fuzzy topological
space(X, 1) be fixed and

9, 9, 0 X, . Then the relation between the class ¢, ,OF (X) of all
@, ,-open fuzzy sets on X and the mapping ¢, ,.int is given by:

¢, ,OF (X) < @, dntu '} (2.4)

and the following axioms are fulfilled:

={uel|u

(I1) If 9, 2 1 %, then ¢ ,.inty < p holds, for all u € L*.

(I12)Ifp <7, then ¢ ,intp < ¢, intn forall y, 7 € L*.
(I13) @qint 1 = 1

(14) If @, 2 1,1 is isotone and ¢, is with respect to ¢,OF (X), then
¢, ANt AA @ ,intn=¢ ,int (WA ) forally,n€Lxs

(I5) If @, is isotone and idempotent, then ¢, ,int (¢, ,.intp)=¢ .
intp for all p € LX.

Characterized Fuzzy Spaces

Independently on the fuzzy topologies, the notion of ¢, ,-interior
operator for the fuzzy sets can be defined as a mapping ¢, ,.int: L* >
L* which fulfill (I1) to (I5). It is well-known that (2.3) and (2.4) give
a one-to-one correspondence between the class of all ¢, ,-open fuzzy
sets and these operators, that is, ¢, ,OF (X) can be characterized by the
¢, ,-interior operators. In this case the triple (X, ¢, ,.int) as well as the
trlple (X, ¢,,0F (X)) will be called characterized fuzzy space [7] of the
9, ,-open fuzzy subsets of X. The characterized fuzzy space (X, ¢, ,.int)
is said to be stratified if and only if @,,inte = afor all a € L. As
shown in ref. [7], the characterized fuzzy space (X, 9, ,int) is stratified
if the related fuzzy topology is stratified. Moreover, the characterized
fuzzy space (X, ¢, ,-int) is said to have the weak infimum property [21],
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provided ¢, ,int(una) = @, .intu A,y intafor all peL¥and a L. The
characterized fuzzy space (X, ¢, ,.int) is said to be strongly stratified
[21], provided ¢, ,.int is stratified and have the weak infimum property.
If (X, ¢, ,int) and (X, ¥, ,.int) are two characterized fuzzy spaces, then
(X, ¢,,-int) is said to be finer than (X, y ,.int) and denoted by ¢ ,.
int < \|J Ant, provided ¢, ,.intp > y, .inty holds for all p € LX. If T is
a fuzzy ’topology on the s‘et X and (Pp 9, € O X, then by the initial
characterized space of (X, t) we mean the characterized spaces (X,
(9,,0(X)),) and (X, i(¢, ,0(X))), respectively where (¢ ,0(X)), and
i(q)uO(X)) are defined as follows:

(£1,0(X)),= {S, neP (X) | uep,0F (X) }and i(p,0(X)) =i(p,0F (X)), |ael,}

Sometimes we denoted to the a-level characterized space and the
initial characterized space of (X, 1) by (X , (pl,Z'int(x) and (X , ¢1_z-int,),
respectively. If T is an ordinary topology on a set X and
P> P2 € Opxy1)s then by the induced characterized fuzzy space on
X we mean the characterized fuzzy space (X . o(p,0F (X ))) which is
defined by:

a)(golyzOF(X)) = {uel"| S,uep,0(X) foralla e L}.

Sometimes we denoted to the induced characterized fuzzy space for
the ordinary topological space (X, T) by (X , gou.intw).

If ¢, = int,and @, = 1, X, then the class (¢,,0F (X))ofall ¢, -
open fuzzy of X coincide with t which is defined in [22,23] and hence

the characterized fuzzy space (X , (ol’z.int) coincide with the fuzzy
topological space (X, 1).

¢, ,-fuzzy neighborhood filters

An important notion in the characterized fuzzy space (X, ¢, ,.int)
is that of the ¢, ,-fuzzy neighborhood filter at the points and at the
ordinary subsets of this space. Let (X, 1) be a fuzzy topological space
and ¢, 9, €0, - As follows by (I1) to (I5) for each x € X, the

mapping N, ,(x): L* — L which is defined by:

N, (x) (1) = ( @y, dnt ,u)(x) (2.5)
for all u € L*, is a fuzzy filter on X, called ¢, ,-fuzzy neighborhood filter
at x [7]. If the related ¢, ,-interior operator fulfill the axioms (I1) and
(12) only, then the mapping N,,,(x) : L* — L, defined by (2.5) is
fuzzy stack [21], called ¢, ,-fuzzy neighborhood stack at x. Moreover, if
the @, ,-interior operator fulﬁll the axioms (I1), (I2) and (I4) such that in
(14) 1nstead ofn € L* we take a”, then the mapping N,, ( ) ¥ > L

, defined by (2.5) is a fuzzy stack with the cutting property, called ¢, ,-
fuzzy neighborhood stack with the cutting property at x. The ¢, -fuzzy
neighborhood filters fulfill the following conditions:

(N1) x" < N,,,(x) holds for all xe X

(NZ) o1, 2( )(:“) <
N, (D)= N,y (0)(W) = N,y 5 (¥)(w), forall x€ X and ue L.
N(pl,z(y)(lu)

characterized fuzzy space (X, @, ,.int) is characterized as the fuzzy filter
pre topology [7], that is, as a mapping N,,,: X — F, X such that (N1)
to (N3) are fulfilled.

Nm,z(x)(n) holds for all u, ne L*and u < 1.

Clearly yH is the fuzzy set ¢ ,.intu. The

¢,,V, ,-Fuzzy continuity

Let now the fuzzy topological spaces (X, t,) and (Y, 1) are fixed, ¢,,
9,€0,X,,and y,, y, €O Y, ,. The mapping f: (X, ¢, ,int) >(Y, y, ,.
int) is said to be (plyzxpllz—fuzzy continuous if

(1//,.2.int 77) ou < @ yint (nou) (2.6)
holds for all n € LY [7]. If an order reversing involution” of L is
given, we have that f is a ¢,y ,-fuzzy continuous if and only if
pacl (nou) < (wy,.cl 7)ou holds for all # € L'. Here ¢, ,.cl and y, ,.
cl, mean the closure operators related to ¢, ,.intand y, ,.int, respectlvely
which are defined by ¢, ,.cl p=co (¢, ,.int cop) for all g € LX. Obviously if
fis ¢, , v, ,-fuzzy contlnuous then the inverse f*: (Y, y, ,.int) > (X, ?,
int) 1514!1z(plz-fuzzycontlnuous,thatls (%zmth)w <y, ,dnt (h I 5
holds for all h €L*

By means of characterizing ¢, ,-fuzzy neighborhoods
N, (x) of @,int and N, (x) of ,,.int, the ¢ v -fuzzy continuity
of f can also be characterized. The mapping f: (X, ¢, ,.int) > (Y, ¥, ,.int)
is ¢, ¥, ,-fuzzy continuous 1fN 12 (((x)) = F (N 012 , (x)) holds for all x
€ X. Obviously, in case of L={ 0, 1}, ¢,=y,=int, ¢,=1 X and y,=1,Y
the ¢, , ¥, ,-fuzzy continuity coincides with the usual fuzzy continuity.

Initial characterized fuzzy spaces

In the following let X be a set, let I be a class and for each i € I, let
(X, 8, ,int) be a characterized fuzzy space of §,,-open fuzzy subsets
of X and f: X > X, is the mapping from X into X,. By the initial ¢, ,-
fuzzy interior operator of (8, ,.int).€ with respect to (f),€, we mean
the coarsest ¢, ,-fuzzy 1nter10r operator ¢, ,int on X for which all
mappings f: (X, ¢,,.int) > (X, §, ,.int) are ¢, 0, -fuzzy continuous.
The triple (X ¢, ,int) is said to be initial characterized fuzzy space [7]
of ((X, 61,2'inti))iel with respect to (f),_. The initial (plyz—fuzzy interior
operator @, ,.int: L > L* of (§, ,.int),_, with respect to (f),, always exists
and is given by:

(51A,2~imn“f ) ° f; 2.7)
forallp € LX. Foreachi €1, let N(';“ : X, > F, X, is the representation

of § ,int, as an fuzzy filter pre topology. Then because of (2.5) and
(2.7), the mapping N, .- X > F, X which is defined by:

Nm.z(x)('u) PR N‘;i'ﬂ(f"(x))('ui)

wiofisu s iel

@pint g =

4
W fisp ,iel

for all x € X and p € L% is the representation of the initial ¢, -fuzzy
interior operator of (v, int), with respect to (f),., as the fuzzy filter

pre topology.
Characterized Fuzzy Subspaces

Let A be a subset of a characterized fuzzy space (X, ¢, ,.int) and i:
A,>Xis the inclusion mapping of A into X. Then the mapping ¢, ,.int
LA > L* defined by:

@y pdntyn = Mvéﬂ(cl’l,zj”l lu) oi

foralln € L*isinitial ¢ ,-fuzzy interior operator for ¢, ,.int with respect
to the inclusion mapping i: A,> X. ¢,,.int, will be called induced ¢ ,-
interior operator of ¢, ,.int on the subset A of X. The triple (A, ¢, ,int,)
is said to be characterized fuzzy subspace of (X, ¢, ,.int) [7].

Characterized Fuzzy Product Spaces

Assume that (Xi, 61’2.inti) is a characterized fuzzy space for eachil,
where I is any class. Let X be the cartesian product 7.X; of the family
(X),; and m: X > X, the related projections. The i€l, mapping ¢, ,.int:
L* > LX, defined by:

Qpintu = v

Hiom<u , i€l

(§I,Z‘intilui) °T;

for all u € L, will be called ¢, ,-fuzzy product of the § ,L-interior
operators § ,.int,. The triple (X, ¢, ,.int) is said to be characterized fuzzy
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product space [7] of the characterized fuzzy spaces (X, §, ,.int). The
¢, ,-int will be denoted by 7 6124t and it is initial ¢, ,-fuzzy interior
operator of (8, ,.int)., with respect to the family (m,),, of projections.
The characterized fuzzy product space (X, ¢, ,.int) also will be denoted
by iZ(Xi’gl,l'inti)

Final characterized fuzzy spaces

It is well-known (cf. e.g., [11,24]) that in the topological category
all final lifts uniquely exist and hence also all final structures exist. They
are dually defined. In case of the category CF-Space of all characterized
fuzzy spaces the final structures can easily be given, as is shown in the
following:

Let I'be a class and for each i € I, let (X, §, ,.int) be an characterized
fuzzy space and f: X, > X is the mapping of X into a set X. The final O
fuzzy interior operator of (8, ,int),, with respect to (f),, is the ﬁnest
9, ,int on X for which all méppings f: (X, 8Lz.inti) > (X ¢, ,int) are
51,2(P1,2'fUZZY continuous [7]. Hence, the triple (X, ¢, int) is the final
characterized fuzzy space of ((X, 81’2.inti))isl with respect to (f),.. The
final ¢ ,L-interior operator ¢, ,int: L*> L¥ of (6, ,.int),_ with respect to
(£)es exists and is given by

(Quaint w)(x) = A
forallx € Xand p € LX.

Oy pint (po f)(x;,) A p(x)

Characterized Fuzzy Quotient Spaces

Let (X, ¢,,int) be a characterized fuzzy space and f: X>A is an
surjective mapping. Then the mapping ¢, ,.int;: L* > L*, defined by:
((/71,2~int ﬂ)(a) = E/}{ @y int(uo f)(x)
forall a € A and p € L*, is final ¢, ,-fuzzy interior operator of ¢, ,.int
with respect to f which is not idempotent. Then the ¢, int, will be
called quotient ¢, ,-fuzzy interior operator and the triple (4, (pL2 int) is
said to be characterized fuzzy quotient space [7].

Note that in this case ¢, ,.int is idempotent, ¢, ,.int. need not be.
Even in the classical case of L={0, 1}, ¢,=int and ¢,=1 X we have the
following: If ¢ ,.int is up to an identification the usual topology, then
¢, ,-int, is a pre topology which need not be idempotent. An example is
given [25] (p. 234).

Characterized Fuzzy Sum Spaces

Assume that (X, 4, ,.int) is a characterized fuzzy space for each i
€, where [ is any class. Let X be the disjoint union (X x {i}) of the

family (X)), and for eachi € I, let ¢, ,.int: L* > L%, deﬁned by:e; X, > X
be the canomcal injection from X, 1nt0 X given by e(x,)=(x, 1). Then the
mapping ¢, ,.int: L¥ > L%, defined by:

((pl.z.int ,u)(a, i) = 1,z.int‘.(,uoe‘i)(a)
foralli €I, of a € X and p € L% is said to be final ¢ ,-fuzzy interior

operator with respect to (e) .o

(8, ,int),., ¢, ,.int will be called sum ¢, ,-fuzzy interior operator will
be denoted by 8 int. The pair (X, ¢, . 1nt) is said to be characterized
fuzzy sum space [7] and it will be denoted also by Z(X 1>0y 5-Int,).

iel

Characterized Fuzzy T, And Fuzzy ® ,T -Spaces

121

The notions of characterized fuzzy T, and of characterized
fuzzy R -spaces are investigated and studied [9,10,26,27] for all

1

se{0, 1, 2, 25, 3, 3%, 4y and ke{0, 1, 2, 2%} . These characterized

spaces depend only on the usual points and the operation defined on
the class of all fuzzy subsets of X endowed with an fuzzy topology T.
Let the fuzzy topological space(X, 1) be fixed and ¢, ¢, € O X, then
the characterized fuzzy space all fuzzy subsets of X endowed with an
fuzzy topology t. Let the fuzzy topological space (X, T) be fixed and
9, 9, € O, %, then the characterized fuzzy space all fuzzy subsets of X
endowed with an fuzzy topology t. Let the fuzzy topological space (X,
T) be fixed and ¢, ¢, € O X, then the characterized fuzzy space (X,
@, ,int) is said to be characterized fuzzy T -space if for all x, y € X such
that (X, ¢ ,.int) is said to be characterized fuzzy T -space if for all x,y €
X such that X # ) there exist /4, n € LX and «, € LO such that p(x) <
as< ((p1 ,inty)(y) and (y) < B < (9, ,.int)(x) are hold. The related fuzzy
topological space(X, T) is said to be tuzzy ¢, ,-T, if for all x, y € X such
that X # ), wehavex/<Ng ,(y) andy /< N(plz( X).

Proposition

Let (X, T) be an ordinary topological space and 91, 92 € € O,
such that ¢, 27, , is isotone and idempotent. Then (X, T) is ¢ ,T-space
if and only if the induced characterized fuzzy space (X, ¢, ,.intw) is
characterized fuzzy T, [27].

Proposition

Let (X, 7) be an fuzzy ¢, -T, space and ¢, ¢, € O X, such that ¢,
is isotone and idempotent. Then the a-level characterized space (X, ¢, ,.
int ) and the initial characterized space (X, (pm‘inti) are T -spaces [27].

Proposition

Let X be a set, let I be a class and for each i € I, let the characterized
fuzzy space (X, §,,.int) is characterized fuzzy T, and f: X > X be
an injective mapping for some i € I. Then the initial characterized
fuzzy space (X, ¢, ,int) of ((X,, 8, ,int)),, with respect to (f), is also
characterized fuzzy T -space [10].

i€l

Proposition

Let X be a set, let I be a class and for each i € I, let the characterized
fuzzy space (X, 6, ,.int) is characterized fuzzy T, and f;: X, > X be an
surjective mapping for some i € I. Then the final characterized fuzzy
space (X, (pu.int) of (X, 61,z~im;));a with respect to (f),, (X, ¢, ,int) is
characterized fuzzy T -space [27].

i€l

Proposition

Let the characterized fuzzy space (X, ¢1,2.int) is characterized
fuzzy T1 and 81,2.int is finer than ¢1,2.int. Then the characterized
fuzzy space (X, 61,2.int) is also fuzzy T1 [27].

Characterized Fuzzy R and Characterized Fuzzy R, -
Spaces

Leta fuzzy topological space(X, 7) be fixedand ¢, ¢, € O X, . Then
the characterized fuzzy space (X, q)m.int) is said to be characterized
fuzzy R | [9] (resp. fuzzy R -space [10] if for all x € X, F € ¢ ,C(X)

2— 5

2
such that X/ F (resp. F , F, € ¢, ,C(X) such that F| N F =), there exists

an (plyzlyl’z-fuzzy continuous mapping f :(X , q)l_z.int)—)(lu Wy, dnty)

such that
n = {&/\Rd‘ .1 0>0and aeL}u{a:aeL},

F, K E(Dl,zC(X)Flm F,=0.

for all y € F (resp. the infimum) N LE)AN,

o1 (F,) does not exist).

Proposition 2.8 [9] Let (X, 1) be a fuzzy topological space, ¢, 9, €
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O« and Q is a subbase for the characterized fuzzy space (X, ¢, ,.int)).

X
Then, (X, ¢, ,.int) is characterized fuzzy R, 1,-space if and only if for all

F € ) and x € X such that x €/F, there exists a ¢ ,y, ,-fuzzy continuous
mapping f :(X, ¢,int)—>(I,, y,,int;) fuzzy T and characterized
3—

_ - 7
fuzzy T,-spaces such that f(x) = land f(y) =0 forally € F.

Characterized

Let a fuzzy topological space(X, 7) be fixedand ¢, 9, € O %, . Then
the characterized fuzzy space (X, ¢, ,.int) is said to be characterized
fuzzy RZl or characterized Tychonoft fuzzy space [9] (resp. fuzzy

T,-space 2[10] if and only if it is characterized fuzzy Rzl (resp.
characterized fuzzy R,) and characterized fuzzy T, -space. The Telated

fuzzy topological space(X, 1) is said to be fuzzy ¢ ,- T, (resp. fuzzy
2L

2
¢,,-T) ifand only if it is fuzzy ¢, ,- R 1 (resp. fuzzy ¢, ,-R,) and fuzzy

¢,,”T, space. &
Proposition

Every characterized fuzzy T, -space is characterized fuzzy T
-space [9]. i
Metrizable  Characterized Fuzzy Spaces and

Characterized 7, -Spaces

2
By the fuzzy metric on the set X [6], we mean that the mapping d: X
x X:> R* such that the following conditions are fulfilled:

(1) d(x,y)=0" if and only if x=y.
(2) d(x,y)=d
(3) d(x,y) <d(x, z)+ d(z, y) holds for all x, y, z € X.

(y,x) forallx,y € X.

Where 0~ denotes the fuzzy number which has value 1 at 0 and 0
otherwise. The set X equipped with an fuzzy metric on X will be called
fuzzy metric space. Each fuzzy metric on a set X generated canonically
a stratified fuzzy topology t, which has the set B={§ °d : E € pandx €
X} as a base, where d : X > R*| is the mapping defied by: d (y)=d(x, y)
and

= {;/\R5| .1 0>0and aeL}u{;:aeL},
RL
Where o has the domain is R;

and R§| . is the restriction

RL
of R% on R; . Now, consider ¢ @, € O(LX,T o then as shown in ref.
[20], the characterized fuzzy space (X, ¢, ,int ) is stratified. The
stratified characterized fuzzy space (X, ¢, ,.int ) is said to be metrizable
characterized fuzzy space.

In the following proposition we shall prove that every metrizable
characterized fuzzy space is characterized fuzzy T ,-space in sense of
Abd-Allah [10].

Proposition

Let (X, 1,) be an stratified fuzzy topological space generated
canonically by an fuzzy metric d on X and ¢, ¢, € O X, , then the
metrizable characterized fuzzy space (X, ¢, ,.int ) is characterized
fuzzy T ,-space.

Proof: Let F, F, €, ,C(X) such that F,n F,=¢. Then for all

x € F and y € F2, we get d(x, y) # 0 ~, that is, there exists §>0 such
that d(x, y)(28)>0 and therefore

R* \R_ (d(x, y)) :( v d(x,y)(a))l <1,

L a>28

holds. Consider u=R’ |R‘ od, and =R’ |R~ od,, then

/‘(x) =R o (dr (x)) =R |RL* 07) =( ZJ(ON)(a)j =1forall

xeFandn(m)=R" |y (d,(v)) =Ry (0)=( v (0 (a))-
for all yeF,. Hence, p and n are @l,2-fuzzy neighborhoods
in (X, (p1,2.intTd) at all x € F1 and all y € F2, respectively,
\ N DA A N, ()07 =1 Because  of

the symmetry and trlangle 1nequa11ty of d and (2.2), we get
R le, (d(x’ Z))/\Ré \R ( (J’, )) < R¥ lr. (d(x, )/)) <1 and therefore

this means

(urm(z) (R" le, od ](Z)/\(Rd le. v](z) < 1 holds for all z € X,

that is, sup (u A n)<L. Hence, the mﬁmum Ne¢1,2 (F1) A Nel,2 (F2) does
exists and therefore (X, ¢, int ) is characterized fuzzy R,-space. Because
of Theorem 3.1 [27], it is clear that (X, @ -nt ) is characterized fuzzy T -
space. Consequently, (X, ¢, .int ) is characterized fuzzy T ,-space.

Example 3.1

From Propositions 2.9 and 3.1, we get that the metrizable fuzzy
space in sense of Gahler and Gahler [3] is an e)iample ?f a metrizable
characterized fuzzy T ,-space andthq0jslal3p Exam};lée§ a metrizable
characterized fuzzy T, -space for

Characterized R and characterized T , -spaces

In the followmg we introduce and study the concepts of
characterized R , -space and of characterized T, N spaces in the
2

classical case. Let (X T) be an ordinary topological space and ¢, ¢,
€ O, (X))T) Then the characterized space (X, ¢,,.int)) is said to be
characterized R , -space if for all x € X, F € ¢,,C(X) such that x/F,
there exists an (plz\y12 continuous mapping f: (X, ¢ ,int)) > (I, y,,.
int ) such that f(x)=1 and f(y)=0 for all y € F, where ¥, ,-int; is the usual
V, ,-interior operator on the closed unit interval Iand y, ¥, € O, ) 1,)-
Moreover, the ordinary characterized space (X, q)u.intT) is said to be
characterized T, -space or classical characterized-Tychonoff space if
3—

and only if it is characterized T,-space and characterized R , -space.
2L
2
Proposition

Let (X, T) be an ordinary topological space and ¢, ¢, € O, )

such that ¢, > i, is isotone and idempotent. Then, (X, ¢, ,.int,) is
characterized R | -space if and only if the induced characterized fuzzy
27

space (X, @, ,.int ) is characterized fuzzy R2 1 -space.
2

Proof: Let (X, q)m.intT) is  characterized R2 1 -space,
xe X and Fe(w((pl_zo()()))' such that x /F. Then, there exists
(X. gpint;) (1. 8,,int;)) such  that
g(x)=land g(y)=0forall ye S§,S = F and for all @ €L, where

015 6, € Oy, - Hence, the mapping g: (X, g, ,int,) — (1, 5,,int,,) i

9,0, ,-continuous mapping g:

9,,8, ,-fuzzy continuous. Consider h: (1, 51,2'inlzu(T,)) = (I, y,,inty)
is the map-ping defied by /(z) = zfor all z € I, then h is AT
fuzzy continuous and there-fore there exists an ¢y, -fuzzy

continuous mapping /= hog:(X, @,int,) >, y,,int;) such
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that f(x) = land f(y)=0 for all y €F. Consequently, (X, ¢, .int ) is

characterized fuzzy RZ, -space.
2

Conversely, let (X, (plyz.intw) is characterized fuzzy R2 1 -space,
2

X& Yp
Xr € (pl,ZC(X)

there exists

x € X and F € q)mC(X) such that x ¢ F. Then,

and ;(Fe(a)((pLzO(X)))‘. Therefore, an ¢y, -

fuzzy  continuous  mapping fI(X, ¢|_z-int,‘;)_>(1L! Wz inty)
such that f(x) = 1 and f(») =0 for all yey, Since
@aint; = ((ﬂl,zimu)n andy,,inty =y, ,int;, then there could be

found the mapping /o =(X, pyint), %(1’ Viadnt;)  which s
V.V, -continuous with Jo(x)=land f,(y)=0forally e F = {ence,
( X, (/)szntr) is characterized R , -space.
2
Corollary 3.1

Let (X, T) be an ordinary topological space and ¢, ¢, € O, )
such that ¢, > i, is isotone and idempotent. Then, (X, ¢, ,.int ) is

characterized T | -space if and only if the induced characterized fuzzy
3,
2
space (X, @, ,.int ) is characterized fuzzy T | -space.
21 N
2

Proof: Immediate from Propositions 2.3 and 3.2.

Proposition 3.2 and Corollary 3.1, show that the notions of

characterized fuzzy R | and characterized fuzzy T , -spaces are good
2— 3

2 2
extension as in sense of Lowen [11].

In the following proposition for each fuzzy topological space (X,
1), we show that the a-level characterized space (X, q)u.inta) and the

initial characterized space (X, @, ,.int,) are characterized RZ 1 -spaces if
2

the characterized fuzzy space (X, ¢, ,.int ) is characterized fuzzy R2 1

Proposition 3.3

Let (X, 1) be a fuzzy topological space and ¢,, ¢, € O %, such
that @, > 1 * is isotone and idempotent. Then the a-level characterlzed
space (X, (p1 ,»int)) and the initial characterized space (X, ¢, ,.int) are

characterized R |1 -spaces if (X, 9, int ) is characterized fuzzy R
-space, there ex1sts

Proof: Consider (X, ¢, ,.int) is characterized fuzzy R , -space,
. 51
2

x € X and F‘E(((ﬂl,zO(X))a)v such that x¢ F. Then X & ¥,.and
Zr €O 2C( X ) Because of (X, ¢,,.int) is characterized fuzzy R .
. , Sl

2
Space,-space, there exists an ¢, ,y, ,-fuzzy continuous mapping f: (X,
¢, ,-int) > (I, ¥, ,.int)) and f(y)=0 such that f(x)=1 and f(»)=0 for
all yeX,. Since @ ,.in t= ¢, ,.int and y, ,int=y .int, then there
could be found the mapping f: (X @, ,-int) > (I V,int ) which is
¢, ,V, ,-continuous with f (x)=1 “and f (y)=0forally €F. Consequently,
(X, @,,-int) is characterized R 1 space. The second case is similarly,

that is, if (X, q)l)z.lntT) is characterlzed fuzzy R2 i
2

-space.
Corollary 3.2
Let (X, 1) be a fuzzy topological space and ¢,, ¢, € O X, such

that @, > 1, X is isotone and idempotent. Then the a-level characterized
space (X, @, ,.int ) and the initial characterized space (X, ¢, ,.int) are
characterized T3 1 -spaces if the characterized fuzzy space (X, ¢, ,int,)
2
is characterized fuzzy T | .
3—
2

Proof: Immediate from Propositions 2.4 and 3.3.

In the following it will be shown that the finer characterized fuzzy
space of a characterized fuzzy RZ 1 -space and of a characterized fuzzy

T

2
1 -space is also characterized completely fuzzy Rzl -space and

2
characterized fuzzy T, -space, respectively.
37

Proposition

Let (X, 1) is a fuzzy topological space and ¢,, ,€ O(L*, 7). If the
characterized fuzzy space (X, ¢,,.int ) is characterized fuzzy R21 and

2
61,2.intt is finer than ¢, ,int, then (X, Gl,z.intt) is also characterized
fuzzy and § ,.int. R | -space.

, S

2
Proof: Let QO is a sub base for the characterized fuzzy space
X, ¢,,int), x € X and F € Q) such that x ¢ F. Such that x ¢F
Then, there is Vi ..V EQ such that x € (V1 n.. . ﬂVn) C F and
therefore x ¢V, , V, € O foralli € {1,.. ., n}. Because of Proposition
2.8, there exists a ¢,y ,-fuzzy continuous mappings f: (X, ¢, ,.int)

> (I, v, ,int) such that f;(x) =1 and f,(¥)' = 0 is also fulfilled
for all ye (¥, u...uV,).In particular this means that f;(x) =1and

fi(y) = 0 forally € Fand i€ {1,.. ., n}. Since 8, ,int_is finer than
¢, ,-int,, then any one of these mappings f: X > I, gives us the required
8, ,y, ,-fuzzy continuous mappings g: (X, §,,.int) > (I, ¥, ,.int)) such

that g(x) =1 and g(y) =0 and fi(y):O forally € Fandi€ {1,...,

n}. Since § ,.int_is finer than ¢, ,.int, then any one of these mappings
f: X > I, gives us the required § ,y, ,-fuzzy for all y € F. Consequently,

X, 61’2.int1) is characterized fuzzy R2 | Space.

2
Corollary 3.3 Let (X, 1) be a fuzzy topological space and ¢,, ¢, €

O X, If (X, ¢, ,int) is characterized fuzzy T3 | -space and §, ,.int is

finer than ¢, ,int, then (X, §, ,int) is also characterized fuzzy T,
-space. 2

Proof: Immediate from Propositions 2.7 and 3.4.

Initial and Final Characterized Fuzzy R, and Fuzzy T,
,-Spaces : :

In this section we are going to introduce and study the notion
of initial and final characterized fuzzy R | -spaces and the notions
Pl

of initial and final characterized fuzzy T, -spaces. The characterized
3—
2
fuzzy subspace, characterized fuzzy product space, characterized fuzzy
quotient space and characterized fuzzy sum space are studied as special
case from the initial and final characterized fuzzy R2| and fuzzy T,
1 51
2 2
-spaces. New additional properties for the initial and final characterized
fuzzy R , -spaces and for the initial and final characterized fuzzy T ,
2= 3=
2 2
-spaces are given. The categories of all characterized fuzzy R | and
2=

of all characterized fuzzy Rzl-spaces will be denoted by CFR-Space
2
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and CRF-Tych, respectively. Note that the categories CFR-Space and
CREF-Tych are concrete categories. The concrete categories CFR-Space
and CRF-Tych are full subcategories of the category CF-Space of all
characterized fuzzy spaces, which are topological over the category SET
of all subsets. Hence, all the initial and final lifts exist uniquely in the
categories CFR-Space and CRF-Tych, respectively.

This means that they also topological over the category SET. That
is, all the initial and final characterized fuzzy R —spaces and all the

initial and final characterized fuzzy T -spaces ex1st in CFR-Space and
CRF-Tych, respectively. i

In the following let X be a set, let I be a class and for each i € I, let
the characterized fuzzy space (X, 61,2.inti) of all 6lyz—open fuzzy subsets
of X, is characterized fuzzy Rz‘ -space. For some i € [, let f; X > X,
2
is ¢ ,0, ,-closed injective mapping from X into X. Then we show in
the following that the initial characterized fuzzy space (X,¢,,.int) of
(X, 61Y2.inti))iEI with respect to (f),, is also characterized fuzzy g 1

-space. More general, we show under the same conditions, that the
initial characterized fuzzy space (X, ¢, ,.int) of ((X, §, ,int)),, with

i€l
respect to (f),, is characterized fuzzy 7 -space if all the characterized
3=

i€l
2
fuzzy spaces (Xi, 51 2.inti) are characterized fuzzy T, -spaces for all i
, N

2
€ I. Moreover, as special cases we show that the characterized fuzzy
subspace, characterized fuzzy product space and characterized
fuzzy filter pre topology of a characterized fuzzy R2 | ~space and of a

2
characterized fuzzy T | -space are characterized fuzzy R  -spacesand
3- —

2
characterized fuzzy T , -Spaces, respectively.
3—
2
Proposition
Let X be a set and I be a class. For each i € I, let the characterized
fuzzy space (X, 0, ,.int) ofall §, ,-open fuzzy subsets of X, is characterized

fuzzy R | -space.Iff: X X isan ¢, 68, ,-closed injective mapping from
ol 29,

2
X into X, for some i € I, then the initial characterized fuzzy space (X,
q)u.int) of ((X, 61,2'inti))iEI with respect to (f),, is also characterized
fuzzy R | -space.

2=

Proof: Let x € X and F € ¢ ,C(X) such that x F. Since f; X > X,
is (plyzﬁlyz-closed injective for some i € I, then f(F) € § C( ) and

f(x)&f(F). Because of (X, 8, -int) is characterized fuzzy R |
all i € I, then there n

-space for

exists an 81y21//1,2—fuzzy contir}uous mapping g: ()Ei, Slyz.inti) > U,
v,,-int) such that g(ﬁ(x)) =1 and g(fi(x)) =0 for all y € F.
Therefor the composition h=g fi: (X, ¢ ,.int) > (I, y, ,int) is ¢ ,¥, ,-
fuzzy continuous mapping such that (x) = (g o fi)(x)) =1and
h(y) = (g = fA)(») =0 for all y F. Consequently, (X, ¢,,int) is
characterized fuzzy g  -space.

2=
2

Corollary 4.1 Let X be a set and I be a class. For each i € I, let the

characterized fuzzy space (X, Slyz.inti) ofall & ,-open fuzzy subsets of X,

is characterized fuzzy T | -space.Iff: X > X isan ¢, ,6, ,-closed injective
N 29,
2

mapping from X into X, for some i € I, then the initial characterized

fuzzy space (X, ¢1’2.int) (X, 51’2.int[)) is also
characterized fuzzy T3 | -Space.

2

., of with respect to (f),,
Proof: Immediate from Propositions 2.5 and 4.1.
Corollary 4.2

The characterized fuzzy subspace (4, ¢, ,.int,) and the characterized
fuzzy product space [](X,, y,,.int;) of a characterized fuzzyR ,
iel ’ 2=

2

-space (resp. characterized fuzzy7 | -space) are also characterized
3—
2

fuzzy R2 1 -space (resp. characterized T3 % -space)
2

Proof: Follows immediately from Proposition 4.1 and Corollary 4.1. 2

As shown in ref. [7], the characterized fuzzy space (X, ¢,,-int) is
characterized as a fuzzy filter pre topology, then we have the following
result:

Corollary 4.3

For each i € I, let Nj X,— F,X,is §,,int, as the fuzzy filter pre

topology is characterized fuzzy R, fuzzy T,
2
of the initial ¢ ,-interior operator N, X— F,X of the initial

characterized fuzzy space (X, ¢1,2.int) of (X, §,,int)),., with respect to
(f),; as a fuzzy filter pre topology which is defined by:

N, Nia (£(x))(w)

wa (k) = v
for all x € X and pu € L* is also characterized fuzzy R2|
2

). Then, the representation

wofisuiel

(resp.
characterized fuzzy T . ).
31
2
Now, if we consider the case of I being a singleton, then we have the
following results as special cases from Proposition 4.1 and Corollary 4.1.

Proposition

Let (X, 7) and (Y, 7,) are two fuzzy topological spaces,
6, 6,€0,, ., and 6, 6,0, . If the mapping f: X > Y is an

¢,,0, ,-closed injective from X into Y and (Y, §,,.int) is characterized

fuzzy g =~ terized fuzzy T ) L-space, then the initial characterized
2— 3~

2 2
fuzzy space (X(Y, 8, ,.int) with respect to fis also characterized fuzzy
R21 (resp. fuzzyTl ) L-space.
1 51
2 2

Proof: Straight forward.
Corollary 4.4

Let (Y, 7,) be an fuzzy topological spaces and §, §, £ X > Y is an
¢,,0,,-closed injective mapping from X into Y fuzzy § , T31 -space),

then the initial fuzzy topological space (X, f'(7,)) of (Y,ZTZ) with

respect to f is fuzzy ¢ , R , — space (resp. fuzzy ¢ , T, -space) for all
. 24

o, (ozeO(L\../,,‘(Tz)) . 2 2

Proof: Follows immediately from Proposition 4.2. 2

In the following let X be a set and I be a class. For each i€ I, let
the characterized fuzzy space (X, 61,2.inti) of alléu—open fuzzy subsets
of X, is characterized fuzzy R | -space. For some i € [, let f: X, > X

2—
2
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is surjective mapping from X; into X and f' is ¢,,0, -closed in the
classical sense. Then as in case of the initial characterized fuzzy spaces,
we show in the following that the final characterized fuzzy space (X,
(pl)z.int) of (X, 81’2.int‘.))l.el with respect to(f),_, is also characterized
fuzzy R21 -space. More general, we show under the same conditions

2
that, the final characterized fuzzy space (X, ¢,,-int) of (X, Sl’z.inti))

., with respect to (f) space if each of

. is characterized fuzzy T3 '

2
the characterized fuzzy spaces (X, §,,.int) is characterized fuzzy

T3 1 -spaces for all i € I. Moreover, as special cases we show that the

characterized fuzzy quotient space and the characterized fuzzy sum
space of the characterized fuzzy R , -space and of the characterized
2—

2
fuzzy T | -space are characterized fuzzy R , -spaces and characterized
3- 2-

2

fuzzy T,, -spaces, respectively. Proposition 4.3 Let X be a set and I be

a class. For each i € I, let the characterized fuzzy space (X, 6, ,.int) of
all § -open fuzzy subsets of X, is characterized fuzzy R | -space. If f; X,
. 51

> X is an subjective ¢ ,-fuzzy open mapping from Xj into X and f!
is ¢, ,0, ,-closed for some i € I, then the final characterized fuzzy space
X, ¢,,int) of (X, él’z.inti)) with respect to (f),, is also characterized
fuzzy R,, -space.

2

Proof: Let x € X and F € ‘P1,2C(X) such that x F. Since f: X, > X

i€l

is surjective and f' is ¢, ,8, ,-closed for some i € I, then there exists

K € §,,C(X) and x, € X, for which x=f"'(x) and K=f'(F) such that

X, eEK Because of (X,- 512 int) is characterlzed fuzzy R | -space for
. 1

all i € I, then there exists an §,, y,, fuzzy continuous inapping g
(Xi’ 61,2'
€ K, that is, g( £ (x))=1 and g(£"(5))=0 for all sEF. Therefore,
' (X, g, int)
that /() =1 and A(s)=0 for all s€F. Since f is d,,¢,, fuzzy open,
then g, intuo £ = f,(p,,.int 1) <3, ,.int, £, (1) =3, ,.int, (= £7') holds
for all €LX and i€l, which means that f':(X.g,.int)>(X,.¢,.int,)
is ¢, 0 ,fuzzy continuous. Hence, the composition
h=go /7 (X.pint) > (1.0t ) is @y, fuzzy
mapping and therefore the final characterized fuzzy space (X, ¢, ,.int)
is characterized fuzzy R , ~Space.
2=

int,)> (I,,y,,int) such that g(x) =land 2(2)=0 for all z

there exists a mapping h=gof’ > (1,.p,,-int;) such

continuous

Corollary 4.5

Let X be a set and I be a class. For each i € I, let the characterized
fuzzy space (X, 0, ,.int) ofall §, ,-open fuzzy subsets of X, is characterized

fuzzy T -space. If f; X, > X is an surjective §, ,¢, ,-fuzzy open mapping

from X, 1nt0 X and f " is ¢ ,6,,-closed for some i € I, then the final
characterlzed fuzzy space (X, ¢,,-int) of (X, 8 ,int)),., with respect to
(f) ., is also characterized fuzzy T3 -space.

Proof: Immediate from Propozsitions 2.6and 4.3.2
Corollary 4.6

The characterized fuzzy quotient space (4, ¢,,.int) and the char
characterized fuzzy T, -space) are also characterized fuzzy R, (resp.
3— 2—
2 2
T, ) L-spaces.
2

characterized fuzzy

Proof: Follows immediately from Proposition 4.3 and Corollary 4.5. 2

Now, if we consider the case of I being a singleton, then we have the
following results as special cases from Proposition 4.3 and Corollary 4.5.

Proposition 4.4 Let (X, 1,) and (Y, 1,) are two fuzzy topological
spaces, @, ?, €0,x s,y and &, 5,€0,, . ,. If £ ¥ > X is an
subjective 4, ,¢, ,- fuzzy open mapping from X into Yand " is ¢ ,6, ,-
closed, then the final characterized fuzzy space (X, gol,z.int) of (Y, 51’2.
int) with respect to f is characterized fuzzy R | (resp. characterized

2=

2
fuzzy T | )L-space if (Y, & ,.int) is characterized fuzzy R, (resp.
3— > 2—
2 2
characterized fuzzy T31 ) L-spaces.
Proof: Straight forward.
Corollary 4.7

Let (Y, 7,) be an fuzzy topological spaces and &, 6,€0,,, . f Y

> Xisan §,,¢, -fuzzy open surjective mapping from Y into X and f*!
¢,,0, ,-closed, then the final fuzzy topological space(X, f(t,)) of (Y, 7,)

with respect to fis fuzzy ¢, , g  -space (resp. fuzzy ¢,, 7 )-space
- 32
2 2
if (Y, 7,) is fuzzy §,, R21 -space (resp. fuzzy 6 ,T , )-space for all
2 1 EEN
2 "2

P, ¢, € O(LXJV(Q)) '

Proof: Follows immediately from Proposition 4.4. 2.

Finer Characterized Fuzzy R , and Finer Characterized
2
Fuzzy T, -Spaces
2
In this section we are going to introduce and study some finer
characterized fuzzy R | and finer characterized fuzzy T | -paces as
2— 3—

2 2
a generalization of the weaker and stronger forms of the completely
fuzzy regular and fuzzy T | -spaces introduced [28,12,13]. The relations
3—

2
between such characterized fuzzy R | -spaces and our characterized
2—

fuzzy R , -spaces which presented [9] are introduced. More generally,
22—

2
the relations between such characterized fuzzy T, -spaces and our
3—
2
characterized fuzzy T, -spaces are also introduced.
3—
2

Characterized fuzzy R , H and characterized fuzzy 7, H-spaces.
2— 3=
2

2
In the following we introduce and study the concept of characterized

completely fuzzy regular Hutton and characterized fuzzy 7, Hutton-
2
spaces as a generalization of the weaker and stronger forms of the

completely fuzzy regular and fuzzy 7 | -spaces in sense of Hutton
3=
2
[28], respectively. The relation between characterized completely
fuzzy regular Hutton-spaces and the characterized fuzzy R | -spaces
2=

in our sense is introduced. More generally, the relations between
characterized fuzzy 7  Hutton-spaces and the characterized fuzzy
3—

2
T3 | -spaces in our sense is also introduced. Let (X, 7) be a fuzzy
2

topological space and @, @, €0« ,,. Then the characterized fuzzy

space (X, ¢, ,.int) is said to be characterized completely fuzzy regular

Hutton-space or (characterized fuzzy R | H-space, for short) if for an
2=
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$€g, ,OF (X), there exists a collection(sy,) ., in L* and an ¢y, ,-fuzzy
continuous mapping g: (X, ¢, ,.int) > (I, y,,.int)) such that x = v,

and 7, (y)<g(»)(1-)=A2(»)(1)<g(¥)(0.)= v g(»)(s) < #(») holds

for all y € X. Then characterized fuzzy space (X, <p1’2.int) is said to be

characterized fuzzy T3 1 Hutton-space or (characterized fuzzy T
2 35

H-space, for short) if and only if it is characterized fuzzy R2 H anzd
characterized fuzzy T3 | “spaces. 2
2
In the classical case of L={0, 1}, ¢ =int, y =int, 1 and
¥, = 1,,,the ¢,y -fuzzy continuity of f is up to an identification the
usual fuzzy continuity of f. Then in this case the notions of characterized

fuzzy R21 H-spaces and of characterized fuzzy T} 1 H-spaces are
) 2

coincide with the notion of fuzzy completely regular spaces and the
notion fuzzy T, -spaces defined by Hutton [28], respectively. Another
3L
2
special choices for the operations ¢, ¢,, , and y, are obtained (Table 1).

In the following proposition, we show that the characterized

fuzzy R  -spaces which are presented [9] are more general than the
2=

characterized fuzzy R | H-spaces.
5L
Proposition 5.1
Let (X, 7) be an fuzzy topological space and @, @, €O« ..

Then every characterized fuzzy R
characterized fuzzy R, | ~space.

H-space (X, (pu.int) is

Proof: Let (X, ¢, 2.lnt) is characterized fuzzy R | H-space, x € Xand
: »L

2
F €9 ,C(X) such thatx ¢ F. Then, y,. € ¢, € OF (X)and % (x)=1

, therefore XF,(x) > o holds for all « € L. Hence, X = X, and

\2
aeF',ael

therefore for all x € F' | there exists a family (x) ., in L*such that

Xp = Y Xgand % (y)<g(y)(1-)<€(y)(0+)<xr(y) holds for all
oe

y € X. In case of y € F, we get 0<g(y)(1-)<g(y)(0+)<0 holds for all y €
F and therefore g(») = 0 for all y € F. In case of y=x, we get x (x)=«
g(x)(1-) < g(x)(0+) < 1 holds for all « € L and this means that g(x)
(s)=1 for all s < 1 and therefore g () =1 Consequently, (X, ¢, ,int) is
characterized fuzzy R21 -space in sense [9].

Corollary 5.1 Let (X, t) be an fuzzy topological space and
D> Py EO(L\’ 0"

characterized fuzzy T -space.

Then every characterized fuzzy T31 H-space is
2

Proof: Follows 1mmed1ately from Proposition 5.1.

The following example shows that the inverse of Proposition 5.1
and of Corollary 5.1 is not true in general.

Example 5.1.
Let X={x, y} with x # yand t= {6,i,x,,xl,x, VYX VYpX VY isan
2 2 2

2 2
fuzzy topology on X. Choose ¢ =int, ¢,=cl, y,=int, and y,=cl. Hence,

PCF(X)={0,1,y,%,,51,% V¥1,% vV 1} and there is the only case of x

2 2 2 2 2

€ X, F={y} € ¢,,C(X) such that x&F. Since the mapping f: (X, ¢, ,.int)

> (I, v, ,int) which is defined by f(x) = 1and f(y)= 0 forall y#X is
¢,,¥,,-fuzzy continuous, then (X, ¢, ,.int) is characterized fuzzy R21

2
-space in sense [9]. Obviously, (X, (pu.intT) is characterized fuzzy T1-
space, therefore (X, ¢, ,.int ) is characterized fuzzy T  -space.
, N
2
On other hand, let (X, ¢, ,.intt) is characterized fuzzy T , H-space,
, 51

2
then(X, ¢, ,.int ) is characterized fuzzy R | H and characterized fuzzy
, Al
2

1
T -space. Since X, €7=¢,0F(X)and x, = VI[E’\XO‘J then there
! 1Tk

=V .
ael na

1
exists a collection (77 ) =V |=AX such thatx,
FJacl el 2 “ 2
ael

Moreover, for an ¢y, ,-fuzzy continuous mapping f: (X, ¢ ,.intr) >
(I, y,,int) such that f(x) = land f(y)=0for all y # x, we get the

inequality
1, (z) < f(z)(l —) < f(z)(O +) < xl(z)

holds only when z=y, but it is not holds when z=x, because

(l Ao <1< l and this is a contradiction. Hence, (X, q)m.intT) is not
2

characterized fuzzy R , H-space and therefore it is not characterized
2=
fuzzy T3 : H-space. 2

2

Characterized fuzzy R | Kand characterized fuzzy T, K-spaces.

2— 3=

2 2
In the following we introduce and study the concept of characterized
completely fuzzy regular Katasars spaces and characterized fuzzy T
5L
2
Katasars spaces as a generalization of the weaker and stronger forms
of the completely fuzzy regular and fuzzy T, -spaces introduced by

32

2
Katasars [13], respectively. The relation between characterized fuzzy
completely regular Katasars spaces and the characterized fuzzy R ,
2—

2
-spaces in sense Abd-Allah and Khedhairi [9] is introduced. More
generally, the relations between characterized fuzzy T | Katasars
3—
2
spaces and the characterized fuzzy T -spaces in sense of [9] is also
introduced. 2

Let (X, 1) be an fuzzy topological space and ¢, ¢, € (LA o - Then
the characterized fuzzy space (X, ¢, ,int) is said to be characterized
completely fuzzy regular Katasars-space or (characterized fuzzy R ,

22—

2
K-space, for short) if for every x € X and y € L* such that u(x)>a, «
€ L, there exists an ¢ ,y, -fuzzy continuous mapping g (X, ¢ ,.int)
>, v, ,int ) such that g(y)(0+) < u(y) and g(y)(1-)>a are holds for all
yE X and « € L. The characterized fuzzy space (X, ? .int) is said to
be characterized fuzzy T 1 Katasars-space or (characterized fuzzy T

2
K-space, for short) if and only if it is characterized fuzzy R K-space

and characterized fuzzy T,-space.

In the classical case of L={ 0, 1 }, ¢ =int, y =int, ¥, = 1,, and
¥, = 1., the ¢,y -fuzzy continuity of f is up to an identification
the usual fuzzy continuity of f. Then in this case the notions of
characterized fuzzy R, K-space and of characterized fuzzy T,

2- 3L
2 2
K-spaces are coincide with the notion of completely fuzzy regular
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spaces and the notion of fuzzy T | -spaces presented by Katasars [13],
3—

2
respectively. Another special choices for the operations ¢, ¢,, ¥, and y,
are obtained in Table 1. In the following proposition we show that the
notion of characterized fuzzy R | -spaces which are presented [9] are
2L

2
more general than the characterized fuzzy R | K-spaces.
2=

2
Proposition

Let (X, 7) be an fuzzy topological space and ¢, ¢, €0 ,,. Then
every characterized fuzzyR K-space (X, ¢,,int) is characterized
fuzzyR space. il

Proof. Let (X, ¢, ,.int) is a characterized fuzzy R | K-space, x Xand
, JL
2
F€ ¢ ,C(X) such that x & F. Then, Xe(¥) =1 and ¥ (x) =1, therefore
¥ (x) > holds for all & € L. Because of (X, ¢,,-int) is characterized
fuzzy R | K-space, then there exists a ¢,y ,-fuzzy continuous
J1 27,

2
mapping g (X, ¢, ,int) >(I;, y, ,.int)) such that l\)/og(y)(l)ﬁxp(Y) and
v g(y)(s)>a are hold for all y € X and « € L. In case of y € F, we

s>1

have f;/og(y)(l)SO, that is, g(y)(#)=0 for all £>0, y € F and therefore
g(y) oforall y € F.In case of y=x, we have v g(x)(s)>a holds
for all « € L, and therefore g(x)=1. Hence, there exists a (plyzwlyz-fuzzy

I, v, int) such that g(y)=0
and g(y) =0 for all y € F. Consequently, (X, ¢1’2.int) is characterized

continuous mapping g: (X, ¢, ,.int) > (

fuzzy R .
2=

2

-space in sense [9].

Corollary 5.2 Let (X, 7) be an fuzzy topological space and
P> €0, ). Then every characterized fuzzy 7, K-space is

characterized fuzzy T | -space.
5L
2

2

Proof: Follows immediately from Proposition 5.2.

The following example shows that the inverse of Proposition 5.2
and of Corollary 5.2 is not true in general.

Example 5.2.

Consider the characterized fuzzy space (X, ¢,,.nt) which is
defined in Example 5.1, then as shown in Example 5.1, (X, (pl)z.intr) is
characterized fuzzy R | ~space in sense [9] and characterized fuzzy T'-

space, therefore (X, ?, 1nt ) is characterized fuzzy T | -space in sense [9].
On other hand, for any ¢ ,y, -fuzzy continuous mapping f: (X, ¢, .
int) > (I, y, ,.int)) such that f(y) = 1 and fO)= 0 forall y#x, we shall
consider X, €0, OF (X) with x (%) :%>0, that is, there exists some
a :%e L guch that xl(x) :;x . Therefore, f(z)(1-)= Q]f(z)(z) >—

2
holds only when z=x and it is not fulfilled when z=y. Moreover,

f(2)(0+)= A f(z)( ) < x, (Z) holds only when z=y and it is not fulfilled

when z=x. Hence, (X, (pl2 int ) is not characterized fuzzy R , K-space
and therefore it is not characterized fuzzy T K-space. %

Characterlzed Fuzzy R, KE and Characterlzed Fuzzy
T, KE -Spaces

In the following we introduce and study the concepts of

characterized completely fuzzy regular Kandil and Shafee spaces and
of characterized fuzzy 7, Kandil and Shafee spaces as a generalization
3=

2
of the weaker and stronger forms of the completely fuzzy regular and

fuzzy Rz 1-spaces presented by Kandil and Shafee [12], respectively.
2

The relation between characterized completely fuzzy regular Kandil
and Shafee spaces and the characterized fuzzy R | -spaces which are
2=
2
presented [6]. More generally, the relations between characterized

fuzzy 7; 1 Kandil El-Shafee-spaces and the characterized fuzzy T ,
35 35
-spaces in sense [9] is also introduced.

Let (X, 1) be an fuzzy topological space and ¢, ¢, € O« ., .Then
the characterized fuzzy space (X, @, -int) is said to be characterized
completely fuzzy regular Kandil and Shafee space or (characterized

fuzzy R2 1 KE-space, for short) if for every x_€ S(X) and y € ¢, ,CF (X)

2
such that x,qu, there exists an ¢,y ,-fuzzy continuous mapping f: (X,

(pu.int) >, wlyz.intl) such that f(y)(0+) < /() and fiy)(1-) = x (y) are
hold for all y € X and « € L. The characterized fuzzy space (X, ¢, ,.int)
is said to characterized quasi fuzzy T,-space or (characterized QFT,-

space, for short) if for all x, y € X such that x # y we have x,q¢,,<ly,
and ¢,,clx.qly, for all a, B € L. As easily seen that every characterized
QFT -space is characterized fuzzy T,-space. The characterized fuzzy

space (X, ¢, ,.int) is said to be characterized fuzzy 7 ~Kandil El-Shafee-
3—

2
space or (characterized fuzzy T | KE-space, for short) if and only if it is
3—
2
characterized fuzzy T | KE and characterized QFT-spaces. Obviously,
3=
2
every characterized fuzzy T KE-space is characterized fuzzy T

K-space. In the classical case ofL {0, 1}, ¢,=int , y,=int, @, = 1, and

¥, = 1,,,the ¢,y -fuzzy continuity of f is up to an identification the

usual fuzzy continuity of f. Hence, the notions of characterized fuzzy

R | KE-spaces and of characterized fuzzy T , KE-spaces are coincide
2 3-
2 2
with the notion of completely fuzzy regular spaces and the notion fuzzy

fuzzy T, -spaces presented by Kandil and Shafee [12], respectively.
3=

2
Another special choices for the operations ¢, ¢,, ¥, and y, are obtained
in Table 1.

In the following proposition we show that the characterized
fuzzy R2 1 -spaces which are presented [9] are more general than the
2

characterized fuzzy R , KE-spaces.
2
Proposition 5.3

Let (X, 7) be an fuzzy topological space and ¢, ¢, €O, «,, Then
every characterized fuzzy R KE-space (X, ¢, ,int) is characterized
fuzzy R | -Space. 5

2

Proof: Let (X, (pu.int) is a characterized fuzzy R2 1 KE-space, x €
2

X and F €¢,C(X) such that x¢F. Then, % € ¢,0F (X) and x-(x) =1,

therefore X, §x r . Because of (X, ?, 2.int) is characterized fuzzy R | KE-
, 51
2
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space, then there exists a ¢,y ,-fuzzy continuous mapping f. (X, ¢, ,.

int) > (IL, y, ,.int,) such that f (»)(0+) <x, (¥) and f(»)(1-)=x () are

hold for all y € X. In case of y € F, we have 0 < f{y)(1-) < f(y)(0+) <
0, that is, f{y)(s)=0 for all s>0and therefore f(y)=0for all y € F. In
case of y=x, we have 1 < f(x)(1-) <f(x)(0+) < 1 holds and then f(x)

(s)=1foralls <1, therefore f(x) =1. Hence, there exists a ¢ ,y, ,-fuzzy
» ¥, ,-int)) such that f(x) =1and
f(y)=0forall y € F. Consequently, (X, ¢, ,int) is characterized fuzzy

continuous mapping f: (X, ¢ ,.int) > (I

Rzl -space in sense [9].
2

Corollary 5.3

Let (X, 7) be an fuzzy topological space and ¢, ¢, € O« ., . Then
every characterized fuzzy T KE-space is characterized fuzzy T
-space. 2 5

Proof: Follows immediately from Proposition 5.3 and the fact that
every characterizedQFT -space is characterized fuzzy T'-space.

The following example shows that the inverse of Proposition 5.3
and Corollary 5.3 are not true in general.

Example 5.3.

Consider the characterized fuzzy space (X, ¢,,.nt) which is
defined in Example 5.1, then as shown in Example 5.1, (X, (pm.intr) is
characterized fuzzy R21 -space in sense [9] and characterized fuzzy T'-
2
space, therefore (X, ¢, ,.int ) is characterized fuzzy T | -space in sense [9].

; N

2
Now, choose x eS(X) and u=x €¢,CF(X) then

2 2
W=x vy ep,OF (X)such thaty, qu Hence, for any ¢ v, -fuzzy
2 2
continuous mapping f: (X, ¢, int) > (I, ¥, ,.int) such that f(x) =1
and 1 (y) =0 for all y#x, we get xl(z)ﬁf(z)(l—)= Alf(z)(t) holds for
2
all z € X. But u’(z):(xl vyl](z)zf(z)(0+)g/>\0f(z)(s) holds only for
2
z=y and it is not fulfilled for z=x. Consequently, (X, (pu.intr) is not
characterized fuzzy R | KE-space and therefore it is not characterized
fuzzy T | KE-space. B
3—

2
Conclusion

In this paper, basic notions related to the characterized fuzzy
R and the characterized fuzzy T 1 -spaces which are presented [9]

are introduced and studied. These notions are named metrizable
characterized fuzzy spaces, initial and final characterized fuzzy spaces,

some finer characterized fuzzy R | and characterized fuzzy T
2— 3=
2 2
-spaces. The metrizable characterized fuzzy space is introduced as a

generalization of the weaker and stronger forms of the fuzzy metric
space introduced by Gahler and Gahler [3]. For every stratified fuzzy
topological space generated canonically by an fuzzy metric we proved
that, the metrizable characterized fuzzy space is characterized fuzzy T -
space in sense of Abd-Allah [10] and therefore, it is characterized fuzzy
R21 and characterized fuzzy T3 , -space. The induced characterized

2
fuzzy space is characterized fuzzy R ,and characterized fuzzy T |
2— 3=
2 2

-space if and only if the related ordinary topological space is ¢,
Rzl -space and ¢ , T | -space, respectively. Hence, the notions of
2 2
characterized fuzzy R  and of characterized fuzzy T | are good
2— 3=
2 2
extension in sense of Lowen [11]. Moreover, the a-level characterized

space and the initial characterized space are characterized -space

and characterized 7; , -space if the related characterized fuzzy space
is characterized fuzzy2 R2 | ~space and characterized fuzzy T3 | -space,
respectively. We shown that the finer characterized fuzzy ;pace of
a characterized fuzzy R21 -space and of a characterized fuzzy T3 i
-space is also characterizzed fuzzy R2 ' and characterized fuzzy T;

2 2
-space, respectively. The categories of all characterized fuzzy R2 1 and
2
of all characterized fuzzy T -spaces will be denoted by CFR-Space
3=

2
and CRF-Tych and they are concrete categories. These categories are
full subcategories of the category CF-Space of all characterized fuzzy
spaces, which are topological over the category SET of all subsets and
hence all the initial and final lifts exist uniquely in CFR-Space and
CRE-Tych, respectively. That is, all the initial and final characterized
fuzzy R21 -spaces exist in CFR-Space and also all the initial and final

2
characterized fuzzy T , -spaces exist in CRF-Tych. We shown that the
3=
2
initial and final characterized fuzzy spaces of a characterized fuzzy R ,
2—

2
-space and of characterized fuzzy T | -space are characterized fuzzy
3—

2

R | and characterized fuzzy T , -spaces, respectively. As special cases,

2— 3—

2 2
the characterized fuzzy subspace, characterized fuzzy product space,
characterized fuzzy quotient space and characterized fuzzy sum space
of a characterized fuzzy R | -space and of a characterized fuzzy T ,
2= 3L
2 2
-space are also characterized fuzzy R | and characterized fuzzy T
2— 3=

2 2

-spaces, respectively. Finally, we introduced and studied three finer
characterized fuzzy Rzl and three finer characterized fuzzy T,
2 3

2

L-spaces as a generalization of the weaker and stronger forms of the

completely regular and the fuzzy T, -spaces introduced [28,12,13].
3—

2
These fuzzy spaces are named characterized fuzzy R | H, characterized
2=

2
fuzzy R | K, characterized fuzzy R A KE, characterized fuzzy T,
2— 2= —
2 2 2
H, characterized fuzzy T, K and characterized fuzzy T , KE-spaces.
— 3=
2

2
The relations between characterized fuzzy R | H, characterized fuzzy
2=

R | K, characterized fuzzy R  KE-spaces and the characterized fuzzy
2— 2=
2 2

R | -space which are presented [9] are introduced. More generally, the
2=

2
relations between characterized fuzzy T | H, characterized fuzzy T . K,
3— 3—
2

2
characterized fuzzy T | KE-spaces and the characterized fuzzy T3 1 -spaces
3— 2

2
are also introduced. Meany special cases from these finer characterized

fuzzy R21 and finer characterized fuzzy T,
> 3

2 2

-spaces are listed in Table 1.
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Operations Char.fuzzy Rzi Char.fuzzy Rzl ChaKr Ef-uszzgc 527 Char.fuzzy T3 ) Char.fuzzy T3 Char.fuzzy T
H-space % K-space % P H-space % K-space 3; KE-space 2
1 |o1=intr, g2=1,X Fuz. R, Hspace = Fuz. g K | Fyz R, KEspace | Fuz. T, Hspace[10,21] Fuz. T Kspace[10,25] Fuz. T, KE space
i=intl, p2=11 2% 2, 2 3L 5L 3L
2 2 2
[10,21] space [10,25] [10,23] [10,23]
2 ozint, g,=cl, Fuz® R , H-space  Fuz®Rr Fuz.®8 R , KE-space Fuz.8 T H-space Fuz.6 T, K-space Fuz.6 T, KE-space
W, =int,p,=cl, 2 2- 2 e e e
K-space
3 $1Z'|2EE q‘JPz;'r?tty:ccl't Fuzd R  H-space  FuzsR, Fuz.5 R | KE-space Fuz.5 T3 | H-space Fuzd T, K-space Fuz.d T, KE-space
,=INGW,=ING © ¢ S 2 2 2 2 2
K-space
4 ot=intr, 2=1,X FuzW R H-space FuzW R FuzW R KE-space  FuzW T H-space FuzWT  K-space | FuzWT  KE-space
L|J1_|m:|'l‘|'j2_d| 2% 2% 2% 3% 3% 3%
K-space
5 (p12==|qt,|, @,=cl_y1=intl, FuzS.6 R | Fuz.S.0 FuzS.8 R KE-space [, gg T, H-space Fuz.8.6 T | K-space Fuz.S.6 T | KE-space
w2=1, 2t - % 3 2 e
H-space K-space
6 cp1_zjntr, ¢_2.:1LX Fuz.A R . Fuz.AR Fuz.AR | KE-space Fuz.A T, H-space Fuz.AT K-space Fuz. AT . KE-space
l‘|J1_Iml'l‘l’jz_mtl ° Cll 25 25 22 3% 3% 3%
H-space K-space
’ $‘i'i?1tt”q? Z:ﬁlt el FuzASOR FuzASOR, FuzASOR, FuzAS®T, H-space & FuzASOT,Kspace FUuzASOT, KE-
1T T, | 25 25 2E 35 35 35
H-space K-space KE-space space
8 @int, @=int, -, Fuz. super R, | Fuz. super R Fuz. super R | Fuz.super T'| H-space | Fuz.super T, K-space = Fuz.super T, KE-
2- 2 2- 3= 3= 3=
2 2 2
H-space K-space KE-space : : space :
(P1=_'.mr' ‘sz'rl'tr° cl, Fuzw.e g . Fuzw.e g . FuzW.6 R | KE- FuzW.8 T | H-space FuzW.8 T | K-space |FuzW.6 T, KE-space
W, =int, p,=cl, 3 2 spacég 3= 3= 3-
H-space K-space 2 2 2
10 $11i?r|11t|0 :L1;T_,1<p|2=1LX Fuzsemi R Fuz.semi p . Fuz.semi p ) KE- Fuz.semi T, H-space Fuz.semi T | K-space = Fuz.semi KE-space
=intl, wz=1 | 2= 2— 2— 32 32 _
H-space K-space space 2 2
1 $112310:::|T$22:11L|X Fuzirr. R , Fuzim. R , Fuzir. R | KE- Fuz.irr. T3 H-space Fuz.irr. T31 K-space Fuz.irr. T31
’ L 2 2 B 3 2 2
H-space K-space space KE-space
12 m;ﬁ“j'?“’ ¢=28=1|LX Fuz. semi -irr. Fuz.semiir. | ) semi-im. R \ | Fuz. semi-irr. T | H-space| Fuz.semi-irr. T, Fuz. semi -irr. T | KE-
Y, =cl, < Int, Y,=3¢}, R | H-space R | K-space KE- 2 3= 3= 3l
20 2L space 2 2 K. 2 2
2 2 -space space
1 =cl_<i =Scl . . . .
3 $‘1:c'|| olri]rklpr|2J2i(‘1::I FuzS-im. R, FuzS-ir. R | Fuzsim. Rt Fuz.s-ir. T, H-space Fuzsdr. T, Fuz 8. T, KE-space
2 2 2 2 ) 2
H-space K-space KE-space K-space
14 $;fi1nt;(°0h° intr, FuzA R FuzA R FuzA R, KE-space,  FuzA T H-space FuzAT | K-space FuzAT , KE-space
=1 . 2 2 2 35 35 35
wi=intl, 2=1,1 H-space K-space
15 |@1=intr ° clt, @2=1 X E KE- ~
_ . E Fuz.pre R, Fuz.pre R , uz.pre R, Fuzpre T | H-space Fuz.pre T | K-space Fuz.pre T
w1=intl, p2=11 2 2 2 35 35 3,
H-space K-space space KE-space
16 $;f$hxo intr « clr, FuzBR, FuzBR, Fuzp R  KE-space ~ Fuzp T, H-space FuzBT, Fuzp T,
=l 2 2 2 3 37 3=
w1=intl, y2=1 1 2 2 2 2 2
L H-space K-space K-space KE-space
17 $1_=I<r:1ItT :pm-tcT:I 92=1X | Fyz, W semi R21 Fuz. W semi R21 Fuz. W semi R2, Fuz. W semi H-space Fuz. Wsemi T , Fuz. Wsemi T,
1T T S > = — 3= 3=
H-space : K-space : KE-space : K-space : KE-space
18 |@1=intT ° clt, @2=1 X
w,=int,y,=cl - Fuz. W pre RZL Fuz. W pre RZL Fuz. W pre RZL Fuz. W pre T31 KE-space | Fuz. Wpre T31 K-space | Fuz. W pre T31 KE-
2 2 2
H-space K-space KE-space 2 2 space 2
19 @1=intr - cir < intr, R FuzW A R FuzW AR T T FuzWAT
92=1X Fuz.W A 12 uz. 8l uz. 8l Fuz.W A N Fuz.W A N : N
,=int,p,=cl 2 2 KE 2 2 2 2
H-space K-space -space H-space K-space KE-space
20 |@1=clr°intr > clt, Fuz. WBv
¢2=1.X H-space Fuz. W B Rzl Fuz. W B R21 Fuz. W B T31 Fuz. W B T31 Fuz. W T3l
w.=int,w,=cl 2 2 2 2 2
o K-space KE-space H-space K-space KE-space
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21

22

23

24

25

26

27

28

29

@1=clr < intr, 92=1 X

,=int,y,=int - ol Fuz. A semi R2l Fuz. A semi R2l

H-space K-space KE-space
@iintt o clr» intr, FuzAAR, FuzAAR, FuzAAR,
P2=1, . 2 2 2
Y, =int, y,=int, ° cl, H-space K-space KE-space
@1=clt - intr - cir, FuzAB R FuzAB R FuzAB R
921X Pl gl Al
y,=int,y,=int < cl, H-space K-space KE-space

<p1fch o intr ° clr, Fuz.8 semi R Fuz.8 semi R
¢2=1 X 2L Py

2

2-

g =int,w,=int  cl, H-space 2 K-space KE-space >
@1=clt - intr, 2=1,X Fuz. semi. W. R Fuz.semi. W. | pu7 semi. W. R
w,=int,y,=Scl, ' A K-space %5

H-space 2 _ K-sp KE-space 2
$; |1nt;r( cfr » intr, Fuz.A. irr. R21 Fuz.A. irr. R21 Fuz.A. irr. R
lp1-|nt| cll e intl, H-space ° K-space ’ KE- space
p2=1,|
@1=intr o clr, 92=1,X | Fy; pre-irr. R ) S
wi=intl » oll, y2=1 I p! R21 Fuz. pre-irr. Rzl Fuz. pre-irr. Rzi

H-space K-space KE-space
@1=clt e intT ° clr, FuzB. irr. . i
2=1X uz.B.i RZ% FuzB.irr. RZ% Fuz.B. irr. RZ%
wi=cll < intl cll, H-space ‘ K-space KE-space
W2=1 I
@1=intt, @2=1 X Fuz.(6. S
w,=int < cl, w2L=C|, Fuz.(6, S) RZ% uz.(8, S) RZ% Fuz.(8, S) RZ%
H-space ~ K-space KE-space

Fuz. A semi R2l

Fuz.6 semi p |

Fuz. semi. W. T31 H-space

Fuz.6 semi. TT | H-space | Fuz.6 semi
3—

Fuz. pre-irr. T3l H-space | Fuz. pre-irr. T3l K-space

Fuz. Asemi I | Fuz.Asemi T, K-space ~ Fuz.Asemi T
3= 3= 3=
H-space ? KE-space 2
Fuz.A)\TH Fuz.A)\Txl FuzAAT |
2 2 3=
2
H-space K-space KE-space

Fuz.AB 7:1 H-space FuzABT 6 K-space | FuzABT , KE-space
"2 3— 3=

2 2

K-space Fuz.6 semi R,
_ ol

2 KE-space :
Fuz. semi. W. Tl
3

Fuz. semi. W. T}]
2

2 2

K-space KE-space

Fuz.A.irr. T, H-space FuzA.irr. T | K-space FuzA.ir. T | KE-space
3l 3L 3l
2 2 2

Fuz. pre-irr. T |
5L

2 2 2
KE-space
Fuzp.irr. T, H-space Fuz.B.ir. T Fuz.B.irr. T | KE-space
> 2 5
K-space
Fuz.(6, S) T3 | H-space | Fuz.(e, S) T3 | K-space Fuz.(8, S) T3 .
: : KE-space :

Table 1: Some special classes of Char.fuzzy R 1 H-spaces, Char.fuzzy R , K-spaces, Char.fuzzy R KE-spaces, Char.fuzzy T H-spaces, Char. fuzzy T K-spaces,
Char.fuzzy T KE-spaces. 3 3

2
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