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Abstract

In this manuscript, we introduce Geo*Arithmetic Series. Mainly, we use theories and theorems on series to find
partial sum of Geo*Arithmetic Series. Moreover, we show a Geo*Arithmetic Series is convergent (divergent) series
whenever the absolute value of the common ratio of its terms is less than one (greater than one). Furthermore, we
find the sum of a Geo*Arithmetic Series whenever the absolute value of the common ratio of its terms is less than

one.
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Introduction

In this manuscript we introduce Geo*Arithmetic Series. There
are convergent Geo*Arithmetic Series. Thus, we want to know the
sum of Geo*Arithmetic Series if it converges. Moreover, we find the
sum of Geo*Arithmetic Series if it converges. We define first sequence
because the theory of series directly or indirectly depends on the theory
of sequence. A sequence of real numbers is an ordered list of real
numbers. Now, we define a series of real numbers as the sum of terms
of real sequence. A given series has its partial sum, that is, the sum of
the first in terms of a series is its partial sum. We want partial sum of a
series because the sum of that series depends on the infinite limit of its
partial sum. Moreover, we apply convergence tests for series to check
whether the given series is convergent or not.

Geo*Arithmetic Series is a series for which the term is the product
of the term of Geometric Series and Arithmetic Series. The main
objective of this manuscript is to find the sum of Geo*Arithmetic
Series if it converges. Mainly, we apply the generalized ratio test to test
the convergence of Geo*Arithmetic Series. Finally, we find the sum of
Geo* Arithmetic Series if it converges.

Sequences

Definition 1: A sequence {a,},_, of real numbers is an ordered list
of numbers ¢, e R , called the terms of the sequence [1], indexed by the
natural numbersnne N.

Series

Definition 2: Let {a,},_, be a sequence of real numbers, then the
expression a, +a, +a, +---+a, +--- which is denoted by Zai, that is,

S . . . . i=1
>a,=a +a,+a,++a,+ is called an infinite series.

i=1

Definition 3: The Sequence of Partial Sums of {a, 2]

Let {a,},-, be a sequence and define a new sequence {s,},-; by
the recursion relation s, =a,, and S;;; =S, +a,,,. The sequence

{8,)0-1 is called the Sequence of partial sums of {a,},,.
Definition 4: Convergence of Series [3].

An infinite series z n=1% with sequence of partial sums {s,}_, is
said to be convergent if and

only if the sequence of partial sums sn}::l converges, i.e., if
lims, exists, then we say that the series » g, is a convergent series

n—0
n=1

o0 o0
and we write it as Z a,= lim s, A series Z a, issaid to be divergent

n=1 ne n=l1

if it is not convergent.
Geo*Arithmetic Series
Definition 5: Geo* Arithmetic Series

The series of the form Z (ar")(b+nd) is called Geo*Arithmetic
n=1
Series, where a, b, d and r are real numbers.

The main questions for a series
Question 1: Given a series does it converge or diverge?
Question 2: If it converges, what does it converge to?

Can we answer the above main questions for Geo*Arithmetic
Series?

Answer: Yes we can answer the above main questions for
Geo*Arithmetic Series.

There are several convergence tests for series. Now we apply the
generalized ratio test for Geo*Arithmetic Series [4].

Theorem 1: Suppose {a,}’_, is areal sequence. If the series Z a,
is absolutely convergent, then it is convergent [5]. n=l

Theorem 2: The Generalized Ratio Test.
an+l ‘:
a

n

Suppose that @, # 0 for n>1 and 11_1)2| 7 (possibly co )
If r <1, then Zan converges absolutely.

n=l1

If r>1, then Z a, diverges.
n=l1
If r =1, we cannot draw any conclusions from this test alone about

the convergence of the series [5].
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Convergence of Geo*Arithmetic Series

Let i[(ar”)(b+nd)] be Geo*Arithmetic Series. Then

n=1
a,=(ar")(b+nd) and a,,, =(ar"")(b+(n+1)d), wherea,b,dandr
are real numbers. Suppose that a, b, d and r are real numbers such that
a, =(ar")(b+nd)=0 for n>1.

Let’s consider the ratio of @, , | and

Clearly
Gy _ (L YO (D), (b (i)
a, (ar")(b+nd) (b+nd) b+nd
This implies that
d
1 Gnst || 1 = r|.
lm | %22 - tim | {1+ 1= |

Therefore, the Geo*Arlthmetic Series Z:[(ar’1 )b+ nd)] converges for
n=l1
‘r‘ < 1 and diverges for M >1 where a, b, d and r are real numbers

such that a, =(ar")(b+nd)#0 for n>1.

The Sequence of Partial Sums of the Geo*Arithmetic
Series

Lemma 1:
n—i
Z— = —er Vne N and non-zero scalar r.
i=1 r r i=1
Proof

We apply mathematical induction method on n to show
S0 1

Z__ = _Zir"’i VneN and non-zero scalar r.
= o
Step 1
1
Forn=1, — This is always true for non-zero r.
r
Step 2 |
Suppose that Z :r—nzir""
i=1
Step 3
n+l '
Consider Z—
i=1 7V n
n+l - n+l - n (I’l + 1) z l’l"’”lﬂ
Zl ZL n+1_ iZir”_i +n+1: =]
— I”I ~ p n+1 I"" P rn+1 rn+1
n+l
n+l zlrnﬂ I
Hence proved
Theorem 3:
~ n+1
Z__ —1+d- r)(n+1)vn e N and scalar »(r #0,1)
=T r=1)7%r"
Proof
Let x = Z Then by the above Lemma, x = —z ir"
i=1 Izl

It follows that

1 n
. ntl—i
xrz—nz i

rian

This implies that

o=l )= (i = ) (i)
:—[("Z<z+1)r"') (er"’)]f—[("zzr"') (er”')+<2r“')l

1 n+l

i _ 1. 1=r
:7[(§r )-nl=—

—(1+n)]

To1+A-r)(n+1)
r=17r

VneN

Therefore, and scalar

r(r+0,1)

3L
i
i=1

Here note that

n+l
. Ot bHeen E
u u _ u

L
Uu

- 1 1., B l-u, 1,
= -D’C) )
u u u u
o nHl n+l n+l
:u(l u2)+(n+l)u T u- u" frr
(1-u) u—1 u-1 (u-1y>

n+l n+

n' r-
(1* )’

Let 2 [(a")(b+nd)] be Geo*Arithmetic Series. Then its n" partial

n=1

Therefore, ZZ}" =

= 1-r

Vne N andscalar r(r #0,1)

sum is given by

n

= i[(ar’ Yb+id)]=) [(ar')b+id)]= Z”: (abr')+ zn: (adir') = z”: r+ adzn: ir'.

i=l

n n
Let s, =Zr‘ and S, :Ztr’, Then s, =abs, +ads, .

i=1 i=1

Clearly
s == 711] for r=1
= vne N and scalar 7(r # 0,1)
"ol-r (-7

]Vn e N and scalar r(r #0,1)

Thus, s, :abr[r” _]]+ud[nr ‘
r-1 1- (1 )

Therefore, the n®™ partial sum of the Geo*Arithmetic Series

0 rn _1 nrnﬂ r— rm+1

n i =ab +ad +

Yl(ar" b+nd)] is s,=a 1+ adl— s

n=1

scalar 7(r #0,1)

IVvneN and

Convergence of the Sequence of Partial Sums of the
Geo*Arithmetic Series

Clearly the Sequence of Partial Sums of the
Geo*Arithmetic ~ Series ) [(ar")b+nd)]  is {Sn}w > Where
=1 n=
s, —abr[r" ’1]+ d[”rm ”’r"“]vnEN and r(r # 0,1) is scalar.
r—1 1-r (1-r)

We know that the Geo*Arithmetic Series z (ar")(b + nd)]

n=1
converges for ‘ ‘ ’ where a, b, d and r are real numbers such that

a,=(ar")(b+nd)=0 for n>1.
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Therefore, the Geo*Arithmetic Series 2[(ar”)(b+nd)] converges
n=l

|<1 and 7 # Qif this limit exists, where a, b, d and

a, =(ar")(b+nd)=0

to lims, for|r
n—w

r are real numbers such that for n>1 and

no_ n+l _ n+l

5, = bl 4 ad["— 4 T=" _

r—1 1-r (1-r)

]

Here we would like to raise basic question as follows. Does the

above limit 1M, exist?

n—ow

We apply the following theorems to find the sum of Geo* Arithmetic
Series.

Theorem 4: (Test for Divergence) [5].

»
Consider the real series Zan,

n=1

If }g& a, #0, then the series does not converge. That is, if the

0 .
series )" g, converges, then lima, =0.
n=1
Theorem 5:

" ©
If Zan and an are convergent series and c is a real number,

n=1 n=l1

[5] then
i. i (a, £h,) converges and i (a,tb,)= Zw: a,t Zw: b,
=1 =1

=l =1

ii. an converges and an —cZa

el n=1 n=1

© 0
Clearly 2}’" and znr" are convergent series for ‘r‘<1 by
. n=l n=l1, : n . n
generalized ratio test for series. Therefore, lim7" =0 and limnr" =0
n—ow n—w
for ‘r‘ <1

Let’s consider hmsn for |1‘J<l and r# (0, where a, b, d and r

are real numbers such that = (ar )(b+ncf)¢0 for p>1 and

n+l

nr V V
s, —abr[ 1]+ d[ = (1 r)
n+l
lnllgs —llm[abr( )+ad( - (1 r)z)
) rx—l I" rn+l

“tintar K

abr "

_(r_l) )2)]
_(i)llmr 1] +(7r)11m nr ]+’l,ijl;[ad(( _r pY )]*lilg[*md(ﬁ)]
‘(%)}53 —(—)hml+(—)11m[nr”]+11m[ad(( ))] ((1 r) lim
- a4 b g
B ( )+[ ((lfr)z)] ar[(lfr)z ,,1] ot 1-ry ]

d+b(1

a ] where a, b, d and r are real numbers such

Thus, lims, =ar
nmsoo

nr r—=r

rnfl n+1 n+1
that ¢ =(ar")(b+nd)=0 for n=1 and “'u:“b"[r_l}’“d[r_l +(r_1)z}-

Therefore, the Geo*Arithmetic Series i[(‘”n )(b + nd)] converges

d+b(1-7) =
ﬁ] for |r| <1 and r#0, where a, b, d and r are real
—-r

numbers such that a, = (ar")(b+nd) =0 for B =1.

to s=arf

Result and Discussion

We know that searching for sum of a series is difficult task. Thus, we
try to find sum of some special series. In this manuscript we introduced
the Geo*Arithmetic Series as one special series. We observed that there
are some convergent Geo*Arithmetic Series. Moreover, we found the
sum of convergent Geo*Arithmetic Series.

Conclusion

In this manuscript we introduced Geo* Arithmetic Series. Moreover,

we found the sum of the Geo*Arithmetic Series Z[(ar )b nd)] as
d+b(1-

s = ar[i+ ( Zr)
1=r)

numbers such that a, = (ar")(b+nd) =0 for " > 1.

] for |f|<1 and 7 # 0, where a, b, d and r are real

Recommendation

Author would like to recommend that researchers shall search

for the sum of generalized Geo*Arithmetic Series i[(ar”)(b+nd)" ],

n=1

where a, b and d are real numbers and k is natural number. Moreover,

T will search for recursive formula of partial sum of 2 [(ar")(b+nd)"],

n=1

in terms of the partial sum of i[(ar")(b +nd)'].
n=1
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