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Abstract

In this paper, we introduce higher integral of differential equations. Also, we solve some higher integral of
differential equations. Moreover, we show all solutions of some higher integral of differential equations are also

solutions of those differential equations.
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Introduction

In this paper, we introduce higher integral of differential equations.
In addition, we derive and solve some higher integral of differential
equations of order.

A differential equation is an equation that relates an unknown
function and one or more of its derivatives of with respect to one or
more independent variables [1]. If the unknown function depends
only on a single independent variable, such a differential equation is
ordinary differential equation. If the unknown function depends only
on many independent variables, such a differential equation is partial
differential equation. An ordinary differential is linear if it is linear in
the unknown function and its derivatives that involve in it. The order of
an ordinary differential equation is the order of the highest derivative
that appears in the equation [2]. Moreover, differential equations are
classified into two main categories. The first one is ordinary differential
equations and the other is partial differential equations.

A solution of a differential equation in the unknown function y
and the independent variable x on the interval I is a function y(x) that
satisfies the differential equation identical for all x in I [1]. A solution
of a differential equation with arbitrary parameters is called a general
solution. A solution of a differential equation that is free of arbitrary
parameters is called a particular solution [1]. A solution in which the
de-pendent variable is expressed solely in terms of the independent
variable and constants is said to be an explicit solution. A relation G(x,y)
is said to be an implicit solution of an ordinary differential equation on
an interval I, provided there exists at least one function f that satisfies
the relation as well as the DE on I [1]. Moreover, solution of differential
equations is classified as trivial and non-trivial solutions, general and
particular solutions and explicit and implicit solutions.

Now we define exact n — th order linear ordinary differential
equations. An exact n — th order linear ordinary differential equation isa
linear ordinary differential equation which is derived by differentiating
a linear ordinary differential equation of order n — 1. The first integral
of an exact n — th order linear ordinary differential equation is a linear
ordinary differential equation of order n — I that gives an exact n —
th order linear ordinary differential equation by its differentiation [3].
Finally, we introduce and solve n — th order linear ordinary differential
equations if their (n — 1)" integrals exist.

Motivation

Research questions: Here we would like to raise two basic
questions.

1) Does solution method for solving higher order linear differential

equations in general exist?

2) Does solution method for solving (n — 1)* stage exact differential
equations of order n in general exist?

There does not exist any method to solve second order linear
differential equations except in a few rather restrictive cases [4]. Thus,
there does not exist any method to solve higher order linear differential
equations in general except in a few rather restrictive cases. We would
like to develop theories on (n — 1)" stage exact differential equations of
order n to answer the second question.

Research method

Mainly, we use mathematical induction method to derive
the (n—1)" integral of differential equations of order n. In
addition, we apply integration techniques that help to show the
validity of induction step. Activity Find the general solution of

2y — 2xy(1) + xzy(z) - x3y(3) =y expx

Linear First Order Differential Equation and Its
Solution

The linear first order ordinary differential equation with unknown
dependent variable y and independent variable x is defined by

ap(@)y +ay )y = g(x): (4.1)
The general solution of the equation in equation 4.1 is given by

ju(x)g(x) ax
y= a; 5 (42)
u(x)
where 4() = exp(| (‘;Og)’wac) (5]
1

Lemma 4.1: Let f (x) and g(x) be continuously differentiable
functions of x. Then

[ 1™ @)dx = [ 200 M 1" dx+ Y[ 0 fE D@01 (4.3)
k=1
Vn=1,2,3,
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Proof:

we apply mathematical induction method on n to prove this lemma.
step 1

for n = 1, the result is true by integration by parts method.

step 2

suppose that

[ /g = [ g0 f P+ 3 g () /ED (o) (44)
k=1
step 3

[r0)g" ™D @)dx = [ £(x)g™)" (x)dx
= [P0 ()1 dx
£ 30 () 6D (1)
k=1
=) " (x) = [ g(x) " (x)(-1)" dx

. i[g(nu—k) (0D (1]

k=1
= [g(x) "D x)(-1)" dx

n+l
+ 21" P s D o Ent)
k=1
Hence proved
Exact Higher Order Differential Equations

First integral of exact higher order differential equations

Definition 1 (Exact higher order differential equations):
The n—-th order linear ordinary differential

Go(x, . yD 07D 5y 2 g s said to be exact differential equation

equation

[3] if there exists (n — 1) — th order linear ordinary differential equation

G1(x,y,y(l),- -, y1=2) =Dy _ g such that

d - - -
E(Gl(x,y,y(”,m,y(" 20 = Gy e,y P, 7Dy

Here G (x,y,y(l),n~,y("_2),y("_1)) =01is called the first integral of
Gy, y V.o yD My =0

Definition 2 (The exactness condition of higher order differential
equations): The exactness condition of n — th order linear ordinary

differential equation a;y+ap,y) + +a1(,,)y(” D +ay(y l)y(") = h(x)

n+l . .
is X laf )=/ M1=03].
j=
Lemma 5.1 (The first integral of exact higher order linear
ordinary differential equation): The first integral of exact n — th order

linear ordinary differential equation [3]

(n

ayy+appy® 4o+ a(n)y R a1(n+1)y(") =h(x) is

by + by et by "D = jh(x)dx +c, where

n+l
hy= Llaliray (D= 0% =12

Multistage exact higher order differential equations

Definition 3 (The k-th stage exact higher order differential
equations): The n—th order linear ordinary differential equation

Go(x, 3,3V, "D 3y~ is said to be the k—th stage exact
differential equation

if G,y y M, 772 5 1=i=Dy _ g is the first integral of
G;(x,y,y Do, y1=17D (=D g Vi=0, Vi=0,1,2,--, k-1

and

_ d* e _
Go(x, y, o,y 1),y("))=J[Gk(x,y,y(');”,y(" k=D yn=khyy

Here @G, (, 3,y y(7KD =0y — 0 s called the k-th
integral of Go(x,y,y(l),--',y("_l),y(")) =0-

Definition 4 (Higher integral of functions of single variable):
The n-th integral of continuously integrable function h(x), denoted by
<> is defined by p<"> = J'h<”*1>dx . Here note that 4<% = h(x) -

Note: A differential equation of order n has its (n— l)’h integral if
and only ifitis (n— 1)”’ stage exact differential equation.

Definition 5 (Recursive coefficient functions of multistage exact
higher order differential equations): Let a;(x)(j=L12,...,n) be
continuously differentiable coefficient functions of the (n—1)" Stage
Exact (n— l)th order linear nonhomogeneous DE

) _
ayy +apyD ++ a7+ @y =hx) G1)

Then we define the continuously differentiable coefficient function

a;;(x) of the reduced (n— i)’h order linear nonhomogeneous DE
: i~k
ClX

any+apy M+t ay, iy *ai()1+1—i)y(n7i) = zt: = )+h<> (5.2)
= (-0
by
n+2—i—j
a;(0= Y (a0 (5.3)

(i=2,...n) and (j=12,...n+1-1i)
Lemma 5.2:
aginy(j-1 () + a<i+1>(j)(”(x) = a;;(x)

Proof:

It follows from the definition of ;(x) that

A1y j—1) (X) + a(i+1)(j)(1)(x) = a;(x) -

Lemma 5.3:

() RN forn = r+1) = agy ) (N forn =)+ affycl 5= (-1 7
Proof:

It follows from the definition of @;;(x) that

a1y ) Jorn = r+1) = a1y (D forn =)+l 5D (=17

Lemma 5.4:

A1) (r+1-i) (X) = Ay 2y (X)
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Proof:

For n = r + 1, it follows from the definition of aij(x) that

A1) (r41-0) (X) = Ay 2=y (X) -

Theorem 5.5:

n—i+l

.[[ z (ﬂ(,)(j)y ))]

- .
= Z(a(H])(j)y(j )

S Z "W DY) ydeVi=1,2,n 2

Proof:

(Q10))

We apply mathematical induction method on n to prove this

theorem.

Step 1

We shall show this holds for n = 5. i = I when n = 5. Let’s consider
the following expression.

3 1
J.[Z(a(n(j)y(r ))]Z
J=1

I(a(1)( )y(j D)
=

J. (aqymyy)dx + f(au)(z)y( ))dx + j(a(l)(S)y( ))dx
= [(aqya)dx +aqya)y = [ (afy) )
+aga = [ afg)yDdx
= [ (g + agyayy = [ (afg)2)0)dx
+agey " ~lag)ey - [
= [(agyy)dx + agyayy = [ (afg)2)0)dx
+aqyay " - afsy + [(@agip)ds
= i@y~ alfi + alf)71ds + agyy
+agyy P - “((11))<3>y
- [(aqyay — “((11;(2) + 0823)» ldx +[aqy2) = a((ll))(3)]y
+agyay?
= i@y~ ala) + aflsy 1 + gy

1
+ “<2>(2>y( )

Thus, for n=3 this theorem holds.

Step 2

Suppose that the theorem is true for n=r.

That is,

r—i+l )
.[ Z (@@ V™1
r=i (j-1)
=2 (g ™)
=

r+l—i .
Y @ i =120 -2
j:

step 3
r—i+2 (-1
I[ 2 (agy Y ]
Jj=1
a0 S G
=llagyr+2-i)y + 2 gy T )lax
=
j[a(l)(r+2 z)y dx+I[ Z (a( Y )y(j ))]
r—i i
= X (g V™)
=1
r+l-i (-1) 41
S @)y
=
+ a2 1 ma
TG 41y (i)
+ z [(a(,j)(Hz ,)( /")y = ]
=
S (D
= 2 (agn ™)
Jj=1
r+2—i (-1) i
0SS @y My
=

+1-
Z (,)(Hz G /Yy U= by Lemma2.4 and step2

r=i
-1
= 2 @ ™)
=
N 2 Gy
r+l-
+ Z:‘ (a;l')z'rlJrlz j]%( 1)r+|7i7-/)y(~/7l)] byletting s—1=r+1-i—j
r—i
-1
=2 (a(i+])(j)y(j )
J=1
r+2-i (j-1) il
0SS @ ey My
=

2[( s ()07
Jj=1

+ a(i)(r+2—i)y(r7l)
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= zua(m)(,)y R Al Co D Vi)

r+2—i (-1) A
U Y @D En v
j:

+ a2y

r—i .
= Z[(a(iﬂ)(j)y(] "]
j=l

r+2—i (-1 1
0SS @D ey iy
=i
+ a(l-)(Hz_l-)y(r*i) byLemma3.3

2 (a(z+1)(,)y )

r+2-i (-1) i

H0Y @D ey Mpar
j=l

+ A1) (41— l)y Dby Lemma 3.4

r+l—i

= ¥ Lagsny V™
Jj=1

r+2—i (j-1) il
HUY @D ey My
j=l
Hence proved

n+l—i . .
Corollary 5.6: If Z (“gf)(_jl-g(*l)”l)zo Vi=1,2,---,n—2 > then

'[[ z (a(z)(j)y(j ))]dx Z(a( +1)(])y(l ))+c
Jj=1

Vi=1,2,n-2

Definition 6 (Multistage exactness conditions of multistage
exact higher order differential equations): The k — th stage exactness

condition of n — th order linear ordinary differential equation
any+apy M+ +ay, )y( 1)‘Hl1(n+1)y("):h(x)is
n+2-k ) 4
Y lah D=0
j=1
S QU 1Y 2 0 i
Theorem 5.7: If ) (aghyD/"7)=0Vi=12,--,n -2 then
j=l
S -1
2 (a jy(ﬁ ))=h(x) can be reduced to a
j=1
M _ n-2) epx" !
Yn-1)1)Y +an-1)2)Y" =1 (h(x))+ Z(ﬂ)
Proof:

From corollary 5.6, we have

—i+1 . n—i .
It > (ap V=Y @y ) HeVi=12, -2 (5.4)
j= =

First we show that

"Zm(a( Y= Z (C"x o >+1" D (h(x))
Vl =12,---,n—2.
Now we apply mathematical induction on i.
Step 1
n-1 _ n .
Fori=2, 3 (@) =[5 (Ui +e = [
Step 2 - -
Suppose that
n—i+1

> (app ™= Z( o k),)+1(’ D(h(x)) step 3
Jj=1

consider
n—i

i n—i+l i
> @y )t _1))=I[ > (a(i)(j)y(’ Dyjdx+e
j=1 /—1

—J[z(

)d + 1D ()] +e

Yd + (197D (h(x)))dx + ¢

—I[z((_k),

I M~

2 (C’fx k),)dx] + O +e
Ckxi—k+l o
P m)] +(IM(h(x) +c

=3 [(%)1 + (1D (h(x))), where ¢ = ¢,
1

Therefore,

n—i+l

G-D X!
jz:, (a(,)(j)y )= Z(( i—k)!

Consider the following equation.

)+1<’ D(h(x)Vi=1,2,--,n =2 (5.5)

n—i+l

U3 @y a
=

- I[z(ck" )+ 107D (o))l

=2 ((—k)!
Lo (i-1)
- 21 k),)dx]+f[1 (hC)ld
l k+1 o
= N+I1V(h
Z:: Ry 1)| (h(x))
Therefore,
jn i+1 (-1 ckx i—k+1 ) )
[2 (ay Y™ )]dx—Z[( L 1000 Yim12:n2 (5.6)

From equations in equation 5.4 and 5.6, we have

n=i pa
GDygem
jzl(”<z+l><z>y’ Jre= ZK( “k+ D)

N+ IO h(x)) Yi=1,2,-,n-2 (5.7)
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In particular, for i = n — 2 we have

n—k-1

a1y + a-ny =172 () + Z(%)

Hence proved

Corollary 5.8 (The k—th integral of multistage exact higher order
differential equations): The k — th integral of multistage exact higher
order differential equation

a11y+“12y()+ tayy, )y( )+all(n 1)y
—k+ +1 k—s+

Z (a(k+1)(])y(J ))—Z(Cki +1)')+h<k>
2 (
Note The (n—-1)" 1ntegral of multistage exact higher order
differential equation

@

=h(x) is

(n—1

apy+apy +o At ay gy )+a1(n+l)y(n)=h(x)is

))_Z(s )+h<nl>

a
Z( ()1)(j)y ~ (n—s)!

Derivation of (n-1)" Integral of Differential Equations
of Order n

Lemma 6.1: a;(,,1_;) = a;,,Vi= 2,3,--,n

Proof:

From definition of a,-j , we have

Bi(nt1-i) = Yirly(n—i)» Vi =2,3,n = 1.

We apply mathematical induction method onito prove this lemma.
Step 1

For i =2, ay(,-1y = a1, by definition of @; .
Step 2

suppose that @,(;41-r) = a1 .

step 3

consider d(, 1)) -

A(r41)(n-r) = (r)(n+1-r) » DY definition of a;
=ay, by step 2
Hence proved

Here observe that @,5 = @y(;,11)

Lemma 6.2: a,_;); =ag, 1) + (i—l)al(il), Vi=123,,n-1

Proof:

We apply mathematical induction method onito prove thislemma.
step 1

For i = I, the result is true.

step 2

suppose that d,_y, = a1y +(r — 1)a1(,11) .

step 3

consider Ap—r-1)(r+1) -

1 ..
Aner1)(r+1) = Yry(n-r) + al(n) by definition ofal-j

4 @

=ag_y +(r—Day, +ay,
=4t ral(llq)

Hence proved

Here observe that @,y = aj¢,) +(1— n)a1((121+1) .

Since the (n-1)" integral of multistage exact higher order
differential equation

ayy+appy® 4t “l(n)y(n_l) + aygenyy " = hx) is

Z(a(n)(J)y(j D)= Z( D + >
j 1 ( - )

—S
we have () + )" = Z ((n s)|)+h<n71>

-S
Therefore (aj(y) +(1- ”)“1(n+1))y +“1(n+1)y( )= Z ((n s)')”ﬁm1>
is the (n—1)" integral of multistage exact higher order differential

0] (n—

equation @1y +apy  +- -+ ay,,)y Dt al(n+1)y =h(x).

Solution of (7 —1)"” Integral of Differential Equations of
Order n

n n—s
1 CgX
We know that (a1 +(1- n)a]((,)7+]))y + al(n+1)y(1) =y (7(; — s)') +h
s=2 :

is the (n—1)" integral of multistage exact higher order differential
D 4y " = h(x) . This

equation is first order linear ordinary differential equation. Thus, its

<n—I>

equation aj;y+ alzy(l) Tt Ay

general solution is given by

I H(x)g(x) dx
ye a s (5.1)
4(x)

<n—-1>

€) cgx"™ -
Where 4(x) = exp( | o) ° 5% g(x)—22<m)+h ,

g (%) = (ay(y +(1- n)afé),m) and a;(x) = dy(a1) .
Result and Discussion

We derived the reduced differential equation the so called k — th
integral of multi-stage exact higher order differential equation of order
n. Let’s discuss about the general solution of multistage exact higher
order differential equation. We reduced the (n —1)th stage multistage
exact higher order differential equation of order n to first or-der linear
differential equation. Note that an exact higher order differential
equation may or may not be a multistage exact higher order differential
equation. However, all multistage exact higher order differential
equations are exact higher order differential equation.

Conclusion

In this manuscript, we introduced multistage exact higher
order differential equation. In particular, we reduced the (n—l)’h
stage multistage exact higher order differential equation of order
n to first order linear dlfferentlal equation. Moreover, we found the
general solution of the (n—1)" stage multistage exact higher order
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differential equation of order n. Therefore, the general solution
of the (n—1)" multistage exact higher order differential equation

ayyy -+ apy™ +o 4y + a0 " = h(x) s given by
Iﬂ(x)g(x) dx
y=—-a
u(x) @
ap(x n n-s
where £(x) = exp(| ( )dx) , =S &y,
I ™) 80 2

ag(x) = (@) + (1 =m)aj(),;)) and 61 () = dygay
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