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Abstract
We described the structure of jordan δ-derivations and jordan δ-prederivations of unital associative algebras. We 

gave examples of nonzero jordan 1
2

-derivations, but not 1
2

-derivations.

Keywords: δ-derivation; Jordan δ-derivation; Associative algebra;
Triangular algebras

Introduction
Let Jordan δ-derivation be a generalization of the notion of jordan 

derivation [1,2] and δ-derivation [3-14]. Jordan δ-derivation is a linear 
mappings j, for a fixed element of δ from the main field, satisfies the 
following condition 

2( ) ( ( ) ( ))δ= +j x j x x xj x .                (1)

Note that various generalizations of Jordan derivations have been 
widely studied [15-17]. If algebra A is a (anti) commutetive algebra, 
then jordan δ-derivation of A is a δ-derivation of A.

In this paper we consider jordan δ-derivations of associative unital 
algebras. Naturally, we are interested in the nonzero mappings with

0,1≠ , 1 and algebras over field with characteristic 2≠p . In the main 
body of work, we using the following standard notation

[ , ] ,= − ° = +a b ab ba a b ab ba .

Jordan δ-derivations of Associative Algebras
In this chapter, we consider jordan δ-derivations of associative 

unital algebras. And prove, that jordan δ-derivation of simple 
associative unital algebra is a δ- derivation. Also, we give the example 

of non-trivial jordan 
1
2 -derivations.

Lemma: Let A be an unital associative algebra and j be a jordan 

δ-derivation, then 1
2

δ = and 1( ) ( )
2

= +j x xa ax , where [x, [x, a]] = 0 for
any x ∈ A.

Proof: Let x = 1 in condition (1), then j(1) = 0 or 1
2

δ = . If j(1) = 0, 
then for x = y + 1 in (1), we get

( 1 1 ) ( ( ) 1 1 ( ) (1) (1))δ⋅ + ⋅ = ⋅ + ⋅ + ⋅ + ⋅j y y j y j y j y y j .

That is, if j(1) = 0, then j(y) = 0.

If 1
2

δ = and j(1) = a, then 1( ) ( )
2

= +j x xa ax . Using the identity (1), 
obtain

22 ( ) ( )° = ° + °x a x a x x x a
and

2 2 2+ =x a ax xax .

That is [x, [x, a]] = 0. Lemma is proved.

It is easy to see, that mapping 1( ) ( )
2

= +j x xa ax , where [x, [x, a]] = 0 

for any x ∈ A, is a jordan 1
2

-derivation. Using Kaygorodov et al. [6]
1
2

-derivation of unital associative algebra A is a mapping Ra, where Ra -

multiplication by the element in the center of the algebra A.

Below we give an example of an unital associative algebra with a 

Jordan 1
2

- derivation, different from 1
2

-derivation.

Example: Consider the algebra of upper triangular matrices of size 
3×3 with zero diagonal over a non-commutative algebra B. Let A# be 
an algebra with an adjoined identity for the algebra A.  Then, easy to 
see, that for any elements X, Y ∈ A#, right [X, Y ] = me13 for some m ∈ 
B. So, for a = t(e12 + e21) and t ∈ B, will be #[ , ] 0≠A a , but [X, [X, a]]

= 0. So, using corollary from Lemma, mapping 
1( ) ( )
2

= +j x ax xa is a

jordan 1
2

- derivation of algebra A#, but not 1
2

- derivation of algebra A#

and #( )a Z A∉ .

Theorem 1:  Jordan δ-derivation of simple unital associative 
algebra A is a δ-derivation.

Proof: Note, that case of δ = 1 was study in Herstein et al. Cusack 

et al. [1,2]. It is clear, that the case 1
2

δ =  is more interesting. Using 

Herstein et al. [18], ( ) / ( )−=L A Z A is a simple Lie algebra. Clearly,
that [[a, x], x] = 0 and [[x, a], a] = 0. Using roots system of simple Lie 
algebra [19], we can obtain, that a ∈ Z (A), so [A, a] = 0. Which implies 

that the mapping j is a 1
2

- derivation. Theorem is proved.

Jordan δ-pre-derivations of Associative Algebras
Linear mapping ζ be a prederivation of algebra A, if for any 

elements x, y, z ∈ A: 

     ζ(xyz) = (x)yz + xζ(y)z + xyζ(z).

Prederivations considered in Burde and Bajo et al. [20, 21]. Jordan 
δ-prederivation ς is a linear mapping, satisfies the following condition

3( ) ( ( ) ( ) ( ))ς δ ς ς ς= + +x x xx x x x xx x .   		   (2) 

The main purpose of this section is showing that Jordan 
δ-prederivation of unital associative algebra is a jordan derivation or 
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jordan 
1
2

- derivation.

Theorem 2: Let ς be a jordan δ-prederivation of unital associative 
algebra A, then ς is a jordan 1

2
 - derivation or jordan derivation.

Proof: Note, that if ς is a jordan δ-prederivation, then (1) 3 (1)ς δς= . So, 

(1) 0ς = or 1
3

δ = . If
1
3

δ = , then

13 2 2 2( 3 3 1) ( 2 1) ( 1) ( 1) ( 1)( 1) ( 1)( 2 1))
3

ς ς ς ς+ + + = + + + + + + + + + + +x x x x x x x x x x x x .

That is, we have
2 29 ( ) 6 ( ) 3 ( ) 3 (1) ( ) ( )ς ς ς ς ς ς+ = ° + ° + ° +x x x x x x x x x x .

Replace x by x + 1, then obtain

2 ( ) (1)ς ς= ° = °x x x a .

So, using (2), we obtain
13 2 2( ( ) ( ) ( ) )
3

° = ° + ° + °x a x x a x x a x x a x .

That is

3 3 2 2+ = +x a ax x ax xax .

We easily obtain
2[ ,[ , ]] 0=x x a .

Replace x by x + 1, then obtain [x, [x, a]] = 0. Using Lemma, we 

obtain that ς is a jordan 1
2

-derivation. The case ς (1) = 0 is treated 

similarly, and the basic calculations are omitted. In this case, we obtain 
that ς is a jordan derivation (for δ = 1) or zero mapping. Theorem is 
proved.

Jordan δ-derivations of Triangular Algebras
Let A and B be unital associative algebras over a field R and M be an 

unital (A, B)-bimodule, which is a left A-module and right B-module. 
The R-algebra

( , , ) : , ,
0

   = = ∈ ∈ ∈  
   

a m
T Tri A B M a A b B m M

b
under the usual matrix operations will be called a triangular algebra. 
This kind of algebras was first introduced by Chase [22]. Actively 
studied the derivations and their generalization to triangular algebras 
[15- 17, 23].

Triangular algebra is an unital associative algebra and triangular 
algebras satisfy the conditions of Lemma. So, if j is a jordan δ-derivation 

of algebra T, then 1
2

δ = and there is C, which 1( ) ( )
2

= +j X CX XC , where 
*

0
 

= 
 

a m
C

b for any X ∈ T.

Also,

* , , 0
0 00

           =            

a m x m x m
y yb

for any , ,∈ ∈ ∈x A y B m M . Easy to see, mapping : →j A AA , satisfing 

condition 1( ) ( )
2

= +j x ax xaA and : →j B BB , satisfing condition 
1( ) ( )
2

= +j x bx xbB , are jordan 
1
2

 -derivations, respectively, of algebras 

A and B. Also, for m = 0, y = 0 and x = 1A we can get

m∗ = 0.    					                     (3)

On the other hand, for x = 0 and y = 1B, we can get

mb = am.   					                   (4)

Theorem 3: Let A and B be a central simple algebras, then jordan 
δ-derivation of triangular algebra T is a δ-derivation.

Proof: T is an unital algebra and we can consider case of 1
2

δ = . Algebras 

A and B are central simple algebras, then 1α= ⋅a A and 1β= ⋅b B . 

Using (4), we obtain 1 , 1α α= ⋅ = ⋅a bA B . So, jordan 1
2

- derivation of 

T is a 1
2

- derivation.

Theorem is proved.

Theorem 4: Let A be a central simple algebra and M be a faithful 
module right B-module, then jordan δ-derivation of triangular T is a 
δ-derivation.

Proof: T is an unital algebra and we can consider case of 1
2

δ = . 

Algebra A is a central simple algebra, then 1a Aα= ⋅ . Using (4), we 

obtain αm = mb. The module M is a faithful module, we have 1α= ⋅b B . So, 

jordan 1
2

- derivation is a 1
2

-derivation. Theorem is proved.

Comment: Noted, using the example if non-trivial jordan 1
2

-derivation, but not 1
2

-derivation, of unital associative algebra, we 

can construct new example of non-trivial jordan 1
2

-derivation of 

triangular algebra. For example, we can consider triangular algebra
# # #( , , )Tri A A A , where A# is a bimodule ovar A#. In conclusion, the 

author expresses his gratitude to Prof. Pavel Kolesnikov for interest 
and constructive comments.

References

1.	 Herstein IN (1957) Jordan derivations of prime rings. Proc Amer Math Soc 8: 
1104-1110. 

2.	 Cusack JM (1975) Jordan derivations on rings. Proc Amer Math Soc 53: 321-
324. 

3.	 Filippov VT (1998) δ-Derivations of Lie algebras. Sib Math J 39: 1218-1230. 

4.	 Filippov VT (1999) δ-Derivations of prime Lie algebras. Sib Math J 40: 174-184. 

5.	 Filippov VT (2000) δ-Derivations of prime alternative and Maltsev algebras. 
Algebra Logika 39: 354-358. 

6.	 Kaygorodov IB (2007) δ-Derivations of simple finite-dimensional Jordan super 
algebras. Algebra and Logic 46: 318-329. 

7.	 Kaygorodov IB (2009) δ -Derivations of classical Lie super algebras. Sib Math 
J 50: 434-449. 

8.	 Kaygorodov IB (2010) δ -Super derivations of simple finite-dimensional Jordan 
and Lie super algebra. Algebra and Logic 49: 130-144. 

9.	 Kaygorodov IB Zhelyabin VN (2011) d-Super derivations of simple super 
algebras of Jordan brackets. Algebra i Analiz 23: 40-58. 

10.	Kaygorodov IB (2012) δ-Derivations of semi simple finite-dimensional Jordan 
super algebras. Mathematical Notes 91: 200-213. 

11.	Kaygorodov IB Generalized δ -derivations. Sib Math J. 

12.	Kaygorodov IB δ -Derivations of n-ary algebras. Izv RAS. 

13.	Kaygorodov IB (2011) (n + 1)-Ary derivations of simple n-ary algebras. Algebra 
and Logic 50: 470-471. 

http://www.ams.org/journals/proc/1957-008-06/S0002-9939-1957-0095864-2/S0002-9939-1957-0095864-2.pdf
http://www.ams.org/journals/proc/1957-008-06/S0002-9939-1957-0095864-2/S0002-9939-1957-0095864-2.pdf
http://www.ams.org/journals/proc/1975-053-02/S0002-9939-1975-0399182-5/
http://www.ams.org/journals/proc/1975-053-02/S0002-9939-1975-0399182-5/
http://www.researchgate.net/publication/242951445_-derivations_of_prime_Lie_algebras
http://link.springer.com/article/10.1007%2FBF02681620#page-1
http://link.springer.com/article/10.1007%2FBF02681620#page-1
http://connection.ebscohost.com/c/articles/27455532/d-derivations-simple-finite-dimensional-jordan-superalgebras
http://connection.ebscohost.com/c/articles/27455532/d-derivations-simple-finite-dimensional-jordan-superalgebras
http://link.springer.com/article/10.1134%2FS0001434612010208#page-1
http://link.springer.com/article/10.1134%2FS0001434612010208#page-1
http://link.springer.com/article/10.1007/s10469-011-9157-2
http://link.springer.com/article/10.1007/s10469-011-9157-2


Citation: Kaygorodov I (2015) Jordan δ-Derivations of Associative Algebras. J Generalized Lie Theory Appl S1: 003. doi:10.4172/1736-4337.S1-003

Page 3 of 3

J Generalized Lie Theory Appl Algebra, Combinatorics and Dynamics ISSN: 1736-4337 GLTA, an open access journal

14.	Zusmanovich P (2010) On δ-derivations of Lie algebras and super algebras. J
of Algebra 324: 3470-3486. 

15.	Benkovic D (2005) Jordan derivations and antiderivations on triangular
matrices. Linear Algebra Appl 397: 235-244. 

16.	Majieed A, Zhou J (2010) Generalized Jordan derivations associated with
Hochschild 2-cocycles of triangular algebras. Chechoslovak Math J 60: 211-
219. 

17.	Wei F, Xiao ZH (2010) Jordan higher derivations on triangular algebras. Linear 
Algebra Appl 432: 2615 -2622. 

18.	Herstein IN (1961) Lie and Jordan structures in simple, associative rings. Bull
Amer Math Soc 67:  517- 531. 

19.	Kac V (1990) Infinite-dimensional Lie algebras. Cambridge University Press, 
Cambridge. 

20.	Burde D (2002) Lie Algebra Pre derivations and strongly nilpotent Lie Algebras. 
Comm in Algebra 30: 3157-3175. 

21.	Bajo I (1997) Lie algebras admitting non-singular pre derivations. Indag
Mathem 8: 433-437. 

22.	Chase SU (1961) A generalization of the ring of triangular matrices. Nagoya 
Math J 18: 13-25. 

23.	Wei F, Xiao Z (2011) Higher derivations of triangular algebras and its
generalizations. Linear Algebra and its Applications 435: 1034-1054. 

This article was originally published in a special issue, Algebra, Combinatorics 
and Dynamics handled by Editor. Dr. Natalia Iyudu, Researcher School of 
Mathematics, The University of Edinburgh, UK

http://www.researchgate.net/publication/222379630_Jordan_derivations_and_antiderivations_on_triangular_matrices
http://www.researchgate.net/publication/222379630_Jordan_derivations_and_antiderivations_on_triangular_matrices
http://link.springer.com/article/10.1007/s10587-010-0010-x
http://link.springer.com/article/10.1007/s10587-010-0010-x
http://link.springer.com/article/10.1007/s10587-010-0010-x
http://www.sciencedirect.com/science/article/pii/S0024379509006314
http://www.sciencedirect.com/science/article/pii/S0024379509006314
http://projecteuclid.org/euclid.bams/1183524377
http://projecteuclid.org/euclid.bams/1183524377
http://www.cambridge.org/us/academic/subjects/mathematics/algebra/infinite-dimensional-lie-algebras-3rd-edition
http://www.cambridge.org/us/academic/subjects/mathematics/algebra/infinite-dimensional-lie-algebras-3rd-edition
http://homepage.univie.ac.at/dietrich.burde/papers/burde_14_preder.pdf
http://homepage.univie.ac.at/dietrich.burde/papers/burde_14_preder.pdf
https://projecteuclid.org/euclid.nmj/1118800586
https://projecteuclid.org/euclid.nmj/1118800586
http://www.sciencedirect.com/science/article/pii/S0024379511001479
http://www.sciencedirect.com/science/article/pii/S0024379511001479

	Title
	Corresponding author
	Abstract
	Keywords
	Introduction 
	Jordan δ-derivations of Associative Algebras 
	Jordan δ-pre-derivations of Associative Algebras 
	Jordan δ-derivations of Triangular Algebras 
	References

