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Abstract

In this paper, we study weak bialgebras and weak Hopf algebras. These algebras form a class wider than
bialgebras respectively Hopf algebras. The main results of this paper are Kaplansky’s type constructions which lead to
weak bialgebras or weak Hopf algebras starting from a regular algebra or a bialgebra. Also we provide a classification
of 2-dimensional and 3-dimensional weak bialgebras and weak Hopf algebras. We determine then the stabilizer group
and the representative of these classes, the action being that of the linear group.
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Introduction

Motivated by quantum symmetry and field algebras, the weak
coproduct was introduced first by Mack and Schomerus [1,2]. The
weak bialgebras were introduced by B6hm et al. [3] with a motivation
from operator algebras and quantum field theory. The weak Hopf
algebras, called also quantum groupoids, appeared also in dynamic
deformation theory of quantum groups [4]. Weak bialgebras and weak
Hopf algebras were developed from the algebraic point of view and
have been considered by several authors in various settings [5-16]. The
weak bialgebras (resp. weak Hopf algebras) constitute a class wider
than bialgebras (resp. Hopf algebras) where we do not require the
conservation of the unit by the multiplication and the multiplicativity
of the counit.

The aim of this work is to provide some constructions of finite-
dimensional weak bialgebras starting from any algebras. These
constructions are inspired from the Kaplansky’s construction of
bialgebras [17] (Theorem 1.3). Also, we show that the set of weak
bialgebras (resp. weak Hopf algebras) forms an algebraic variety fibred
by a linear group action. The orbits under this action correspond to
isomorphic classes. Therefore, we determine up to isomorphisms all
the n-dimensional weak bialgebras and weak Hopf algebras with n < 3,
for which we compute the corresponding stabilizer subgroups.

In the first Section of the paper we summarize the definitions and
the main properties of weak bialgebras and weak Hopf algebras. Section
2 is dedicated to Kaplansky’s type constructions, we provide several
constructions of weak bialgebras (resp. weak Hopf algebras) starting
from any algebra or bialgebra (resp. Hopf algebra). In the last Section,
we establish a classification up to isomorphism of n-dimensional weak
bialgebras and weak Hopf algebras for n < 3. Then we compute their
stabilizer groups.

Generalities

Throughout this paper K is an algebraically closed field of
characteristic 0. In this Section, we review briefly the algebraic theory
of weak bialgebras and weak Hopf algebras, [18-20] for bialgebras and
Hopf algebras theory. Let V be a finite-dimensional K -vector space.
In the sequel we use Sweedler’s notation for a comultiplication A, that
is A=) x(1) ® x(2),Vx €V . The summation sign is omitted when

e
there is no ambiguity.

A bialgebra is a K -vector space V equipped with an algebra
structure given by a multiplication m and a unit € and a coalgebra
structure given by a comultiplication A and a counit ¢, such that there
is a compatibility condition between these two structures expressed by
the fact that A and ¢ are algebra homomorphisms, that is for x, y € V

A(m(x ® y)) = A(x) * A(y) and &(m(x ® y)) = £(x)&(y) -

The multiplication « on V' & V is the usual multiplication on the
tensor product,

(x®y)'(x' ®y’)=m(x®x,)®m(y®y')-

The unit 7 is completely determined by 7(1), which we denote by 1.
It is assumed also that the unit 1 is preserved by the comultiplication,
thatis A(1) = 1&®1. A bialgebra is said to be a Hopf algebra if the identity
map on V has an inverse for the convolution product defined by

frg=m(f®g)A - (1.1)

The unit for the convolution product being n°¢ . For simplicity, the
multiplication m is denoted by a dot when there is no confusion. In the
following, we recall the definition of weak bialgebra.

Definition 1.1: A weak bialgebra is a quintuple B=(V,m,n,A,¢),
where m: V. Q V> V (multipli-cation), n : K > V (unit), A: V> VQ®
V' (comultiplication) and € : V> K (counit) are linear maps satisfying:

(1) The triple (V, m, 1) is a unital associative algebra, that is
m(m(x®y)®z)-m(x®m(y®z))=0 Vx,y,zeV> (1.2)
m(x®1):m(1®x):x VxeV, (1.3)
(2) The triple (V, A, €) is coalgebra, that is

(A®id)A(x) = (id ® ADA(x) VxeV, (1.4)
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(e ®id)A(x) = (id ® &)A(x) =id(x) VxeV> (1.5)
(3) the compatibility condition is expressed by the following three
identities:
Am(x® y) = 3 m(xq) ® y1) @m(x2) ®ya) VxX,yeV (1.6)
12)
(A®id)A() = (A1) ® 1)« (1® A(l) = 1® A()) * (A1) ®1),  (1.7)

e(m(m(x® y)® 2)) = &(m(x ® y1))) 6(m(yp) ®2)) Vx,p,z€V. (1.8)

Remark 1.2: The condition (1.6) means that A is an algebra
homomorphism. But condition (1.7) shows that ¢ does not necessarily
preserve the unit 1. If A(1) = 1Q1 then the condition (1.7) is satisfied.
Identity (1.8) is a weak version of the fact that e is an algebra
homomorphism in the bialgebra case. Indeed, if ¢ is an algebra
homomorphism then

&(m(x® yqy)) (m(yz) ® 2)) = (x)&(y1))e(¥2))€(2)
=e(x)e(ynye(y2))e(z) = e(x)e(y)e(2)
=g(m(m(x® y)® z))
When A(1) = 1Q1 then one can derive that the counit is an algebra
homomorphism, indeed
e(m(x® y)) = e(m(m(x ®1) ® p)) = £(m(x ®1)e(m(1® y)) = &(x)&(y) -
Hence a bialgebra is always a weak bialgebra.

One may consider a definition of weak bialgebras where counits €
are algebra homomorphisms. In this paper we consider weak bialgebras
where counits & are not necessarily algebra homomorphisms but satisfy
the identity (1.8).

Definition 1.3: A weak Hopf algebra is a sextuple
H=F,m,n,Ac¢,S), where (V,m,n,A,¢) is a weak bialgebra and S is
an antipode which is an endomorphism of V such asvx eV,

m(id ® S)A(x) = (¢ ®id)A(l)(x ®1)’ (1.9)
m(S ® id)A(x) = (id ® £)(1® x)A(1)> (1.10)
m(m®id)(S ® id ® S)(A ® id)A(x) = S(x)- (1.11)

Remark 1.4: The antipode when it exists is unique and bijective. It
is also both algebra and coalgebra anti-homomorphism.

Kaplansky’s Type Constructions of Weak Bialgebras

In this section, we provide constructions of finite-dimensional
weak bialgebras and weak Hopf algebras starting from any algebra
or bialgebra. These constructions are inspired by Kaplansky’s
constructions for bialgebras [17].

Theorem 2.1: Let A be any algebra (not necessarily unital) and B
be the result of adjoining to A two successive unit elements e and 1.
On the vector space B3 spanned by the vector space A together with
the generators {1,e}, we consider a comultiplication A and a counit ¢
defined by

AD) =(1-e)®(1-e)+e®e; 2.1)
Al@)=a®a VaeB\ {1} (2.2)
gla)=1 VYaeB\ {1}, (2.3)
e()=2. (2.4)
Then B becomes a weak bialgebra.

Proof: The identities (1.2), (1.3) are satisfied. In the

following we check the remaining identities in Definition 1.1.

First, we show that A is coassociative (1.4). Let, ae B\{1} we

have (A®id)A(a)=a®a®a=(id ®A)A(a).- We have also

(A®id)AQ) = (id ® A)A(1) since

(A®id)A() = A1) ®1-A() ®e—A(e) ®1+2A(c) ®e

=1®IR1-1®e®1-e®@1®1+2e®e®I-1Q1Q®e+1Q®e®e+
e®1I®e-2e®e®e—ePe®1+2ePRe®e
=1®IR1-1R®e®1-e®1I®1+eRe®1-1Q¥1Qe+1Qe®e+e®1I®e
=(1-e)®(1-e)®(l-e)+e®e®e.

and on the other hand

(id ® M)A = 1® A1) - 1® A(e) — e ® A(l) + 2¢ ® A(e)
=1QI®1-10e®1-e®IQ1+e®e®1-1Q1Qe+1Qe®e+e@I®e
=(1-0)®(1-e)®(l-¢)+e®e®e.

The identity (1.5) is also satisfied. Indeed, let a€ B\{1}

(e®id)A(a)=¢e(a)a=a=id(a),

(id ® e)A(a)=¢(a)a=a=id(a)

(e ®id)A(l) = ()] —e(De— ()l +2&(e)e =id (1),

({d ®e)A(l) =Dl -¢e(e)l —e()e+ 2&(e)e =id(1).

The comultiplication A is in fact an algebra homomorphism (1.6).

Indeed, let a,a,€ B\{1}, since a,.a,€ A we have

Aay)* May) =(a; ®@ay)*(ay ®ay) =ay-a; ®ay-ay = Aay - ap) -

Also, for a€ B\{1} we have

Aa)*Al)=(a®a)*(1®1-1@ec—e®1+2x1®1)

=a®a-a®a-a®a+2a®a=a®a=Aa).

Wecheckthe compatibilitycondition (1.7).Indeed, sinceeand 1-eare
orthogonal idempotent elements, thatis e-e=e,(1-¢)-(1-e)=1-e
and(1-e)-e=e-(1-e) =0, we have

A®AQ) (AN O =(1-e)®(l—e)®(1-e)+e@e® e = (A®id)A(L).
And similarly
(AN ®)+(1®AI)=(-e)®(1-e)®(I—e)+e®eDe=(AR®id)A().

Finally, we check that the identity (1.8) is satisfied for any
element in B Indeed, let a, a, a, € B with a, e B\ {1} . Since

a;-ay e BN\ {1} (resp. ay-ay e BN\ {1}), then (¢ -a,) a3 e B\ {l}
(resp. a1-(ay-a3)e BN\ {l}). Therefore &(a;-ay-az)=1 and
ela-ay)e(ay -az)=1.

Assume now that a, = 1, then the left hand side becomes
g(a-1-a3)=¢e(a-a3) and the right hand side writes
(ay-10))e(2) -a3) = &(ay -(1-e)e(1 ) -a3) + £(ay -e)e(e-a3). We consider the
following particular cases:

(1) a=landa=1

(- 1g)e(lz) - D=e(l-e)e(l-e) +e(e)e(e) =2 =&(1).

(2) a,=landa,#1

e(l-1gy)e(l) -a3) =e(l-e)e((1-e) - a3) + e(e)e(e-a3) = £(a3) =1.
(3) a#landa,=1

ela;-1qy)e(ly - D=¢e(a;-(1-e))e(l-e) + &(ay -e)e(e-1) = &(a) =1.
(4) a#landa#1

s(al 1(1))8(1(2) -a3) = 8((11 (1 *E))E((l 72) . a3)+ S(al -e)E(C . (l3) = E(al)s(a3) =1,
which is equal to €(a; - a3) because a; - a3 € B\ {1}
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This ends the proof that B is endowed with a weak bialgebra
structure.

Remark 2.2: The weak bialgebra obtained above is not a regular
bialgebra since for a a € B\{1}, we have

e(a.1) =1 and e(a) e(1)=2.

Corollary 2.3: Let A be an associative algebra with a unit 1. If A\
{1}, is a subalgebra and there exists an element e in A\{1}such thate.e=
eande. a=a. e =a for all a € A\{1}. Then there exists a weak bialgebra
structure on A given by:

AD)=(1-e)®(1-e)+e®e,

Ala)y=a®a, Yae AN {1},

e(l)=2,

gla)=1, Yae AN\ {l}.

Remark 2.4: The weak bialgebra B of theorem 2.1 is not always a weak
Hopf algebra with the antipode S = id. The identities (1.9),(1.10),(1.11)

are fulfilled for x = 1. But for x€ B\{1},, the identities (1.9),(1.10) lead
to the condition x . x = e while the identity (1.10) leads to( x . x). x = x.

Example 2.5: Let A be a 2-dimensional associative algebra with unit
1. We assume that e is an idem-potent element (e . e = e )different from 1
in A. Then there exists a weak bialgebra structure on A given by

AD)=(1-e)®(1-e)+e®e,

Ale)=e®e,

e)=2, e(e)=1.

Moreover, with S = id, the bialgebra A becomes a weak Hopf algebra.

Example 2.6: Let A=K x...K be an n-dimensional unital associative
algebra. Assume that b={e;},;<, is a basis of A such that e, = 1 and

{€i}2<i<n are orthogonal idempotent elements. Then there exist weak
bialgebra structures on A given by setting, for a fixed integer k€{2,...n},

A =(-¢)Q(l—¢)+e, Ve,

Ale)=¢; ®e;, i€{2,-n},

e)=2,

e(e)=1, ie{2,--n}.

In the following, we have the following more general result.
Theorem 2.7: Let A be a finite-dimensional unital associative algebra

with unit e, = 1. Let b=b Ub, be a basis of A with b ={e;};_;..., -
Assume that span(by) is a subalgebra of A and

€ €j =epax(i,j), Vi J =L D f=f-¢=f, Vf€by.
Then the comultiplication A and the counit ¢ defined by
A(ep) =e, ® e,

Alg) = (e; =€) B (e —ejyp) + Alejyy), Vii=1,,p=1,
AN =f®f, Vfeby,

gle)=p—i+l, Vi,i=1,---,p,

e(f)=1LVf eby,

endow A with a weak bialgebra structure.

Proof: The image by A of an element ep_j€bi=L-,p-1,can
written in the form:

Aler) = (6 = €i41) @ (¢ = €j1) + (€41 = €42) @ (611 =€i12) +o-+(¢po1 —€p) Blep_y —€p) +ep Dey,.
It follows for i=1,---,p—1 that A(e;—e; 1) =(¢; —€;41) ®(e; —e;yp)
and €(e; — ;1) =1. Let us show that A is coassociative. For i = 1,...,

p - 1, we have
(id ® A)A(¢;) = (id ® N)[(e; —€;41) ® (e —e€j41) - +(ep_1 =€) ®(e)_1 —€p) +e), Bep] =
(€ —€i11) @ (A(g) —Alejy))) -+ +(epot —€p) B (Alep_1) — Alep)) +ep ®Aley) = (€ —€j41) B (€ —¢€jy1)
®(e; ’L’Hl)*"”*’("p—l 7€p)®(ep,] 7ep)®(ep,l 7ep)+cp ®ep ®€p,
(A®id)A(e;) = (A®id)[(e; —ejr)) ®(e; —eipp) +---+(ep) —€p) ®(ep_j —ep)+ep ®ep]
:(A(ei)fA(eHl))@(ei7@1-4_1)+-~+(A(ep_1)fA(ep))®(ep_17ep)+A(ep)®ep
=(ej—€41)® (e —€;1 )@ (g~ )+ +(ep1 —€,)®(ep_| —€,)®(ep| —€p)+e, e, ®e,.
Then, (id®A)A(¢)=(A®id)A(e;). Obviously, one gets the
coassociativity for e, and any f€b,. We show that ¢ is a counit. For i =
1,...,p - 1 we have
(id ® £)A(e;) = (id ® )[(e; — ;1) ® (e; —ep) et ey —ep)®lep—ep)te, Bey]
= (e —eir)(e(g) —&(er))) +--+(ep_1 —ep)e(ep_1) —&lep)) +epslep)

=€ =i +e] ~ € F ey T ey ey ey e, =id(e),

(& ®id)A(e;) = (& ®id)[(e; — ¢i41) @ (¢ i)+ + (et —€) @ (e —p) e, O]

=(e(g) —e(eip))e; —epyy) +-- +(e(ep_1) —£(ep)Nepy —ep) +e(ep)e)

=¢ ¢ tei —eyp ety | tep | —epte, =id(g).

Then (id ® ¢)A(e;) =(¢ ®id)A(e;) =id(e;). The coassociativity is
obviously satisfied for the group like elements.

The comultiplication A is compatible with the multiplication.
Indeed, lete, e, €b,, i, k=1,...,.p - 1 and f€b,.

A@)* AU) =[(¢; ~€41) @ (6 — 11 + -+ (€pot — ) @ eyt —ep) +e, ®e,1(f @ 1)
=¢p [ @y [=fOf=Mef).
Similarly we have A(/)*A(e)=A(f¢).

Assume i > k, by a direct calculation we have

Ale)* Aeg) =[(e; —€i41) @ (e =€)+ (e —€p) Oy —ep) +e)p, ®ep]
(e —ex+1) @ (e —eps1) +-+(ep) —€p) @ (e —€)) +e, Bep]
=(¢—€11)® (g —ep) - +(ep —ep) Blep —€p) +ep ey, = Ale) = Ale; - )
Also for any f,, f,€b,, we have

A AR =N ® ) (28 f2)=fi- 2@ N fa =M1~ f2)-

In the following we check the identities (1.7). We have

[Ale)) ®ey]-[eg ® Aley)]=

[(ej—er)®(ej —er) Ve +-~+(ep,1 —ep)®(ep,1 —ep)®el +ep ®ep Re]-[e®(e—er)®
(g —ex)++e ®ley_1—€,)®(ep —¢p)+e ey ®ey]

=(e—e)® (e —€2)®(eg—ex) +-+-+(ep_1 —€p) ®lep_1 —€,) B(ep_ —€p) +e, Be, Bep,
and

[e ® Ae)] [Aley) ®e]=

[e;®(e) —er)®(e) —ex) +---+¢ ®(ep,| 7ep)®(ep,l 7ep)+e| ®ep®e[,].[(e| —0))®(e—e)®
e+t (epg 7ep)®(ep_lfep)®el+ep ®€p®€1]

=(e1=e)®(ep—ex)®(ep—ex)+---+(e)p1 —€p)®(ep_1 —€,)®(e)_| —ep) +e, ®e, ®e),.

Then [e; ® A(ey)]*[Ale) B e ]=[Ale) ®ey]*[e ® Aey)] = (A®id)A(ey).

Now we check the identity (1.8). We consider first a triple (e, e e).
Assume that j < k, in this case e(¢; -¢; - ¢5) = £(¢; - ¢ ) = p —max(i, k) +1.

On the other hand we have

(e-(ej)aye((e)) ) ) = (e -(ej —eju)e((ej —ejp) )+ +e(e - (epy —ep)e(ep1 —€p)-ex)
+e(e-ep)e(ey ) = £ - (e — epy1))E(eg —epy1) +-o-+ &6 (epy —ep))eep) —ep) +£(e-€))e(ey)

= (e~ (e 1)) + (¢ (e —epr2)) +-+ 8¢ - (epy —ep)) +8(e; - ep) = 2(e; - e) = &(e; - e 1) + &(e; - e i1)

—&(e;-epp)+elej-epyn)+—ele -e,,,l)+s(e,- -e,,,l)fe(el- -ep)+s(e, -e],) =¢(e;-ep) = p—max(i,k)+1.
Ifj > k, then &(e;-e; ) =(e;-e;) = p—max(i, j) +1.

Also
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&g -(ej)ay)e((e)) ) -ex) = &lei(ej —ejn))el(e; —ejup)-ep) -+ &(e-(epy —ep)e((ep_y —e€p)-ex)
+e(e-ep)e(ey ep) =e(e-(e;—ejn))elej —ejyy) + (g (e —€jip))eejuy —€jun) +- -+ (e - (ep-y —€p))
slep1—ep)+ale;ep)e(ey)=cle-(ej—ej))++ale(ep_1 —ep)) +ele-ep) =&(eej)— (g -ejyy)

+&(e; ve/+|)+-~—5(e‘ ~ep,l)+s(e, ve‘u,l)—.e(e1 vep)+s(e‘ ~ep) =&(e -ej):p—max([,j)+].

Fora triple (f, e, e), we obtain &(/-¢;-e;)=£(f) =1land on the other
hand

&(f(e)a)e((e) ) -ej) =&(f - (e —€i11))e((e; — 1) -€))) +--+&(f - (ep_1 —ep)e((ep —€p)-e€))

+e(fep)ele, -ej)=e(f-ep)ele,-ej) =&(f)eley) =1.

For a triple (a,, f, a,) where a , a €A we obtain e(a. f. a,)=¢(f) = 1
because a,. fand f.a, belong to span(b,) which is in fact an ideal. On the
other hand we have &(a-(/)1))e((/)2)-a2) =e(Ne()) =1.

We show in the following that the commutative algebra 4 =K x...
xK carries a structure of a weak Hopf algebra. To this end we write the
algebra in a suitable basis.

Proposition 2.8: Let A be a unital algebra with unit e, such
that on a basis {e}}j_p.., of A the multiplication is given by
m(e; ® ;)= epax(i, jys b =257 - Let B be the result of adjoining a
second unit e, = 1 to A. Set for a comultiplication A, a counit € and an
antipode S

Ale,)=e,®e,,

Ale) = (e —e;4) ® (e — i) + Alesyn),

e(g)=n—i+1, Vii=1---n,

S=id

Then B becomes a weak Hopf algebra.

Vii=l-n—1,

Proof: The structure of a weak bialgebra follows from the previous
theorem. It remains to verify the antipode’s identities (1.9)(1.10)(1.11).
Wehavefori=1,...,n-1

m(id ® S)A(e;) = m(A(e;)) = m((¢; = €;41) ® (¢ — €41+ + (€1 =€) ®(ey—1 —€y) +¢, ®ey)

=€ €y eyt m ey e — et e, =6,

(e ®id)[Aler) (¢ ®ep)]=(¢ ®id)([(e] —e2) ® (] =€) +-+++(ep—1 —€y) ®(ey—1 —€n)
+ep ® eyl (e ®ep)) =&(e; —eiy1)e —ejy1) ++e(en—1 —ep)ey—1 —en) + &(en ey =€ —ej4]

et e tep—| —ep Ty =6,
and similarly (id ® &)[(¢; ® ¢;) * A(e))] =¢;.
Thus (1.9)(1.10) hold.

The identity (1.11) is also satisfied, we use a previous calculation of
(A®id)(A(e)) and m((e; —e) ®(¢; — €)= ¢ — ¢y, then
m(m ® id)(S ®id ® S)A @ id(Ale;)) = m(m @ id)(id © id ® id (A ® id XA¢;))

= m(m ® id)(A @ id)(A(ej)) = m(m ® id)(e; ~ ei41) @ (¢ ~ €j41) +++ + (en—1 — ) ® (en—{ — ) + ey ®ey)
= (e =€i11)® (6 — 1)+ + (€1 = €n) ® (€1 = en) + & ® ) =€ = 5(e;).

The proof for en follows from easy direct calculations.

Remark 2.9: Similarly we may endow the algebra generated by n
orthogonal idempotent elements with the structure of weak Hopf algebra.
The algebra structure is isomorphic to the algebra structure considered in
Proposition 2.8, one may consider the same comultiplication and counit
as in this Proposition.

Now, we provide constructions of weak bialgebras starting from any
bialgebra. We show that any n-dimensional bialgebra can be extended to
(n + 1)-dimensional weak bialgebra.

Theorem 2.10: Let B be a bialgebra and e, its unit. We consider
the set B' as a result of adjoining a unit e, to B with respect to the
multiplication. We extend the comultiplication A and the counit € in the
following way

Ale)=(e—€)® (e —e)) +e; D ey,
g(e)=2.
Then B' becomes a weak bialgebra.

Proof: The identities (1.2)-(1.7) follow from the proof of Theorem
2.1 and the fact that A(e;)=e, ®e, and &(e;)=1. since B is a
bialgebra with unit e, It remains to check the compatibility of the
counit with the comultiplication. The identity (1.8) is satisfied when it
deals with 3 elements of B.

For a triple (e a, b), we have

e(er -aqy)e(aga) -b) = e(aqy)e(ae) -b) = e(elaqyagay -b) = ea-b) = e(ey -a-b).

The case of triples (a, b, el), is similar. Let us consider now
triples of the form (a, e, b). The left hand side of (1.8) becomes
&(a-e;-b) = &(a-b) and the right hand side writes

(a-er)e(e ) -b) =&la-(ey —e2))s((eg —e2)-b) +&(a-ey)e(ey - b).

We consider the following particular cases:

(1)a=e,andb=e,

e(er-ep))e(e ) e) =c(e —ey)e(e — &) + &(ey)e(ey) =2 = £(e).

(2)a=1landb=ze,

(e -en))eleyz) -b) = ele —e)e((e —ey) - b) + £(ey)e(ey - b) = (D).

(3)azeandb=ce,

e(a-eq))e(en)-e)=¢(a-(e —e))e(e —ey) +e(a-e))é(e; - ¢) = £(a).

(4)azlandb#1

&(a-eyqpy)e(era) b) = ea- (e —e)e((e; —ep)-b) + £(a-ex)e(e -b) = £(a)e(b) = £(a-b)

Because g, b€ B and B is a bialgebra.

The dimension of B’ is dim B'= dim B +1.

Remark 2.11: The counit of B is not an algebra homomorphism,
indeed £(e1 - ;) = £(ey) =1 while &(e;)s(ey) =2.

The following theorem provides a way for extending an
n-dimensional Hopf algebra to an (n + 1)-dimensional weak Hopf
algebra.

Theorem 2.12: Let H be a Hopf algebra and e, its unit. We consider
the set H' as a result of adjoining a unit e, to H with respect to the
multiplication. We extend the comultiplication A, the counit € and the
antipode S in the following way

Aler) = (e —e2) ® (e —ex) +ey ®ey,e(e) =2
S(el) =e.
Then H' becomes a weak Hopf algebra.

Proof: The structure of a weak bialgebra follows from Theorem
2.10. The remaining identities are given for e, by straightforward
calculations.

Example 2.13 (Sweedler’s 5-dimensional weak Hopf algebra):
Assume that char(K) # 2. Let H be the Sweedler 4-dimensional Hopf
algebra given by generators and relations as follows: H is generated as a
K -algebra by c and x satisfying the relations:

2

F=ex*=0,x-c=—c-x, 2.5)

where e is the unit:
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Let 'H' be the algebra obtained by adjoining a new unit I
to H. Then H' is a 5-dimensional weak bialgebra defined as
a K -algebra, with basis {Lexccx} and relations (2.5) and
e-c=c-e=c,e-x=x-e=x,e-e=e. The coalgebra structure is
defined by :

A =(1-e)®(l-e)+e®e,

Alc)=c®c,Ale)=e®e,A(x)=c®x+x®e,e(1)=2,¢e(e)=1,e(c)=1e(x)=0,

The antipode is given by:

S =1,S()=e, S(c)=c,S(x)=—c-x. (2.6)

This weak Hopf algebra is non-commutative and non-cocommutative.

Example 2.14 (Taft’s weak Hopf algebras): Let n > 2 be an integer
and A be a primitive n-th root of unity. Consider Taft’s algebras H > (1)

, generalizing Sweedler’s Hopf algebra, defined by the generators ¢ and x
and where e is the unit, with the relations:

"=ex"=0,x-c=Ac-x 2.7)

Let H' be the algebra obtained by adjoining a new unit 1 to'H »(1).

We set a coalgebra structure defined by:
AD=(1-¢e)®(l-e)+e®e,

Ale)=e®e, A(c)=c®c,A(x)=c®x+xQe,
eM)=2,¢e(e)=1¢e(c)=Le(x)=0

Then H' becomes an (n’ + 1)-dimensional weak bialgebra, having a

basis {1,c'x’,0<i,j<n—1}.1t carries a structure of weak Hopf algebra
with an antipode defined by:

S()=1,8()=e,S(c)=c ", S(x)=—c"x. (2.8)

Next two propositions give other constructions of weak bialgebras

starting from bialgebras, the proofs are similar to previous ones.

Proposition 2.15: Let B be a bialgebra and u be its unit. Let 3' be a
result of adjoining to B successive unit elements e and 1 with respect to
the multiplication. We extend the comultiplication A and the counit € in
the following way

AD)=1®(e—u)+u®(1-2e+2u),

Ale)=e®(e—u)+u®2u—e),

e()=2,¢e(e)=2.

Then B‘is a weak bialgebra.

Proposition 2.16: Let 3 be a bialgebra and u its unit. Let 3' be a
result of adjoining to B two successive unit elements e and 1 with respect

to the multiplication and such that the comultiplication A and the counit
€ are extended in the following way

AD)=(1-e)®(l-e)+(e—u)®(e—u)+u®u,
Ale)=(e—u)®(e—u)+u®u,

e)=3,¢(e)=2.

Then B' is a weak bialgebra.

Remark 2.17: In the previous propositions, if the bialgebra B is a

Hopf algebra then B' becomes a weak Hopf algebra by setting S(1) = 1
and S(e) =e.

Algebraic Varieties of Weak Bialgebras

Let V be an n-dimensional K-vector space andb={e;,---,e,} , be
a basis of V. Let H = V,m,n,A, &) (resp. H = (V’m,n,A’g,S)) be a
weak bialgebra (resp. weak Hopf algebra). Set 77(1) = ¢, for the unit. Let

us write multiplication m, comultiplication A, counit ¢ and antipode S
write, with respect to the basis b,
n n .. n
m(e;,e;) = Z C,-Ifjek,A(ek): Z D;{’/e,- ®e;,ele) = fi,S(e) = Z Si,j€j-
k=1 i,j=1 i,j=1

The collection {C-k' bI, Sy i jk=1--n} is the set of structure

constants of the weak bialgebra H,with respect to the basis b. Any
n-dimensional weak bialgebra is identified to a pomt of K2+,
determined by a collection (cf;.p}/, f; :i.j.k =1, comp e K2, satlsfylng

for i,j,k,s€{l,..n} the following equations:
Z CliCly - Cj‘,k =0, (3.1)
Cl,i = Cl.’1 = 51'/‘ where é}j is the Kronecker symbol;(3.2)
n o o
> pi*pi — D DI =0, (3.3)
(=1
DE f =it f =6
i fk — i fk — Y (3.4)
n
Z (C;jDés’k - 2 Diéijp’qC;,PCfl;t,q) =0, 3-3)
(=1 p.q,m=l1
n n
L, ] 1y 0]y
(DD} -3 D, ’les’mCéc,m) =0, (3.6)
(=1 m=1
&l - ‘,
> (CiCl S = > Dy"Ch,Ch S0 f) =0. (.7)
(,m=1 p,q=1

We denote by BF, the set of n-dimensional weak bialgebras. The

previous system of equations end?ws BF, with a structure of affine
algebraic variety imbedded in K" *"

Similarly,ann-dimensionalweak Hopfalgebra H = (V,m,n,A, &,5)
is determined, with respect to the basis b of V, by a collection of
structure constants { l/,Dk ' firs s; i jok =1, nye K" e
satisfying the equations (3.1)-(3.7), and in addition the following
equations :

for i,j€ {1,..,}1}

z Dt ksk r Z Dt ]Ctszk — (3.8)
t,r,k=1 t,k=1
- kit otk
Z Di’skr rt ZDI thk_ (3.9)
t,r,k=1 t,k=1
n .
> DPIDYs, S, CoCly—si =0 (3.10)

p.q.k,r.m, 0 t=1

We denote by H.F, the set of n-dimensional weak Hopf algebras.

We define the action of linear groups on the algebraic varieties of
weak bialgebras BF and similarly on the algebraic varieties of weak
Hopf algebras HF.

GL,(K)x BF, —» BF,,
(g, H)> gH.

This action is defined for all x, y in V by
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(g-m)(x® y) =g (m(g(x) ® g(»)
(g M) =g ' ®g (Ag(x)),
(g-)(x) = £(g(x)).

The action on the antipode is given by
g-S=g'°s°g.

The orbit of a weak bialgebra (resp. weak Hopf algebra) H describes
the isomorphisms class, it is characterized by:

HH)=1{g-H:geGCGL,(K)}.

The stabilizer of H is

stab(H) ={g € GL,(K): g-H ="H},
which corresponds to the automorphisms group of H. We have
dim J(H) = n* — dim Aut(H).
Classifications and Homomorphism Groups

In this section, we establish a classification, up to isomorphism, of
weak bialgebras and weak Hopf algebras of dimension 2 and 3.

Classification of associative algebras

The classification of n-dimensional associative algebras is known
for n <5, [21,22]. We recall the results in dimensions 2 and 3. Let {el,. =
e} be a basis of the underlaying vector space.

Proposition 4.1: Every 2-dimensional associative algebra is
isomorphic to one of the following algebras:
2 ) _ 2 _ 2 -
mi (ey,e) =ey,mj (e,e2) =ep,mj (e3,€) =3, mj (e3,€7) =0
2 2 2 2
my (el,e]) =e,my (6‘1,82) =ep,m) (6‘2,61) =ep,my (82,82) =e).

Proposition 4.2: Every 3-dimensional associative algebra is
isomorphic to one of the following algebras:

i (ep.e) = e, mf (e, €2) = €3, mi (e3,¢0) = €3, (e3,€2) = €3, m} (e, 3) = e3,
mi (e.e1) = 3. mi (e3.e3) = €3, m} (e3.€2) = e3.mf (e3.¢3) = 3.

m3 ey, e1) =g, m3(ep.e2) = ey, m3 (ex,€1) =3, 113 (e2,€3) = €3, M3 (€1, €3) = €3,
m%(eg,,el):eg,,m%(ez,q) =e3, m%(e3,62) =e3, m%(e3,e3) =0,

3 3 3 3 3
m3 (e, e) =ep, m3(ep,er) =ey, my(ex,e)) =ey,m3(ep,e0) =, m3(eg,e3) =e3,

3 3 3 3
m3(e3,e|)=e3,m3(ez,e3):0, M3(63,€2)=0, m3(e3,e3) =O,

3 3 3 3 3
my(ep,ep) =e;, my(ey,ep) = ey, mi(ey,e) = ey, my(er,ep) =0, my(er, e3) = e3,

3 3 3 3
my(e3,¢)) = e3,my(ey,e3) =0, my(e3,ey) =0, my(e3,e3) =0,

3 3 3 3 3

m3(ep,e1) =ej, mz(ep,ep) = ey, mz(ep,e1) = ey, ms(ez,€3) =€, m5(ey,€3) = €3,
3 3 3 3

m5 (63,81) = 63,"’15 (62,@3) = 83, m5 (63,62) = 0, m5 (63,63) =0.

Next, we will build 2 and 3-dimensional weak bialgebras and

weak Hopf algebras using the previous associative algebras. All the
calculations are done using a computer algebra system.

Classification of 2-dimensional weak bialgebras and weak
Hopf algebras

Let {e, e,} be a basis of V= C2

Proposition 4.3: Every 2-dimensional weak bialgebra is isomorphic
to one of the following weak bialgebras:

m3 (e1,e1) = e, m3 (e1.¢2) = e3.m3 (e3,€1) = e, m3 (e3.,¢2) = €3,
(1) A(61)=€1®€1,

A(62) =62 ®€‘2,

e(e)=Le(ey)=1.

2 2 2 2
mj (e,e) = e;,my (e, er) = ey,mj(ey,€)) = ey.my(€3,€;) = €3,
Alg)=¢ ®@ey,

(2)
Aley) =(e1 —€)) ® (€1 —€y) ®+e; B ey,
ge)) = Le(e)) =1.
2 o B 2 _ 2 _
mj (e, e) = ej,my(e,er) = ey,mj(ey.€)) = ey.my(e3,€;) = €3,
(3) A(el) = (81 —62)®(€1 —62)+ ez ®62,

Aley) =€, ®ey,
£(e)=2,6(ey) =1.

From the precedent classification, we derive the 2-dimensional
weak Hopf algebras.

Proposition 4.4: There exist, up to isomorphism, two 2-dimensional
weak Hopf algebras, which are given by:

m3 (e1.€1) = e.m3 (e1,€2) = 3,15 (€2,€)) = €3,m3 (€3,€,) = €3,
Ale) = ¢ ®ey,
(1) Aley)=(e1—€)) ® (e —y) +e, ®ey,
e(e)=Le(ey) =1
S(e) =ep,S(e) =es.

m3 (e1.e1) = e,m3 (e1,€2) = 3,13 (€2,€)) = €3,m3 (€3,€,) = €3,
Ale)=(e =€) B (e —ey) + e, By,
2 Aey) =6, ey,
e(e)=2,6(ep)=1,
S(e) =¢,5(ep) =e,.

Classification of 3-dimensional weak bialgebras and weak
Hopf algebras

Let V = C*be a 3-dimensional vector space with a basis {el, €, ez}.
We provide all 3-dimensional weak bialgebras. Then we specify which
of them correspond to weak Hopf algebras.

Proposition 4.5: Every 3-dimensional weak bialgebra is isomorphic
to one of the following weak bialgebras.

i (ey.e1) = ep.mi (e e2) = e3.mi' (€. ¢0) = ex.m7 (e.€5) = €. m} (e e3) = €3,
mi (e3,¢1) = e3.mif (e3.e3) = e3.mif (e3,€2) = e3.mif (e3,¢3) = €3,
(1) Ale)=¢ ®e,
Aley)=e; ® (e —e3)+e; ®(2e3—ex) +e3 ®(2e3 —e3—¢y),
Ale3)=¢e; ®(ey —e3)+ep ® (e —2ep +e3)+e3®(ey +e3—¢),
e(e)=¢e(er) =¢(e3) =1.

mi (e1.e) = ep.mi (e.e2) = ez, m} (e.¢)) = €3, (e3.€2) = e, mi ey, e3) = 3.
mi (e3.e1) = e3.mif (e.€3) = e3.mif (e3,¢2) = e3.mif (e3,¢3) = 3.
(2) Ale))=¢; ey,
Aley) =ey ®ey,
Ale3) =e3 ey,
e(e)=¢e(ex)=¢(e3) =1.
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4

(10)

(11)

mi (epep) = ep.mi (e.e2) = ey, mi (e3.¢)) = ez, i (e3.,€2) = €. (€. €3) = €3,
mi (e3.e1) = e3.mif (e3.e3) = e3.mif (e3,¢2) = e3.mif (e3,¢3) = 3.

Ale)) =€ ey,

Aley) =ey ®ep,

Alez)=(ez—e3)®e3+e3® (e —e3),

e(e))=¢(ey)=1,6(e3)=0.

3 3 3 3 3
mj (ey,e;) =ej,mj (e,ep) = ey, mj (e, e) = ey, mj (ex,€3) = ep,mj (1, €3) = €3,

mi (e3.e1) = e3.mi (e3.e3) = 3.1} (e3,€2) = e3,m} (e3,€3) = €3,
Ale) =€ ®e¢,

Aleg)=(e3—e3)®e3+e3®¢y,

Ale3) =e3 ®e3,

e(e) =¢(ex)=¢(e3)=1.

mi (ep.e1) = ep.mi (e1.e2) = e3.m} (e3.¢1) = €311} (e2.€3) = ey mi (e1.¢3) = 3.
mi (e3.01) = e3.m} (ex.e3) = e3.m] (e3.€2) = e3.mi (e3,e3) = 3,
Ae) =€ ey,

Aep)=er®ey +(ef —ey) e,

Ale3)=(ej—e3)®e3 +e3 ®ey,

g(e))=¢&(ey)=1,6(e3)=0.

i ep,e) = ep,mp (e1,€2) = 3, mi (e, e1) = €3, (€3, €2) = €3, m7 (e1, e3) = 3,
i (e3,e1) = 3, (e, e3) = e3,m} (e3,e2) = e3,mi (e3,e3) = 3,
Ale) =€ ey,

Aep)=er®ey +e3 (e —ep),

Ae3)=ep)®e3+e3®e —e3Qe;,

e(e) =e(ex) =&(e3) =1

3 3 3 3 3
mj (eg,e) = ey, mj (e),€2) = ez, mj (e,€1) = ey, mi (e3,€2) = €3, mj (€], €3) = €3,
3 3 3 3
mj (e3,€)) = e3,mj (€, €3) = e3,mj (e3,€2) = e3,mj (e3,€3) = €3,
Ale) =€ ey,
Alex)=(e1 —e2)® (e —ex) +ey B e,
Ae3)=e3®es,
e(e)=¢e(er)=¢(e3) =1

3 3 3 3 3

mi (eg,e) =ep,mi(ey,ex) =ep,mi (€3, 1) = ey, mj (ez,€2) =ep,myj (eg,e3) = e3,
3 3 3 3

mi (e3,e1) =e3,mj (3, e3) = e3,mj (e3,€3) = €3, (e3,€3) = e3,

A(€1)=(€1 *62)@(61 *62)+€2 ®€2,

Aer)=ey ®ey,

Ale3) =e3 ey,

e(e))=2,6(ep)=1,6(e3)=1.
3 _ 3 _ 3 _ 3 _ 3 _

mj (eg,ep) = ey, mj (e],€) = ey, mj (e,e1) = ey, mi (e3,e2) = ex,mj (€], €3) = €3,
3 3 3 3

mi (e3,e1) = e3,mi (e, e3) = €3, mj (e3,€2) = €3, mj (e3,€3) = 3,

Ale))=(ej—er)®(ep —ep)+ey ey,

Aley) =ey ®ep,

Ale3) =(ey —e3)®e3 +e3 ®(ey —e3),

e(e))=2,6(ep)=1,6(e3)=0.

i (ey.e1) = ep.m} (ep.e2) = e3.mi (e3.,01) = €. m7 (e3,€3) = 3. (e, ¢3) =3,
i (e3.e1) = 3. mi (e3.¢3) = e3.mi (e3.2) = e3.mi (e3,e3) = 3,
Ale))=(ej—er)® (e —ep) +(ep —e3)®(en —e3) +e3 Bes,

Aler)=(ex —e3)®(er —e3) +e3 @3,

Ale3) =e3 ®es,

g(e))=3,e(ep)=2,e(e3)=1.

3 3 3 3 3

mi (ej.ep) = e, mj (e, ep) =ep,mj (ey,e1) = ex,mj (eg,€2) = €2, (e}, €3) = €3,
3 3 3 3

mj (e3,e1) = e3,mj (e,e3) = e3,mj (e3,€3) = e3,mj (e3,€3) =e3,

Ale)) =e; ®@(ep —e3) +e3 D (e —2ey +2e3),

A(€2)=(€2 *63)@(62 *@3)+€3 ®€3,

Ale3) =e3 ey,

8(61)22,8(62) 22,8(63):1.

(12)

(13)

17)

(18)

(19)

(20)

m3 ey e1) =1, m3(e1, €)= €2, m3 (e, 0) = €, m3 (e, 2) = €3, m3 (e €3) = €3,
m3(e3.e1) = e3.m3 (e.3) = e3.m3 (e3,e9) = e3,m3 (e3,¢3) =0,

Ae)=e ®e,

Aley) = ®ey+ey®e —ey ®ep,

Ale3)=eQe3+e3 Qe —e3 e,

e(e))=1,e(ep) =¢(e3)=0.

3 (ey.ep) = €1 m3 (€1, e2) = €2, m3 (e, 0) = €, m3 (e, 2) = €2, m3 (e €3) = €3,
m3 (e3,1) = e3,m3 (e, €3) = e3,m3 (e3,¢3) = €3, m3 (e3,€3) =0,

Ae)) =€ ey,

A(ez):el ®e2 +ey ®61 —e ®€2,

A(€3) =el ®63 —e @@3 +e3 ®61 —e3 ®62 +e3 ®€3,

£(e) =1¢(e) = £(e3) = 0.

w3 (ey,ep) =1 m3 (€1, e2) = €2, m3 (e, ) = e, m3 (e, 2) = €2, m3 (e, €3) = €3,
m3(e3,e) = e3,m3 (e, e3) = e3,m3 (e3,€3) = e3,m3 (e3,¢3) =0,

Ale)) =€ ®ey,

A(EZ):EI ®€2 +e ®€1 —e ®€2,

A(8‘3) =el ®€3 —e ®63 te3 ®el,

e(e))=1e(ep) =¢(e3)=0.

m3 (ey,01) =1, m3(e1,€2) = €2, m3 (e, €)) = €, m3 (e, 2) = e, m3 (e, €3) = €3,
m%(€3,€1)263,”’[%(62,83):63,”’[%(63,62)263,”’[%(63,63) =0,

Ale)) =¢; Qey,

Aley) = ®ey+ey ®e —ey ®ep,

Ale3)=eQe3—e3®ey +e3 Qe —e) Ves,

g(e))=1,e(ep) =¢(e3)=0.

3 (ey,ep) =1, m3 (€1, €2) = €2, m3 (€, €)) = €2, m3 (€, 3) = €2, m3 (e €3) = €3,
m%(e3,e1):e3,m§’(e2,e3):e3,m§’(e3,ez):O,nzg(e3,e3) =0,
Ale)=(e;—e2)® (e —ex) +e; ® ey,

Aley)=ey ®ep,

Ale3) =e3 ey,

£(e)=2,6(ex) =¢(e3) =1.

n(er,e) = e, m3(er,e2) = 3,m3 (e, 01) = €3,73 (€3, €2) = €, m3 (e1,¢3) = 3,
m%(e3,el):e3,m§’(ez,e3):e3,m§’(e3,ez):0,m§(e3,e3) =0,

Ae)) =€ ®ey,

Aer)=e ey +er®ej—ey ®ey,

Ae3)=e®e3+e3 Qe —e) ez —e3®ey,

e(e))=1e(ep) =¢(e3)=0.

m3(ep.e) = e, m3 (e,e2) = eg.m3 (e, ) = e, m3 (€3,€9) = €3.m13 (1, €3) = 3,
m3 (e3.¢1) = 3,113 (e3.e3) = 3,113 (e3,€2) = 0,m3 (3, €3) = 0,

Ale) =€ ey,

Aley)=e ®ey +ey ®e —ey ®ey —e3 ®es,
Ae3)=e®e3—e)®e3+e3Qe —e3®ey,

g(e))=Le(ey)=¢(e3)=0.

m3(ep.e) = e, m3 (e,e2) = eg.m3 (e, 1) = e, m3 (€3,€9) = €313 (1. 3) = 3,
m3 (e3,e1) = e3,m3 (e, €3) = e3,m3 (e3,€5) = 0,m3 (e3,3) =0,

Ale) =€ ey,

Aey)=er; ®e,

A(€3) =ey ®€3 +e3 ®€2,

e(e) =¢(ex) =1,6(e3) =0.

m3 ey, ep) =1, m3(er,¢2) = €2, m3 (e, ) = e, m3 (e, €3) = €3, m3 (e, €3) = €3,
3 (e3,01) = e3,m3 (e, €3) = e3,m3 (e3,¢3) = 0,13 (e3, €3) =,

Ae)=¢ ®e,

Aley) =e; ey +e3®es,

Alez)=ey ®e3+e3®ey,

e(e))=¢(ey)=1,6(e3)=0.
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The 3-dimensional weak Hopf algebras are given by the following
proposition:

Proposition 4.6: Every 3-dimensional weak Hopf algebra is
isomorphic to one of the following weak Hopf algebras.

3 3 3 3 3
mi (ej,e)) =e,mj (e, e) =ex,mj (e,e1) =ey,mi (ez,€3) =ex,mj (¢, €3) =3,
mi (e3.¢1) = e3.m} (e3.e3) = e3.m] (e3.¢2) = e3.mi (e3.e3) = 3,
Ale)) =€ ®ey,
(1) A(ez) =el ®82 +ey ®€1 —e ®€2 —e ®€3 —e3 ®62 +2€3 ®63,
A(e3):el ®€3 +€2 ®€2 *262 ®€3 +€3 ®€1 *263 ®€2 +€3 ®€3,
£(e) =1 e(ep) = (e3) =0,
S(e)=e1,8(e) =z, S(e3) =y —e3.
3 3 3 3 3
mj (eg,e)) = e, mj (e,e3) = ex,mj (e,€1) =e3,mi (ez,€3) = e3,mj (¢, €3) = €3,
3 3 3 3
mi (e3,e1) =e3,mj (ez,e3) =e3,mj (e3,€2) = e3,mj (e3,€3) = €3,
Ale))=(ej—e)® (e —ex) + ey ®ey,
@ Aley)=e; ®ey,
A(€3) :(62 *93)@63 +e3 ®(82 *(33),
e(e)=2,e(e) =1,6(e3) =0,
S(e)=¢,S(ex) =e3,5(e3) =e3.

mi (ep.e1) = ep.mi (e.e2) = ez, m7 (e, 1) = €31} (e3.€3) = €. mi (e, e3) = €3,
mi (e3.e1) = e3.mf (e.e3) = e3.mf (e3.e2) = e3.mi} (e3,e3) = 3,

Ale)=(e1 —e)®(e; —ey) +(ex —e3) ®(ep —e3) + 3 ®e3,
Alep)=(ep—e3)®(ep —e3) +e3 ®e3,

Ale3) =e3 ey,

e(e))=3,6(ep) =2,¢(e3) =1,

S(ep)=ep,S(ex) =e3,5(e3) =e3.

(€)

Automorphisms group

In this Section, we compute the automorphisms groups of
2-dimensional and 3-dimensional weak bialgebras and weak Hopf
algebras obtained above. First, we write down the conditions which
should be satisfied in order that two weak bialgebras lie in the same
orbit.

Let H, =V,mA,&e) and H,=(F,m,Ay,&,) be two weak
bialgebras with the same orbit, then there exists a linear bijective map g
V>V which ensure the transport of the structure. We set, with respect

to a basis {el.}

=l

n n
k
gle)=2.T; je;, mle,e;)=.Ci ey,
= k=1

n n

” B &

Ai(e)= X Dif'e;®er, Ay(e)= 3 Diie;®e,
jk=1 PAE

a(e)=f &le)=f

These two weak bialgebras 7 and H, are isomorphic if the
following conditions are satisfied:

n n

ZTLPDIS”;— z Df’;quJTq’r:O i,s,r=1,--,n, (4.1)
p=1 pq=1

n

ZlTi,jfl,j—fz,i:O i=L-,n, (4.2)
Jj=

n n

STACl - Y T T,C=0 i jk=1n. (4.3)
t=1 s,r=1

Automorphisms group of 2-dimensional weak bialgebras:
The automorphisms groups of all 2-dimensional weak bialgebras are

groups of order 2 given by:

1 1
G =< {[O —IJ} >,

We obtain a similar group for 2-dimensional weak Hopf algebras.

Automorphisms group of 3-dimensional weak bialgebras: The
automorphisms group of the weak bialgebras (1), (2), (3), (4), (5), (6),
(7), (8), (9), (10), (11), is the group of order 6 given by:

1 0 0)(L 1 O

G=<{0 1 1/0 0 I }>.

00 -1)lo -1 -1
The automorphisms group of the weak bialgebras (12), (13), (14),
(15), (16), (17), (19), is the group:
1 0 0
G={0 1 0 |,#eZ,acC".
00 o
The automorphisms group of the weak bialgebra (18) is the group:

1 0 0
G=<{0 1 0

0 —r/2 +1/2%(4e-r?)

The automorphisms group of the weak bialgebra (20) is the group:

,4e—r2 #0,r,eceC}>.

10 0
G=<{0 1 0

0 /2 +1/2¥(4e+r?)

The automorphisms group of the 3-dimensional weak Hopf
algebras is the group of order 6 given by:

,4e+r2 #0,r,ecC}>.

1 0 0)(L 1 O
G=<{0 1 1,0 0 1/[>.
00 -1)l0 -1 -1
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