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Abstract

Let N'be the Lie algebra of all n x n strictly block upper triangular matrices over a field F. In this paper, we explicitly

describe all Lie triple derivations of A'when char(F)#2.
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Introduction

This paper is a study of the Lie triple derivations of the Lie algebra of
strictly block upper triangular matrices over a field F when char(F)=2.
Let (g,[,]) be a Lie algebra over a field F or a ring R. Recall that an
F-linear map (resp.anR—linearmap) § : g— g is called a derivation of
g if:

(X, YD=[6(X), Y]+[X,6(Y)] 1

for all X,Ye g. A Lie triple derivation is an [F-linear map (resp.an R—
linearmap) f: g—g which satisfies:

SIXYZID=[f X, ILZIT+[X[f (MLZ]+ X[ Yf (D)]] 2

for all X,Y,Zeg. Clearly, any derivation is a Lie triple derivation.
However, the converse statement is, in general, not true [1]. The
following elements of End(g) are typical examples of Lie triple
derivations:

1. For any X eg, the linear map ad X defined by ad X(Y)=[X,Y] for
all Yeg is a derivation which is called an inner derivation. Clearly, an
inner derivation is a Lie triple derivation.

2. Any linear map fthat maps g to the center Z(g) of g and [g,[g,g]]
to zero is a Lie triple derivation, called a central Lie triple derivation.

In recent years, significant progress has been made in studying the
derivations and Lie triple derivations of matrix Lie algebras over a field
or a ring. Wang and Li characterized the Lie triple derivations of the
Lie algebra of strictly upper triangular matrices over a commutative
ring [2]. Lie, Cao, and Li described the Lie triple and generalized
triple derivations of the parabolic subalgebras of the general linear Lie
algebra over a computational ring [3]. Benkovic determined the Lie
triple derivations on triangular matrices [4]. More recently, Benkovic
described the Lie derivations and Lie triple derivations of upper
triangular matrix algebras over a unital algebra [5]. Some other results
on the derivations of certain matrix Lie algebras are given in refs. [6-12].

Fix a field F. Let Mm)ﬂ be the set of all m x n matrices over [F, and
put M :=M . Let N (resp. B) denotes the set of all strictly block upper
triangular matrices (resp. block upper triangular matrices) in M,
relative to a given partition. Then A and B are Lie subalgebras of gl(n,
[F), i. e. M, with the standard Lie bracket. In this paper, we explicitly
determine the Lie triple derivations of N which are as follows:

o When char(F)#2, Theorem 3.1 shows that every Lie triple
derivation of V/is a sum of the adjoint action of a block upper triangular
matrix in B, a central Lie triple derivation, and two special linear maps.

The main motivation of this work comes from Wang and Li’s

work on the Lie triple derivation of the Lie algebra of strictly upper
triangular matrices over a commutative ring [2], and authors’ study of
derivations of the Lie algebra of strictly block upper triangular matrices
over a field [9]. Our work on the Lie triple derivations of A not only
generalizes the main result of Wang and Li over a field, but also use
a new approach that is promising to find the Lie triple derivations of
other matrix Lie algebras with appropriate block forms. In disclosing
the Lie triple derivation action on V, we factor out the effects of adjoint
action of block upper triangular matrices and those of central Lie triple
derivations of V; to explore the remaining Lie triple derivations.

Section 2 gives a basic introduction and determines some linear
maps between matrix spaces that will be useful to describe the Lie
triple derivations of A in section 3. Section 3 describes the Lie triple
derivations of A/ over IF when char(IF)=2.

Preliminary

In this section, we describe some linear maps between matrix
spaces, and introduce some basic definitions and notations. The result
in this section will be useful to prove the main result in Section 3.

Let [n]:={1,2,...,n}. Let E‘p’;’”) €M, , denote the matrix with the
only nonzero entry 1 on the (p,q) position for (p,q) € [m] x [n].

Lemma 2.1

Suppose [F is an arbitrary field. If Xe M, and YeM, satisfy that:
XA=AY (3)
Forall AeM, ,then X=AI and Y=AI, for certain AelF.

Proof: Suppose X:(xip)eMm and Y:(yqj)eMn. For any (4, j) € [m] x
[n], by eqn (3),
XE(™ = E\™Y. (4)

Comparing the (i, j) entry of the matrices in eqn (4), we get
x,=y,;- Similarly, comparing the (p, j) entry for p=i, we get x =0 and
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comparing the (i, g) entry for g#j, we get 0=y, . Therefore, X=AI_ and
Y=AI for some A€F.

Lemma 2.2
Iflinear maps ¢: M, — M _ and ¢ :M —M, satisfy that:
$(AB)=Ag(B) (5)

for all AeMm’n, BEM”) , then there is XGMM such that ¢(C)=CX for
CeMm,p and ¢(D)=DX for DGMW.

Proof: For any je[n] and BeMn’P, by eqn (5),
$(E\""B) = E\""p(B). (6)

All such E("™B span the first row space of M, . So ¢ sends the
first row of M, to the first row of M, .There exists a unique Xe M,
such that:

E"o(B)=$(E"B)=E\""BX, forall je[n],BeM (7)

1 np?>
where the first equality in eqn (7) is by eqn (6). Therefore, ¢(B)=BX.
Hence ¢(AB)=A¢(B)=ABX for any AeM,, and BEMW. All such AB
span Mm’p. So ¢(C)=CX for all Ce Mw'

Lemma 2.3
Iflinear maps ¢: M, — M, and ¢: M, — M, satisfy that:
$(BA)g(B)A ®)

For all AeMW, BeM, ,then there is XeM such that ¢(C)=XC
for CEMm,p and ¢(D)=XD for DeMm,q.

Proof: The proof (omitted) is similar to that of Lemma 2.2.

Lemma 2.4

Iflinear maps ¢: M, — M, and¢:M — M satisfy that:

$(A)B=A¢(B) )

ForallAeM, . Bqu,n, then there is XEMM such that ¢(C)=CX for
CeMm,p and ¢(D)=XD for DeM‘M.

Proof: For any je[P] and any E;/” e M, ,byeqn (9),

BEE” = BV p(E") (10)
which shows that the only possibly nonzero row of #(E”) is the first

row. So maps the first row of M, to the first row of M, . There exists
aunique XeM, such that:

EMo(ES")=¢(E"E" = ESP XES”, forall je[p], Ef"eM,,, (11)
where the first equality in eqn (11) is by eqn (10). Therefore,
P(EJ") = XE;!" for all Ef" eM,, . So p(B)=XB for BeM, . Then
$(A)B=AXB for any AeMm,P and Bqu,n. Hence ¢(A)=AX for all
AeMm,P.

Lemma 2.5

Iflinear maps f: M, >M, ,g: M —M ,and h: M, —>M_satisfy
that:

f(AB)=g(A)B+ Ah(B) forall AeM,, BeM,,, (12)
then there exist X EMP, YeM, and Z qu such that:

f(C)=XC+CY  forCeM,,, (13)

g(A)=XA+ AZ fordeM, , (14)

h(B)=BY-ZB  forBeM,,. (15)

Proof: For any ne[p], jkelq], me[r], E:/m) eM,, and
E@ e M, by eqn (12),
SEET) = gEEL + EOHE). (16)

We further discuss eqn (16) in two cases:

1. j#k: the left side of eqn (16) is zero and
QEYE = ~E h(ED). (17)

2. j=k: the left side of eqn (16) is f(E"), and according to eqn

nm

(16), the only possibly nonzero entries of f (E"") are:

FEM),, =gEY),  forall ie[pl,i#n; (18)
FEL),, =hED),,  forall Le[r], (+m; (19)
f(Er(an))/xm = g(Er(II{)q))nk + h(Elir[rf;r))km' (20)

Next we define a linear map f": M, — M, _such that property eqn
(12) still holds. For CEMW, let:

f1(€)= { z{ 1f(Ef-f"‘))nE,-(,W)}C + CLZ{ ]f(El([r))uEk“{")} - [EMLC. (21)
T, =7t
Then for any ne[p], me[rland E;Z") c MP i by eqn (21),
SUETY= D SETED + 3 fETED ~ [(EL)ES,
= =
which implies that the only possibly nonzero entries of f"(E\"") are:

SE, = FEL) = [EL),, forie[pli#n, (22)

SUED),, = [(E),, = f(EL),, for L e[r], £ #m, (23)

S EN Y = LEL) 0+ LE, = SET) = LEL,,, (24)

where the last equality in eqns (22), (23) and (24) is by eqns (18), (19)
and (20) respectively. Therefore, f'=fon each E{?” e M, = and thus on
the whole MW. Denote:

Xi= 3 fEDLED - fE L, Y= 3 fEED. (25)
[

i.jelp] klelr]

We get f{C)=f(C)=XC+CY for CeMW. So eqn (13) is done. Now
for AeMN and Bqu’r, by eqns (12) and (13),

g(A)B + Ah(B)= f(AB)= XAB + ABY = (g(A)— XA)B = A(BY — h(B)). (26)

Applying Lemma 2.4 to ¢: M, > M, defined by ¢(A)=g(A)-XA
and ¢: Mq‘ﬁ qur defined by (p(B)=BY—h(B) in eqn (26), we find Zqu
such that:

g(A)— XA =¢p(A)= AZ
BY -WB)=@(B)=ZB for BeM,,,

fordeM,,,

which imply eqns (14) and (15).
Lemma 2.6

If linear maps ¢ M > M ,a:M >M , M >M ,and y:
s s pa’ T pa ar ar
M, — M, satisfy that:

$(ABC)=a(A)BC + AB(B)C + ABy(C) forall 4 € MM,B e MW,C eM,,, (27)
then there exists X eMP, Yqu, ZeM, WeM, such that:
#(D)=XD+DW forDe Mp,s (28)
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a(d)y=XA-AY fordeM,, (29)
B(B)=YB+BZ forBeM,, (30)
y(C)=CW —-Z2C forCeM,, (31)

Proof: We first define a linear map f: M, ->M_ by:
f(AB)=a(A)B+ AB(B) fordeM, BeM,,. (32)

Pq’°

By eqns (27) and (32), for CeM,
#(ABC) = f'(AB)C + ABy(C). (33)

Applying Lemma 2.5 to f: M, »>M _defined by fiD)=¢(D) for
DeM, ,g: M, —> M, deﬁnedbyg(F) f(F) for FeM, ,and h: M, —
M, deﬁnedbyh(G) y(G) for GeM, ineqn (33), we ﬁndXeM ZeM
WeM such that:

#(D)=XD+DW forDeM,, (34)
y(C)=CW —-ZC forCeM, (35)
f(FY=XF+FZ forFeM,, (36)

So eqns (28) and (31) are done. Again, applying Lemma 2.5 to f:
M, —»M, defined by fIF)=f(F) for FeM, , g: M, M, defined by
g(A)=a(A) for AeMp)q, and h : MW—>MW defined by h(B)=B(B) for
BquJ in eqn (32), we find X’eMP, Yqu, and Z'eM, such that:

a(A)=XA4+AY' for AeM,, (37)
B(B)=BZ' -
By eqns (33), (36), (35), and (38),

YB forBeM,,. (38)

XUB+AYB+ ABZ' — AY'B = XAB + ABZ = (X' - X)AB= AB(Z - Z'). (39)

Applying Lemma 2.1 in eqn (39), we find A€F, LeM, and [ eM,
such that:

X'-X=Al, Z-Z'=2,. (40)

Therefore, by eqns (37), (38), and (40),
a(A)= XA+ AAL,+Y") fordeM,,
Pq

p(B)=BZ~(Al,+Y)B forBeM,

Define Y:=f()LIq+Y'), we get eqns (29) and (30).

We make some notations that will be frequently used later. A
sequence (nl,nz. . .,nt) is called an ordered partition of n if t, N....nEL
and n +n+...+n=n. The t x t block matrix form associate with an order
partition(n,,n,,...,n,) is an expression of # x n matrices A=[A, ]tx , where
the (i,j) block A € Mn " for ije[t].

From now on, let us fix an order partition (n,,n,,...,n) of n and
the corresponding block matrix form. Given AeM, let A7 denote
the matrix in M, that has the same (i, /) block as A and 0’s elsewhere.
Given a subset A M, let A, =M, , c (resp. A’cM ) denote the
set of A, (resp. AY) for all AeA; for examples we will use NV, and A
in this manner for A/ defined in Definition 2.7. Let E) € M denote
the matrix that has the only nonzero entry 1 on the (p q) position of
the (i,j) block for (i, j)e[t] x [t] and (p,g)e[n] x [nj]. Any notation
of double index, say Aij (resp. A7), may be written as Ai,j (resp. A%) for
clarity purpose. If A€M, is not given in advance, A, (resp. A”) may
refer to an arbitrary matrix in M e, (resp. M).

An n x n matrix A is called block upper triangular (resp.
strictlyblockuppertriangular) if A =0 for all 1<j<i<t (resp. 1<j<i<t).

Definition 2.7: Consider the matrices in M, corresponding to the
t x t block matrix form associate with an ordered partition (1,,1,,...,1)
of n.

1. Let B(n,,n,,...,n,) (abbr. B) denote the Lie Theory algebra of all
block upper triangular matrices in M, .

2. Let M(n,,n,...,n) (abbr. N) denote the Lie algebra of all strictly
block upper triangular matrices in M.

3. Call {(i,j)eZz| 1<i<j<t} the block index set of V. Given a subset
A of {(i, j)e 74 1<i<j<t}, we denote:

A= {G, ) e ZH1<i< j<\A (41)
Y= @ N (42)
(i,j)eA

4. Q={G, ) elt]x[t]| jeli+1,i+2}}

The normalizer of Lie algebra A'in M, is B. For any X, the
adjoint action of V.

ad X :N >N, Y=[X,Y]

is a derivation (resp. Lie triple derivation) of N.

Lie triple derivations of A/ for char(F) #2

The goal of this section is to describe the Lie triple derivations of
the Lie algebra \ of strictly block upper triangular n x n matrices over
a field IF with char(IF)#2. The cases 1<t<4 are trivial. So we consider t >
5. Here is the main result for t > 5.

Theorem 3.1

Suppose char(IF)#2. When t > 5, every Lie triple derivation f of the
Lie algebra N=M(n,,...,n ) can be written (notuniquely) as:

f:adX+§0|r+¢§+¢S,l (43)
where the summand components are given below:
1. XeB.

2.9, teEnd(/\/) is a central Lie triple derivation in:
Cen(N)={pe End (N)|kerp2 N, Impc N'"}.

3. ¢2 € End (N) satisfies that kerg > N and Imgp < N .

4. 4%,

Before proving Theorem 3.1, we first prove several results on the
images f(\¥) for a Lie triple derivation fand A € V. The next lemma
describes the image of fon N'? and AF',

€ End (N') satisfies that kerg o N and Im pc NV

Lemma 3.2

Suppose char(F)=2. Then for any Lie triple derivation f of AV:

SN Z’:/\/']" + N, (44)
f(N[—l,r) c i pt +Nl.z—1. (45)

Proof: To get eqn (44), first we prove that f(A“)ij:O forany A2e N2,
1<i<j, and (i,f) {(2,1),(3,0)}. Either i>3 or j<t.

1. Suppose j<t. Then for any A’e M and AN,
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0=f([4",[4%,4"]]),

=[f(A"),[47, 47 ), +[4",[f(47), 47 1), +[4",[47, f (4],
= (A"),, f(4?),(4"),,.

Therefore, 0:(A1i)lf(A12)ij(Af‘)jt for any A'e A7, So:

0=(4"), f(4"), (46)

For A'e N". Now we further discuss eqn (46) in the following two
cases:

-If i>2, 0:(A1i)1f(A12)1j for any AUAM. Sof(A”)ijzo.

- If i=2, it suffices to show that f(E,if)z/. =0 foranyke(n], fe[n,)].
Given E;; e N,

0=(E)f(Ey),, (47)

Comparing the k-th row in the equality eqn (47), we see that the
(-throw of f(E}}),; is zero. Since (€ [n,] is arbitrary, f(E,}),; =0.

2. Suppose i>3. Then for any A®e N and A¥N?,
0=f([4°,[4%,4™]]),,

=L (A7)[AZ, A", + LA Lf(A), A7), + 147, [47, £ ()],
= (A" (A7), £ (A7),

Therefore, 0=(A"),,(4%), f(A"), for any ABe N and A¥e M. So f

(A”)ij:O.
Next we show that f (A'), =0. For any A®eN?%,
0=f([A4%,[47,47]),
=[f(A),[47,47]], +[4",[1(47), 47]],
= _Z(Alz)lz(AB)Bf(Alz)sz'
Since charJFi##2, by eqn (48), 0=(A") ,(A¥),.f (A"),,. Given A",
the matrix (A") ,(A%®),, for any A®eN® could be any matrix in NV,
with the rank no more than rank (A") .. Therefore, f (A"?), =0. Overall

we have proved eqn (44). The proof of eqn (45) (omitted) is similar to
that of eqn (44).

+[A 42, f (47, (48)

Now we consider the image of a Lie triple derivation f on N* and

./VLLH.
Lemma 3.3

Let fbe a Lie triple derivation of . Then:

f(/\/—zs)g/\/rls_'_ [N2q+/\/'1.1—1+‘/\/’1,1’ (49)
q=3
f(Ntfz,lfl)gNer.t+§Np,171 +N2,t +Nl,t. (50)

Proof: To get eqn (49), first we prove that f(AB)iJ_:O forany AZ?e N?,
i<j, i#2, j#3, and (i,j) {(1, t-1), (1,)}. Either i>2 or j<t-1.

1. Suppose j<t-1. Then for any A%*'e N/ and AV e NI+

0= f (LA™ L4747 ),

=[S (AP, LA AT, + AP LA, 47,

= (A7), (A7), (A

AP LA, fa, (51)

Now we further discuss eqn (51) in the following two cases:

- When j=2, 0=f (A%),(A%),(A%),,(A%),. Given A%, the matrix
(A%),,(A%),, for any A¥e N* could be any matrix in NV, with rank no
more then rank (A*), .. Therefore, f (A*) ,=0.

- When j>3, 0=f(A¥), (A4¥*1),
AN Therefore, f(A”) =0.

2. Suppose i>2. Then for any A?e N'? and any A¥e N7,
0=f([4",[47,4"]]),,

=[f(AD),[A7, A, +[ A7 (A7), 477,
= (A, (A7), f(A7),.

Now we further discuss eqn (52) in the following two cases:

- When i=0, 0=(A"),(A%) 3]"(AB) Given A?, the matrix
(A"),,(A%),, for any A2 could be any matrix in V|, with rank no
more then rank (A%),,. Therefore, f(AB)J—

- When i>3, 0=(4"),,(4), flA”), for any A2e N and A¥AZ
Therefore, f (A”)ij:O

Aty for any AWY'e B! and

J+Lt

+[AP[A%, f (4], (52)

Overall, we have proved eqn (49). The proof of eqn (49) is similar
to that of eqn (50).

Now we consider the image of a Lie triple derivation fon N'*,...,

N'_S’H.
Lemma 3.4

Let fbe a Lie triple derivation of and 3<k<t-3. Then:

f(Nkk+1)CszA+l+ szq lel le NZr (53)

q=k+1

Proof: Given any A*"'e ¥, it suffices to prove that f (A¥**!) =0
for i<j, i#k, j#k+1, and (i,§) {(1,t=1),(1,1),(2,1)} to get eqn (53). Either
i>2 or j<t-1.

1. Suppose j<t-1. Then for any A/*'e A/ and AAf+

0:f([AA.kH,[A/A/H,A/+I.I]])"
:[f(Ak_m)’[A,',,H’A/u,x]]” +[Ak k+|,[./-(A/,/+l)’A/+I,r]]” +[A/{,K+]‘[A/.[+]‘.f‘(A[+1.I)]]” (54)

= UMD (AP, A7)

Now we further discuss eqn (54) in the following two cases:

- When j=k, 0=f(A*1), (A1) k,k+1(Ak+l,l) o GiVen AR the matrix
(AR, (AR, for any Akttt NF could be any matrix in NV, with
rank no more then rank (A1) kot Therefore, f (A’(”‘“)ij:O.

- When jk, 0=f(AS) (A1),
AN Therefore, f(Ak”‘”)ij:O

2. Suppose i>2. Then for any A'?e V"> and any A¥e A%,

(Af“”)jm for any A#*'e i and

0=r1( AA'.kH AIZ Az:’]])lj
SLSADLAT AN, LA LS (A, AT), ¢
__(Alz)lz(Ah)z,J‘(AkHl ,,

Therefore i=0, 0=(A'?),,(A%) f(A""“) for anyA'2e N'? and A¥e V.
Sof(Akk+1) =0.

It remains to show that f(A"*"”)L .
0=f([4"%,[4"", A7),
=[f(A%),[4%, 47, +[ 42, LF (44, 474]),
= (A" S(AM), L (AT,

Therefore, f{A®!)

AA e+l [A12 f(AZi)]]U

=0. For any A2e N> and AN
+H[AL A7, f (A7)

=0. Overall, we have proved eqn (53).

2,t-1

Next we consider the image of a Lie triple derivation f on N3,

24 t=2,t
NH LN
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Lemma 3.5 Lemma 3.7
Suppose fbe a Lie triple derivation of N'and 1<k<t-1. Then: Suppose fe End(N) satisfies that:
f(./\/.khz)c N:A+z+ NI,+N1r 1 +N11+N21 55 - 0 f ij PR Q
z /Z{:‘z (55) FNTY < (?r-i\/— QN?(Z,])E ; (57)
N otherwise.

Proof: Given any A**2e N*+2 it suffices to prove that flA%?2)
=0 f(Akk”)ka ,=0, and f (A""*z) =0 for i<j, izk, j#k+2,
(5,) {(1,t=1),(1,1),(2,1)} to get eqn (55).

We first prove that f (A**?) =0 for i<j,
(1) 2 {(1,t-1),(1,1),(2,1)}. Either i>2 or]<t— .

ik, j£k+2,

1. Suppose j<t—1. Then for any A¥*'e A#7*! and A/*MAF*
0= f([A""2,[4", 47T)),

:[f(AkJ(+Z),[Aj,j+|’Ajﬂ,/]]’r +[AA'kﬁ’z,[f(AjJH)’AjHJ]]”
= SR, (AP,

LA LA ()],
Therefore, 0=f(A***2) (A”“)
APMNT So AR =0,
2. Suppose i>2. Then for any A'?e V"2 and any A¥e A%,
0=f([4"2,[4%,47])),,
=[f(A2),[A%, A7), + 142 L (A7), 47T, + 1452147, f (42D,
= —(A), (A7), [ (A7),
Therefore, O:(A”)IZ(AZ")Z‘.f(Ak*"*Z)Ij for any A2e N'? and A¥N*. So
f(Ak,k+2)ij:0.
Next we show that flA®+2)
any A2e M2 and A" Me N,
0=f([4%,[4"2,47)),
=LA, [, A7), + 1AL (A7), A7), #1452, [42, £ 471,
= (A, f(A52),, (AT,

(A7), for any AVTeN and

=0 for (k,k+2)#{(2,4),(£2,t-2)}. For

2,t-1

Therefore, flA**), =0. It remains to show that f{A*?) =0,

fA¥2), 1 ,,=0. Now we show that flA¥!) =0 (similarlyfor {A**?)
k+1)k+2=0)' For any Ak+1,k+26/\/’k+1,k+2 and Ak+2,t-/\/7(+2,t’

0:f([Ak,k+2’[AA+1,k+2,Ak+2,/]])kl

:[f(Ak‘k*z),[Ak“‘k*Z,A“Z"]],d +[Ak,k+2,[f(Ak+l.k+2),Ak+2,l]]kl
+[Ak.k+z’[Akn,/ﬁz,f(A/HzJ)]]M

= f(Ak'hz )I:,k+l (A]Hl 2 )I;+1,k+2(Ak+2J)k+2,I'

Therefore, f{AF+?) = =0.

kk+1

Overall, we have proved eqn (55).

The following lemma shows that any feEnd(N) that satisfies
Ker f o N9

Lemma 3.6

Im fc N*is a Lie triple derivation.

Suppose fe End(N) satisfies that:

( ”)g{o

Then fis a Lie triple derivation of V.

for NV c N,(i,j) e

otherwise.

(56)

Proof: The fsatisfying eqn (56) also satisfies the Lie triple derivation
property:
SANJIN N =

LS NDLIN NN LNV NTTH NIV, £

Similarly, we have the following lemma.

Then fis a Lie triple derivation of .
Next we consider the image of a Lie triple derivation fon other AV
Lemma 3.8

Suppose char(F)#2. For a Lie triple derivation f of AV, ije[t] and
j>i+2, the image fIN7) satisfies that:

NN SN ZN“’ (58)
p=1

Proof: Let j=i+k, k >3. We prove eqn (58) by induction on k.

1. k 3. Nz Si+3 Nx 1+1N1+1 A+2NA+21+3 [N[.x’H’[Ni+l,x’+2,Ni+2,i+3]] .

For Ai<i+l c Ni,Hl’ Ai+],i+2 c Ni+],i+2 , and A,‘+2,f+3 < Nf+2‘i+3 ,

f([A"M,[A”I’Hz,A‘+2'i+3]]) f‘(ArHl AHI M2 Ar+"l+3]]+[Arl+l [f(AHI l+2) Al+7r+3]]
nye i+l AM 2 j(Al+2I+3)]]e sz:+2 + ZNW (59)

g=i+3

where the last relation in eqn (59) is by lemmas 3.2, 3.3 and 3.4. So we
done for k=3.

2. k=0>3: Suppose eqn (58) holds for all k</ where ¢>3. Now
Ni,i+/, — [Ni,i+2 [Ni+2,i+3 Ni+3,i+ﬁ]] .

FOr Ai,i+2 eNi,i+2’Ai+2,i+3 ENHZ,H—S)and Ai+3’i+€./\ﬁ+3'i+,
f([AivHZ’[AHZ,H}’Ai+3,i+t‘]]) :[f(ALHZ)’
[Ai+2,i+3’Ai+3,i+/']]+[Ai.i+2 [f(Ai+2,i+3) Ai+3,i+/’]]

ZNpl+V+ leq

q=i+l
where the last relation in eqn (60) is by induction hypothesis, the case
k=3, and lemmas 3.2, 3.3, 3.4, and 3.5. So eqn (58) is true for k=/.

So far all possible nonzero blocks of fIN¥) for APA have been
located. The next lemma explicitly describes most of those nonzero
blocks of fIAY). It essentially implies that the f-images on these blocks
are the same as the images of an adjoint action of a block upper
triangular matrix. Denote the index set:

Q={G,))e |[1<i<j<a\{(1,t-1),(1,1),(2,t-1),(2,1)}.

Lemma 3.9

(60)
+[Ai‘i+2,[AHZ'HS,f(AH}'H/

Let f be a Lie triple derivation of . Then for any (p,q)€€Y', there
exists X, e, such that:

f(Aip),'q = _(Aip)ip qu
f(4"),=X,,(47),

Proof: Given (p,q)eQ)’, we prove eqns (61) and (62) by the
following steps:

forall 47 e N¥* < NV (61)
forall 42 e NV < N (62)

1. We prove eqn (62) for (q,j)=(t—1,t). Then 2<p<t—1. For A?e N2,
A¥e N? and A"Me N,

0= f (LA™ [, A7), =[f (APVLA AT, + A1 (A7), 47T),
AR LA SATDT, = (A7) S A7), (A7), 5 (A (A7), (A7),
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Therefore,

—fA), (AT L = (AT, f(AT),, (63)

Applying lemma 2.4 to ¢ :N, >N, | defined by ¢(C)=—f(C¥),,,
and q):./\/t_l,t—>/\/P . defined by (p(D)zf(D””)pt in eqn (63), we find
X, €N, suchthat f(47), =X, (47", forall A= N™,

2. Similarly, we can prove eqn (61) for (i,p)=(1,2) via lemma 2.4.
In other words, for 2<g<t-1, there is —Yzqe./\/;q such that f(A“)lq:—
(47),,, for Ae N2,

127 2

3. We prove eqn (62) for (g,j))=(+=2,t—1). For 1<p<t-2, A¥e ¥,
A21e NF271 By a similar computation as eqn (63), for APAY,
Atz,tleM—Z,t—l, and At—l,zej\/?l,t’

(AP LA, = A7), A7), (64)

Applying lemma 2.4 to ¢: N >N | defined by §(C)=—AC"), ,,

and ¢:./\/;2J71—)./\/P ., defined by <[>(D):f(D’2>”)F’H in eqn (64), we
find X, €N, , such that A, L =X, (A7), for all
Al*Z,tfl c 172,171.

4. Similarly, we can prove eqn (61) for (i,p)=(2,3) via lemma 2.4. In
other words, for 3<g<t, there is —Y3qe/\/3q such that f(AZS)zq:_(A23)23Y3q
for AZe N,

5. Now we prove eqn (61) for (g,j)=(t=2,t). For 2<p<t=2, A% N,
AP e NF-2+1 By a similar computation as eqn (62), for A2e N2, AP N,
and A“*e N2,

_Af(Azp)2\,,2(14[72”),,2,, — (AZp)pr(AL—Z.L),]’/. (65)

Applying lemma 2.4 to ¢:N, >N, , defined by ¢(C)=—fC"),,,
and ¢:/\/HJ—>/\/; , defined by §(D)=f(D*), in eqn (65), we find
Xp, He./\/; ., Such that f(A"Z")P’ t:Xp,t—Z(Atiz’til)t—Z,t for all AN,

6. Similarly, we can prove eqn (62) for (i,p)=(1,3) via lemma 2.4.
In other words, for 3<g<t-1, there is —Yzqe./\/zq such that f(A”)lq:_
(A®) Y, . for A ,eN...

137 3,

7. Next we prove eqn (62) for (g,j)=(¢=3,—1). For 1<p<t—3, AYe N7,
A1 NF31 Then by a similar computation as eqn (63), for AP N,

ABtle t—3,t—1) and At te tl,t’
=S (A7), (A7) Ly = (A, ST, (66)
Applying lemma 2.4 to ¢:N, >N, ; defined by ¢(C)=—AC¥), ,

and g:N,_,, =N | defined by (p(D):f(D”*“)pJ_1 in eqn (66), we find

3,0 pt-
X, , e/\/P ysuchthatflA=) =X (A=), forall A= eNH1,

8. Similarly, we can prove eqn (61) for (i,p)=(2,4) via lemma 2.4. In
other words, for 4<g<t, there is —Y4qe./\/4q such that flA*), =—(4™)
for A*e N,

24 Y4q

9. Now we prove eqn (62) for
(g, /)2 {t—1,0),(t=2,t),(t—2,t—1),(t-3,t—1)} . Then g<t-3. Given any

j">j">j in [t], we have N9 = NYNT N =[NY [N, N]]. Then for
AINU, A e NI, and ATT" e NIV,
f(Aq/'A.Z/'AJ.’/”)W_” — f([Aqf,[Ajf,Aj"/”]])pju :[f(Aq’.),[A”’,Aj‘,/”]]p/,,

Applying Lemma 2.3 to ¢:qu_)'/vp ; defined by ¢(C)=A(C") , and:
N, >N, defined by p(D)=A(D¥), in eqn (67), we will find X, €N, such

thatf(Aqf)Pj:qu(Aqf)qj for all AYe AW and (g,j) 2 {(+—1,8),(t-2,1),(t-2,-1),
(t=3,t=1)}.

10. Similarly, we can prove eqn (67) for (i,p) {(1,2),(1,3),(2,3),(2,4)}
via Lemma 2.2. In other words, there exists -Y eAN such that f(A"P)iq:—
(A"P),.PYM for all A?e A* and (i,p) £{(1,2),(1,3),(2,3)(2,4)}.

11. Now we prove that X =Y for (p,q)€Q'. We prove it by the
following two steps:

(a) For any A"A, APeN?, and AYeN¥, we have i'<i<p<q<j,
[A7,[A,A7]]=0, so that:

0= f([A",[47,471]),, =[f(A"),[A7, A7), +[4",[f(47), 4”1,

H A LAY, f(AD)]]y = (A7) f (A7), (A7) 4 + (A7), (A7), £ (A7),

=—(A");,(4"), Y, (A7) ; +(A4"),, (A7), X, (A7) .

Therefore, X =Y .

pa g

(b) Similarly, for any APe NP, AYe\¥, and A"eN¥, we have
i<p<q<j<j', [A?,[AY,A7]]=0, and qu: qu‘

Finally, the equalities eqns (61) and (62) are proved.

Proof of Theorem 3.1. By Lemma 3.9, for (p,q)€Q’ we can find a
matrix que./\/P . that satisfies eqns (61) and (62). Let Xr7e NP7 be the
matrix such that the (p,q) block is qu and 0’s elsewhere, and let:

X,= Y XM"eN, fi=[f-adX, (68)

(p.q)e
Then f; is a Lie triple derivation. The equalities eqns (61) and (62)
imply that:

S (N?), =0 foral NP c NV, £,(N?), =0 foral N7 = N. (69)

By Lemmas 3.2, 3.3, 3.4, 3.5, and 3.8 when char(F)#2, for any
NICN, the only possibly nonzero blocks of f,(%) are the (i,f) block and
the following:

o The (1,1),(2,1),(1,t-1) blocks when je{i+1,i+2}.
Recall that Q={(i,j)e[t] x [t]
jeli+1,i+2}}. Define ¢2§5’¢1§54 € End (N') such that for Ae N,

gr(A)= D fo(4) = D[4,

(i,))eQ e
ﬂ%,I(A) = Z f(‘)(AIj)l‘zfl — z f(Ai/')l,[fl.
(i,))eQ (i)eq

Then Lemmas 3.6, and 3.7 show that ¢§ ,¢|§j,, are Lie triple
derivation of V. Now we get a Lie triple derivation:

Si=1 _¢2(z2 _¢1£.2H =/f-adX, _¢2§[z _¢1§,er1'

Define a linear map ¢, End(N) such that for Ae N,

0, (4) = Z f](Ai/ I _ Z f(Ai/)u_

(i) (i)

Then Img, cZ(N)="and Kerg , o [N,[N.N]], so that ¢, is a central
Lie triple derivation of A. We get a new derivation:

L= = f—adX,~¢; — ¢ — ¢,
where f,(AN)c AP,

To get eqn (44), it suffices to prove the following claim regarding
f,: there exist X"e B" for ie[t] such that for each ke [t—4], the Lie triple
derivation:

k4

10 = - Yad X!
i=1
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Satisfies that /5 (N")=0 for 1<p<q<k+4. The proof is done by
induction on k:

1. k=1: We proceed the case k=1 by the following steps:
- For any A2e A", A¥e A%, and A*e N*, we have:

LA AP A%, = £ A4, 44,
=LA AL, A Ty + LA L (A7), A% ] +[A[(A), £(A)]), (70)
= A (A (AP + (A7) o (AP (AP + (A7) (A7) (4™,

Applying Lemma 2.6 in eqn (70), we find X" eB", X*?eB*, —
X*eB*” and -X*eB* such that

fo(A?), = (X" A2 —APX2),, (A7), = (X247 - 4P XP),p
and fz(A34 )34 = (X33A44 - AMXM )34 .

Let £ = f,—ad X" —ad X —ad X® —ad X* .

Then: £ (N'?) =0, (N?)=0,£ (N*)=0 and £ (N")=0.

- For any A2e M2, A%e N*, and A* e N*%, by a similar computation
as eqn (70),

13 (AP A AT) 5= (A, (f) (A7)0 (A" 45+ (A™) 0 17 (A7) 5). (71)
Applying Lemma 2.2 in eqn (71), we find —X*€B> such that
L(AR) 5= (AR X )

fzo (Az4 )24 (A45 )45 = (A24)24 ((_A45X55 )45 - fzo (A45 )45 ) (72)

and by eqn (71)

Applying lemma 2.4 in eqn (74), we find Y*eB* such that

S2AM),, = (4*Y*),,. We choose Y*=0, then

S (AR5 = (—APXT),g

f4*=0 and

Let " =f—adX* = f,—ad X" —ad X* —ad X* —ad X* —ad X . It is easy
to show that £"(N*?)=0 for 1<p<q<5. So k=1 is done.
2. k=2 : Similar to eqn (70), for any A2e N2, A¥e N?, and A*e A

SV(ARAP A7), = (A7), (A7) 17 (A7) (73)
Applying Lemma 2.2 in eqn (73), we find —X*eB* such that
(A = (—A°XC) . and  f7(A) = (—47XC) . Let
F2 = f0_qdx®. It is easy to show that SPNPY=0 for
1<p<g<6. So k=2 is done.

3. k= (>2: Suppose the claim holds for all k<¢ where />2 is
given. In other words, there exist X"eB" for all ie[/] such that
AR ;:fz_z:ad)("’ satisfies that f£("D(A77)=0 for 1<p<q<l+3.
Similar to eqn (70), for any AM*2eA?, A2BeN ©2043 and
A“3’M4€M+3‘+4.

f‘z(fflj(AI.HZAHZJ+3AH3J+4)I’/+4 =(Al.mz)l)/ﬂ(Af+2,/+3)Hz’lgfz(ffl)(Aw},wt)Hs’/M_

Applying Lemma 2.2 in the last equation, we find —X /e B+
such that:

(=1 41,0+4 _ L0+4 yr0+4,0+4
fz (A ! )1,€+4 _(7‘4 Hxt )1.€+4'

Let £ = f{'" —ad X"**"* Ttiseasytoshowthat £((N/77)=0
for 1<p<q<(+4. So k=( is proved.

Overall, the claim is completely proved; in particular, /i ?(N)=0.
Let X =X, + ZZZIX" , then we get (43).
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