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Abstract

related to factorization of Toeplitz determinants.

In studies of Pittmann, we showed that a loop in a simply connected compact Lie group has a unique Birkhoff
(or triangular) factorization if and only if the loop has a unique root subgroup factorization (relative to a choice of a
reduced sequence of simple reflections in the affine Weyl group). In this paper our main purpose is to investigate
Birkhoff and root subgroup factorization for loops in a noncompact semisimple Lie group of Hermitian symmetric type.
In literature of caine, we showed that for an element of, i.e. a constant loop, there is a unique Birkhoff factorization if
and only if there is a root subgroup factorization. However for loops in, while a root subgroup factorization implies a
unique Birkhoff factorization, the converse is false. As in the compact case, root subgroup factorization is intimately
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Introduction

Finite dimensional Riemannian symmetric spaces come in dual
pairs, one of compact type and one of noncompact type. Given such a
pair, there is a diagram of finite dimensional groups

G
Go U (0.1)
K
where { is the universal covering of the identity component of the
isometry group of the compact type symmetric space X ~U /K, G is

the complexification of {7, and G, is a covering of the isometry group
for the dual noncompact symmetric space X, =G, /K .

The main purpose of this paper is to investigate Birkhoff (or
triangular) factorization and “root subgroup factorization" for the
loop group of G,, assuming G, is of Hermitian symmetric type so
that X and X are Hermitian symmetric spaces. Birkhoff factorization
is investigated in studies of Caine and Wisdom [1-15], from various
points of view. In particular Birkhoff factorization for LU := C*(S',U)
is developed in Chapter 8 of Wisdom [15], using the Grassmannian
model for the homogeneous space LU /U . Root subgroup factorization
for generic loops in U appeared more recently in literature of Pickrell
[11] (for U=SU(2), the rank one case) and Pittmann [13]. The
Birkhoff decomposition for LG, :=C*(S',G,), i.e., the intersection of
the Birkhoff decomposition for LG with LG, , is far more complicated
than for LU . With respect to root subgroup factorization, beyond loops
in a torus (corresponding to imaginary roots), in the compact context
the basic building blocks are exclusively spheres (corresponding to
real roots), and in the Hermitian symmetric noncompact context the
building blocks are a combination of spheres and disks. This introduces
additional analytic complications, and perhaps the main point of this
paper is to communicate the problems that arise from noncompactness.

For geLU, the basic fact is that g has a unique triangular
factorization if and only if g has a unique “root subgroup factorization"
(relative to the choice of a reduced sequence of simple reflections in
the affine Weyl group). This is also true for elements of G, (constant

loops); [4]. However, somewhat to our surprise, this is far from true
for loops in G, .

Relatively little sophistication is required to state the basic results in
the rank one noncompact case. This is essentially because (in addition
to loops in a torus) the basic building blocks are exclusively disks, and
there is essentially a unique way to choose a reduced sequence of simple
reflections in the affine Weyl group, so that the dependence on this
choice can be suppressed.

The Rank 1 Case

We consider the data determined by the Riemann sphere and the
Poincaré disk. For this pair, the diagram (0.1) becomes
SL(2,0)
SU(L1) (0.2)

AN

SU() xu(1))

Let L, SL(2,C) denote the group consisting of maps §'-> SL(2,C)
having finite Fourier series, with pointwise multiplication. The subset
of those functions having values in SU(1,1) is then a subgroup, denoted
L, SU(L,1).

Example 0.1 For each {e€A={eCi{|<1} and neZ, the
function S' —SU(1,1) defined by

SUQ)

1
gz

(0.3)

s a(:)[ 421’ }wherea(@ (-1,
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is in LﬁnSU(l,l).

L, SU(2) and L, SU(1,1) are dense in the smooth loop groups
LSU(2) := C=(8",SU(2)) and LSU(1,1) := C=(S',SU(1,1)), respectively.
This is proven in the compact case in Proposition 3.5.3 of [15], and
the argument applies also for SU(1,1), taking into account the obvious
modifications.

For a Laurent series f(2)=2.fz ,let f'(z)=/fz".If Qisa
domain on the Riemann sphere, we write H’(Q)) for the vector space
of holomorphic scalar valued functions on Q. If f € H(A), then f'€
H(A"), where A" denotes the open unit disk at co.

Theorem 0.1 Suppose that g, € L, SU(1,1) and fix n > 0. Consider
the following three statements:

(L.1) g, is of the form

a@) b))
b'(z) a'(2)) '

where a and b are polynomials in z of order n-1 and n, respectively, with
a(0) > 0.

gl(z):[

(1.2) g, has a “root subgroup factorization” of the form

1 nz" 1 7
gl(z):a(m)[ o J...awo)[ ’7}
n,z 1 n 1

"
for some sequence 1)

Example 0.1.

in A and a : A > R is the function in

(1.3) g, has triangular factorization of the form
1 0

. (a, 0 j[al(z) ﬂl(z)}
2577 10 &' \ne@ §)
=0
where a, > 0, the third factor is a matrix valued polynomial in z
which is unipotent upper triangular at z = 0.

Statements (1.1) and (1.3) are equivalent. (1.2) implies (1.1) and
(L.3). If g, is in the identity connected component of the sets in (1.1) and
(1.3), then the converse holds, i.e., g, has a root subgroup factorization
asin (12).

There is a similar set of implications for g, € L, SU(1,1) and the
following statements:

(IL1) g, is of the form
_[(d'( () !
2(2) [C(z) d(z)} zes,

where ¢ and d are polynomials in z of order n and n-1, respectively, with
¢(0) =0 and d(0) > 0.

(I1.2) g has a “root subgroup factorization” of the form
- gz 1 gz
() a(m[ - ]...a({,)(g]z 1 ]

for some sequence (,);- in A and a: A > R is the function in Example
0.1.

(I1.3) g, has a triangular factorization of the form

1 Zi:sz'j (az Oj[az(z) ﬁz(z))

0 » 1 0 a;l 7,(2)  6,(2)

where a,> 0, and the third factor is a matrix valued polynomial in z
which is unipotent upper triangular at z = 0.

When g, and g, have root subgroup factorizations, the scalar entries
determining the diagonal factor have the product form

a, = Ha(n,.)anda; '= Ha({ + ), respectively. (0.4)
i=0 k=1

In general we do not know how to describe the connected
component in the first and third conditions. The following example
shows how disconnectness arises in the simplest nontrivial case.

Example 0.2. Consider the case n = 2 and g, as in 1.3 with x = x z
+x,25 1-x,% %0,

22
_ 2= __ 4 xYx
a, =1-a,7%x,z, ﬂz__l —
— XX,

X, 2 XX
Y, = L —z+x,2%, §,=1+—"1"2—
1-x,%, 1-x,X,
and

»_(1-%%)" - x5
G =" -
1-x,x,

It is straightforward to check that this g, does indeed have values in
SU(1,1). In order for a; >0, there are two possibilities: the first is that
both the numerator and denominator are positive, in which case there
is a root subgroup factorization (with ¢, =¥ /(1-|x, ) and & =X,),
and the second is that both the top and bottom are negative, in which
case root subgroup factorization fails (because when there is a root
subgroup factorization, we must have |  |,| {,| < 1).

In order to formulate a general factorization result, we need a C~
version of Theorem 0.1.

Theorem 0.2. Suppose that g, € LSU(1,1). The following conditions
are equivalent:

(L.1) g, is of the form
a*(Z) b*(Z)J’ e,
b(z) a(z)

where a and b are holomorphic in A and have C* boundary values, with
a(0)> 0.

g1(z)=[

(1.3) g, has triangular factorization of the form

( 1 Oj(al 0 j[al(z) ﬁl(z)]
YN0 g \n@ 8(=))
where y is holomorphic in A with C~ boundary values, a, > 0, and the

third factor is a matrix valued polynomial in z which is unipotent upper
triangular at z = 0.

Similarly if g, € LSU(1,1), the following statements are equivalent:
(IL.1) g, is of the form

d'(z) a‘(z)] .
, zeS
c(z) d(z)

where c and d are holomorphic in A and have C~ boundary values, with
¢(0) =0 and d(0) > 0.

5

gz(Z):(

(I1.3) g, has a triangular factorization of the form

1 x [az 0 [az(Z) ,32(2)]
0 100 &' )\ne &)
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where a,>0, x is holomorphic in A and has C* boundary values,
x(0) = 0, and the third factor is a matrix valued function which is
holomorphic in A, has C~ boundary values, and is unipotent upper
triangular at z = 0.

Let o : SL(2,C) »> SL(2,C) denote the anti-holomorphic involution
of SL(2,C) which fixes SU(1,1); explicitly

a b) d ¢
{2 (e 2)

The following theorem is the analogue of Theorem 0.2 of [11]
(the notation is taken from Section 1 of [11], and reviewed below the
statement of the theorem).

Theorem 0.3. Suppose g€ LSU(L,1),,, the identity component. Then
g has a unique “partial root subgroup factorization” of the form

x(2) 0
g(z)=ol(g’ (z))[e . em.—)]gz(z)

where yeC”(S',iR)/2xiZ and g and g, are as in Theorem 0.2, if and
only if g has a triangular factorization g = Imau (0.5) below) such that
the boundary values of |, / | and u, | u,, are <1 in magnitude on S'.

The following example shows that the unaesthetic condition on the
boundary values is essential.

Example 0.3. Consider g, as in Theorem 0.1. The loop g = &, (the
Hermitian conjugate of g, around the circle) has triangular factorization

R 1 0
g= a e O B
s SN0 a Zx,-zf Ly
=
If n =2, then x, ={,(1-|<, ) and x,=¢,, and this loop will often
not satisfy the condition |x,z + x,z°|<1 on S. In this case g will not have

a partial root subgroup factorization in the sense of Theorem 0.3.

The group LSL(2,C) has a Birkhoff decomposition

LSL2,C) = [ [ze©
wel
where W (an affine Weyl group, and in this case the infinite dihedral
group) is a quotient of a discrete group of unitary loops
2030 -1y zarelt O)
nel, e +
z" )10 ! 01

:<”0»”1|”02:”12:1 >

W= {w=

where

& s ()

(the reflections corresponding to the two simple roots for the Kac-
Moody extension of s[(2,C). The set =:**® consists of loops which
have a (Birkhoff) factorization of the form

g=l-w-m.a.u (0.5)

where w = [w],

Ly by 0/ A 1 0
I= T leH(A,G), (o)= ,
Ly Iy Ly(o) 1
m, 0

I has smooth boundary values on §', m:[ 0 ,]J, myeS',
™,

a:[ao 91J> a,>0,
0 a,

u:(un ”njeHo(A’G), u(O):[l ulZ(O)J’

Uy Uy 0 1

and u has smooth boundary values on S'. If w = 1, the generic case, then
we say (as in Section 1 of [11]) that g has a triangular factorization, and
in this case the factors are unique.

Next, let LS U(l,l)(n) denote the connected component containing
(Z()” ?”J e Hom(S";T)»and let
z

TEUMD = FILEO ~ LSU(1,1)

and

ZLSU(I,I)(”) .

=20 ALSU(1,1),,,-

w

Since SU(1,1) is homotopy equivalent to the torus 7 ~y(1), the
connected components of LSU(1,1) are homotopy equivalent to the
connected components of LT~ LU(1) which are indexed by winding

number. Write L7, for the connected component indexed by an

integer n. Then it is known that the intersection =!*¢® LT =LT,

when w—[[zo Onﬂ and empty otherwise (refer Section 8.4 of
z

[15]); in particular this intersection is contractible to w, modulo
multiplication by 7. Based partly on the finite dimensional results in
[4], one might expect the following to be true:

(1) Modulo 7, it should be possible to contract E:?U“M(n) down to
w; in particular =Y should be empty unless w is represented by a
loop in SU(1,1).

LSU(11)g

(2 %,

(3) Each y"'"w

parameterization.

= LSU(I’I)(O) .

should admit a relatively explicit

Statements (1) and (2) are definitely false; statement (3) is very
elusive, if not doubtful.

Proposition 0.1.

(a) E:,SU(L”"” can be nonempty even if w is not represented by a loop

LSU(1

in SU(1,1). For example, "0 is nonempty.

i
LSU(11), . . .
(b) =7 @ is properly contained in LSU(L,1) ;.

To summarize one surprise, the set of loops having a root subgroup
factorization is properly contained in the set of loops in the identity
component which have a triangular factorization which, in turn, is a
proper subset of the identity component of LSU(1,1). It seems plausible
that all of the intersections 5"’ are nonempty, and topologically
nontrivial. Unfortunately we lack a geometric explanation for why
these intersections are so complicated.

Toeplitz determinants

The group LSU(1,1) acts by bounded multiplication operators on
the Hilbert space H := L*(S%C?). As in literature of Widom [15], this
defines a homomorphism of LSU(1,1) into the restricted general linear
group of H defined relative to the Hardy polarization H = H, @ H,
where H_is the subspace of boundary values of functions in H°(A,C)
and H_is the subspace of boundary values of functions in H°(A’, C).
For a loop g, let A(g) (respectively, A (g)) denote the corresponding
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Toeplitz operator, i.e., the compression of multiplication by g to H,

0
(resp., the shifted Toeplitz operator, i.e. the compression to H, © C[l

)- It is well known that A(g) A(g™") and A (g) A (g™)
class operators (i.e., of the form 1+ trace class).

are determinant

Theorem 0.4. Suppose that g € LSU(1,1),
factorization as in part (b) of Theorem 0.3. Then

L - 1 20 2z =
det(A()A(g N =| []—== |x . ’
et(A(g)4(g ™) (g(l—\m\z)’j [H ] [H(l |§k\)"]

L © 1 2 2z >
det(4,(g)4 T X 8
e( ,(g) ,(g )) [H(l_lﬂ; ‘z)m] [H J [H(l ‘é«k‘ )A 1]

=0 k=1

has a root subgroup

and if g =
then

Imau is the triangular factorization as in (0.5) (with w = 1),

[10-1¢P)

- det(A (@A) i _
det(A@AE D) Pl in )

When (,)7, and (¢,);, are the zero sequences (the abelian case),
the first formula specializes to a result of Szego and Widom (Theorem
7.1 of [16]). Estelle Basor pointed out to us that this result, for g as in
(0.3), can be deduced from Theorem 5.1 of [16].

Additional motivation

There is a developing analogue of root subgroup factorization for
the group of homeomorphisms of a circle, a group which (in some
ways) is similar to a noncompact type Lie group [12]; there are other
analogues as well [1]. It is important to identify potential pitfalls. In
this paper our primary contribution is perhaps to identify what can
go wrong with Birkhoff and root subgroup factorization for loops into
a noncompact target; these lessons are potentially valuable in other
contexts.

From another point of view, it is expected that root subgroup
factorization is relevant to finding Darboux coordinates for
homogeneous Poisson structures on g and LG, [10]. As of this
writing, this is an open question.

Plan of the paper

This paper is essentially a sequel to studies of Pittmann and Pressley
[4,13]. We will refer to the latter paper as the ‘finite dimensional case’,
and we note the differences as we go along.

Section 1 is on background for finite dimensional groups (which
is identical to [4]) and loop groups. In section 2 we consider the
intersection of the Birkhoff decomposition for 7.¢; with LG, . Unfortunately
for loops in G, , there does not exist an analogue of “block (or coarse)
triangular decomposition”, a key feature of the finite dimensional case.
Consequently there does not exist a reduction to the compact type case,
as in finite dimensions. One might still naively expect that there could
be a relatively transparent way to parameterize the intersections of the
Birkhoff components with LGO (as in the finite dimensional case, and
in the case of loops into compact groups, e.g., using root subgroup
factorization). But these intersections turn out to be topologically
nontrivial. Most of the section is devoted to rank one examples which
illustrate this.

In Section 3 we consider root subgroup factorization for generic
loops in G, . Our objective in this section is to prove analogues of
Theorems 4.1, 4.2, and 5.1 of studies of Pittmann [13], for generic loops

in (the Kac-Moody central extension of) LG, (when G, is of Hermitian
symmetric type). As in the rank one case above, all of the statements
have to be severely modified. The structures of the arguments in this
noncompact context are roughly the same as in literature of Pittmann
[13], but there are many differences in the details (reflected in the more
complicated statements of theorems).

Notation and Background

In this paper, we will make use of the fact that (certain extensions
of) loop algebras of complex semisimple Lie algebras and finite
dimensional complex semisimple Lie algebras fit into the common
framework of Kac-Moody Lie algebras. To distinguish data associated
the finite dimensional Lie algebras from the analogous information
for the infinite dimensional loop algebra of such a Lie algebra, we will
adhere to a convention of Kac and label the data associated with finite
dimensional data by an overhead dot.

Finite dimensional groups and algebras

We consider the data (0.1) determined as follows from a compact
Hermitian symmetric space X . We consider the isometry group of X
and let U denote the universal covering group. Then U is a simply
connected compact group and we let K be the stability subgroup of
a pomt in X, so that X ~U/K . This determines an involution ®
of U which we extend holomorphically to the complexification ¢
of U . The composition g ©(g™) of ® with the Cartan involution
()" fixing {7 inside of G is then an antiholomorphic involution of
G fixing a real form G, which is © -stable. The fixed point set of @
in GO is K and the coset space Go /K is amodel for the non-compact
Hermitian symmetric space X, dualto X .

Remark 1.1. The notation ) for the Cartan involution fixing ¢
inside of G is suggestive of the matrix operation of inverse conjugate
transpose which fixes SU(n) inside of SL(n,C). Likewise, we will use ()
to denote the operation g (g7')™".

Thus, we obtain the diagram of finite dimensional groups
(0.1). Correspondingly, we obtain an analogous diagram of finite
dimensional Lie algebras %, &, @, it, and we use @ and (-)'to also
denote the corresponding 1nﬁn1te31mal involutions. Let go—kﬂa
denote the eigenspace decomposition of g, under © . Then it =E+ip
is the eigenspace decomposition of * under .

Choose a Cartan subalgebra { in ¢. Then { isa Cartan subalgebra
of §, since g, is of Hermtian symmetric type. The centralizer b of t
in g isthena @ -stable Cartan subalgebra of the complex semisimple
Lie algebra g. Furthermore, h=i+a, where a= it, is the eigenspace
decomposition of § with respect to the involution ().

We will write =N, (H)/H for the Weyl group of the pair (g,5) .
Choose a Weyl chamber ¢ < g . This determines a choice of positive
roots for the action of § on §. Let 3* denote the sum of the positive
(resp. negative) root spaces. Then

=0 +h+n’

is a © -stable triangular decomposition of §. An important
consequence of @ -stability is that #n* and #~ are interchanged by the
action of ()7, ie, (%) =n*.

Let ¢ denote the highest root and normalize the Killing form so
that (for the dual form) (§,)=2 . For each root d let i, ea denote
the associated coroot. The Hermitian symmetric type assumption,
together with the © -stability of §, implies that each root space 8, is
contained in either {¢ or in p° and thus the roots can be sorted into
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two types. A root ¢ is of compact type if the root space g, is a subset
of € g and of noncompact type otherwise, i.e., when §, <p. The
following proposition is an elementary fact.

Proposition 1.1. For each simple positive root 7 there exists a
Lie algebra homomorphism 1,:51(2,C) - ¢ which carries the standard
triangular decomposition of sl(2,C) into the triangular decomposition
=i +h+nt and:

(a) in any case ¢ restricts to a homomorphism ¢ : su(2) > i

(b) when y is of compact type then ¢ restricts to z, : su(2) > £

(c) when y is of noncompact type then i restricts to

zisu(l,1) > g,

We denote the corresponding group homomorphism by the same
symbol. Note that if 7 is of noncompact type, then ¢ induces an
embedding of the rank one diagram (0.2) into the finite dimensional
group diagram (0.1). For each simple positive root 7 , we use the group
homomorphism to set

0 i .
R e N, (T) (1.1)

and obtain a specific representative for the associated simple reflection
r,eW =Ny (T)/T corresponding to 7. (We will adhere to the
convention of using boldface letters to denote representatives of Weyl
group elements).

Remark 1.2. Throughout this paper we regard the homomorphism
1, corresponding to a simple positive root y as fixed. If 7 is another
positive root, then there is a Weyl group element w such that 4 = w-; by
choosingarepresentative e N (T) for w, we obtaina homomorphism
’u('):w’y(')w—l with the same properties as in the proposition. This
homomorphism will depend on the choice of w and its representative
w, but the dependence will be relatively insignificant in this paper.

Let ¢,...,0,,, denote the simple positive roots and write
};I,,”J',mk(g) for the corresponding coroots. Then /#.....A ., form
a basis for * and the dual basis elements A,,...,A are the
fundamental weights. For the coroot lattice, we write

T= @ Zhca.

1< j<rank (§)

rank ()

The affine Weyl group for 8 is the semidirect product W xT . For
the action of # on d, a fundamental domain is the Weyl chamber C .
For the natural affine action of J# x7 on @, a fundamental domain is
the convex set

C,={xeC:0(x)<1}

known as the fundamental alcove. Since C; will play the role for
an infinite dimensional group G extending LG that C plays for the
finite dimensional group G , we purposely omit an overhead dot from
the label C.

Loop algebras and extensions

Let Lg=C"(S",g) and let L, 8 denote the subspace of functions
with finite Fourier series. Then L9 is a subalgebra of Ly with respect
to the the point-wise bracket. There is a universal central extension

0—>Cc— Ly — Ly —0, (1.2)
where Li=Li®Cc as a vector space, and

, i
[X +4c,Y + Al =[X, Y], +;jS1<XAdY>c. (1.3)

The smooth completion of the untwisted affine Kac-Moody Lie

algebra corresponding to § is

ig =Cd x Zg (thesemidirectsum),

1d
where the derivation d acts by d(X +4c)= ;%X ,for XeLg,and
[d,c] =0.

Proposition 1.2. For both Lu and Lg,, the cocycle
(X,Y)AJ'SKXAdY) is real-valued. In particular the affine extension
(1.2) induces a unitary central extension

0— iRe — L, = Lg, >0
and a real form Ly, =iRdx L, for Ly (and similarly for Tj = iRd w Lit
as in the compact case [13]).

Weidentify § with the constantloopsin Lg . Because the extension
is trivial over § , there are embeddings of Lie algebras § — Ly — g = Lg. The
involution ® on ¢ induces an involution on L§ by post-composition.
We extend this to an involution ® on g=Lgj by declaring that ©(c) =,
and similarly extend it to L§ by declaring that ®(d) = d.

Let g:ig , O :Zgo, w=1Iu,and e=7¢. We set t=iRe® and
a=h, =Rc@®a . Then, the decompositions

g=Lg=n +h+n" and ig=n’+((Cd+h)+n+, (1.4)

where [=h+Ce
i +§(z"'C[z*'])» respectively, are triangular decompositions. The

and pn* denotes the smooth completion of

simple positive roots for the pair (Z,,-,,g7(Cd+ ) are Qoo
where

a, = d -0, a;= o'cl.forj >0,
d(d)=1> d'(¢)=0, d"(h)=0, and the &, are extended to Cd+h by

requiring ¢,(c)=da,(d)=0. The simple coroots are i/, o> tny)
where

hy = cfkgandh, = fl/forj >0.

For i > 0, the root homomorphism ¢, is simply ¢, followed by the
inclusion 919 Fori=0

00 R 01
l%(l 0j:eﬁz', l%[o OJZféz, (1.5)

where { 1 h{;,eﬁ} satisfy the sl(2,C) -commutation relations, and %

is a highest root vector for §. The fundamental dominant integral
functionals onhare A, j = 0,..,r.

Loop groups and extensions

Let 1: 76 > LG ( n;]:G'O N LGo ) denote the universal central C”
(resp., T) extension of the smooth loop group LG (resp. LG, ).

Proposition 1.3. IT induces a central circle extension

1—)’]I‘—>ZG0 > LG, —>1

(and similarly for unitary loops as in literature of Pittmann [13]).

Proof. This follows from Proposition 1.2.

Let G=1G and let N* denote the subgroups corresponding to
n*. Since the restriction of IT to N* is an isomorphism, we will always
identify N* with its image, e.g., [ € N* is identified with a smooth loop
in G having a holomorphic extension to A satisfying /(0)e N* . Also,
set T = exp(t) and A = exp(a).
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As in the finite dimensional case, for éeN’ TA-N"cG=1G,

there is a unique triangular decomposition
rankg

g=I-ma-u, where ma= Hcr,(g)h’, (1.6)

J=0

and o,=0, is the fundamental matrix coefficient for the highest
J ~ s

weight vector corresponding to A If T1(¢) = & , then because ol =0

projects to O-O”’é ,g=11I(d)u g=I1-TI(d) u , where

~ b
ks ki (o) J
@)@ =0, [ ]o,@" = H[Nj : a.7)
- 1\ o,(g)”’
and the a, are positive integers such that hy=>ah, (these numbers
are also compiled in Section 1.1 of [7]).
Proposition 1.4.

(a) N* are stable with respect to ©®, whereas N* are interchanged by
(). If geG =IG has triangular factorization g=1-m(g)a(g)-u as in
(1.6), then

0(g) =0(l) -m(g)a(g)-O(u)

and

& =u"-m@) @)l

are triangular factorizations.

(b)If §eG=LG , then o,(©(&)=0,(&) and 5,(&)=0,(2) .

) If g€G, LG,, then | ()| depends only on g=TI(g)eLG ,
and

|0,1():=l0,(&) = (0,(2)0,(g )™ (1.8)

(d)For ge LG, and g= I(g) € LG, , g hasatriangular factorization
if and only if g has a triangular factorization. The restriction of the
projection T1: LG, — LG, to elements with m(g)=1 is injective.

Proof. (a) and (b) follow from the compatibility of the triangular
factorization with respect to ® and u. The first part of (c) follows from
the fact that the induced extension LG, is unitary. The formula 1.8 in

(c) follows from the fact that if AET, then
o,(g)=2o,(g)
where ] is the level.

A note on the rank one case

In this subsection we will freely use the notation in Section 1 of
[11] and [15] (as in section 1 of [11], we denote the Toeplitz and shifted
Toeplitz operators by A and A , respectively).

In the rank one case o, and o, can be concretely realized as
“regularized Toeplitz determinants.” In the notation of section 6.6 of
[15], a concrete model for the central extension is

IG = {[g,9]:(g,q) € LG x GL(H,), A(g)q”" =1+ traceclass}

(here G=sL(2,C), H=L*S,C?), and H_is the subspace of boundary
values of holomorphic functions on the disk). In this realization

0,([g.]) = det(A(g)g ).

Proposition 1.5. For g € LG, , using the notation in Proposition 1.4,

|0, " (g) = det(A(g)A(g " )and | o, [ (g) = det(4, ()4 (g ™))

Proof. This follows from (c) of Proposition 1.4.

Reduced sequences in the affine weyl group

The Weyl group W for (Ig,Cd+h) acts by isometries of
(Rd+hR,(-,-)). The action of W on Rc is trivial. The affine plane d +§,
is W -stable, and this action identifies W with the affine Weyl group
WxT of § and its affine action on B (Chapter 5 of [15]). In this
realization, the simple reflection 7., is a reflection in b, followed by a
translation in by , specifically

1;0:hbor0, and 7, =1, i>0. (1.9)

&
i

In general, we can present a given w €W as

w=h,ow, h,el, wel.

We let Inv(w) denote the inversion set of w, i.e., the set of positive
roots which are mapped to negative roots by w.

Remark 1.3. In the finite dimensional context [4], the root subgroup
factorization of generic elements of G, depended on a reduced
expression for W, , the longest element of the Weyl group # , ie., a
finite reduced word in simple reflections. In this infinite dimensional
context, where there is no longest element of W, we must allow the
possibility that root subgroup factorization of generic elements will
depend on a possibly infinite sequence ()71 of simple reflections.

Definition 1. We will say that an infinite sequence ()7 of simple
reflections in W is reduced if each partial product w, :=ryr, -7, is a
reduced expression for each j.

Remark 1.4.1n the rank one case, there are only two possible reduced
sequences since W is the infinite dihedral group. As a result, there are
only two forms for the root subgroup factorization of generic elements
of LSU(1,1). This is the reason for the structure of the theorems stated
in the Introduction, involving two sets of analogous implications. In
the higher rank setting, however, there are infinitely many forms the
factorization could take.

Lemma 1.1. Let ()7 be a reduced sequence of simple reflections in
W and let (7,)7. denote the sequence of corresponding simple positive
roots of g. Then for each n:

(a) the inversion set of the partial product w_is
Inv(wn) = {1'/» = W/lll VT hea Y ] = 1,4.,}’2};
(b) w,z,> 0, for each k< n.

Definition 2. A reduced sequence of simple reflections (r,)7, is
affine periodic if, in terms of the identification of W with the affine
Weyl group,

1. There exists [ such that the partial product w, is in 7, i.e., acts as
a translation on b, , and

2.w =wow, for all s. For the minimal such /, we will refer to w;"
as the period, and / as the length of the period.

Remark 1.5. The second condition is equivalent to periodicity of
the associated sequence of simple roots (7,)7-, i.e., y, =y, for each
s. Through the affine action, the sequence of reflections applied to the
fundamental alcove C| determines a non-terminating walk through the
alcoves in a . In these terms, affine periodicity of the sequence (r,)7,
means that the walk from step /+1 to 2[ is the original walk up to step
translated by , and so on.

We now recall Theorem 3.5 of [13] (this is what we will need in
Section 3 for root subgroup factorization of generic loops in G, ).
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Theorem 1.1.

(a) There exists an affine periodic reduced sequence (r;)7, of simple
reflections such that, in the notation of Lemma 1.1,

{r,:1<j<ow}={qd —c:a>0,g=1,2,..}, (1.10)
i.e., such that the span of the corresponding root spacesis  (z [z]). The

period can be chosen to be any pointin C AT .

(b) Given a reduced sequence as in (a), and a reduced expression for
Wy =11, (where W, is the longest element of 17 ), the sequence

T ety T

is another reduced sequence. The corresponding set of positive roots
mapped to negative roots is

{gd" +a:a>0,q=0,1,..},
i.e., the span of the corresponding root spaces is w*(C[z])

Many examples illustrating this theorem appear in the dissertation
of Pittmann-Polletta ([?]).

4.6 Contrast with finite dimensions

In literature of Caine [4] we considered G, (constant loops). The
key fact (depending on the Hermitian type assumption) was that

_oat o ot
n 7né+nv

where the latter summand, n;=1"np°, is an abelian ideal in
the parabolic subalgebra ¢ +#; of . This led to a block (coarse)
triangular factorization, which largely reduces the (finite dimensional)
Hermitian noncompact case to the compact case.

In the present context there is an analogous decomposition
nf=ny+n;

where g, = k + p is the eigenspace decomposition of g, under @ . In
this case

n=m L)+ nLlny)

where each of the two summands is a subalgebra, but the sum is not
a Lie algebra (let alone an abelian ideal in a parabolic subalgebra).
The fundamental difficulty is that in the finite dimensional case N*
is a nilpotent group, and hence whenever the Lie algebra is a sum of
subalgebras, there is a corresponding global decomposition at the
group level. However, in the loop case N* is a profinite nilpotent
group, and the corresponding result is not true, e.g., a holomorphic
map from from the disk to the Lie algebra has a pointwise triangular
decomposition, but pointwise triangular factorization fails very badly
at the group level. For example, the SL(2, C) -valued holomorphic

1-2z 1

function [_22 :

] does not have a pointwise triangular factorization
because the (1,1) entry vanishes at z = 1/2.

Compact vs noncompact type rootsin g

As in the finite dimensional setting, a root of h on g is said to be of
compact type if the corresponding root space belongs to kC, and said
to be of noncompact type if the corresponding root space belongs to
pC. Here € =7 and p° =n, +n; (so this terminology is perhaps less
than ideal).

Remark 1.6. In rank one, the compact type roots are the imaginary
roots and the noncompact type roots are the real roots. This is yet

another special feature of the rank one case.
The basic framework and notation

In the remainder of the paper we will mainly be concerned with the
loop analogue of (0 1):

(1.11)

where ¢ := [U , the (simply connected) central circle extension of LU ,
G = LG » the (simply connected) central C’ extension of .G , G, = LG,,
the central circle extension of LG,, and x =ik , the central circle
extension of yx . There is a corresponding diagram of Lie algebras,
where the Lie algebra of Gis g=Lg, and so on.

It will often happen that we can more simply work at the level of
loops, rather than at the level of central extensions. We will often state
results, for example, in terms of G, but in proving results it is often
possible and easier to work with LG.

Birkhoff Decomposition for Loops
By definition the Birkhoff decomposition of G = LG is

G =] [zSwherex{ = N"wB". (2.1)

W
If we fix a representative w € NU(T) for w € W, then each ge=f
has a unique Birkhoff factorization

=Iwmau, e N nwN w', macTAuecN". (2.2)

Asinthefinite dimensional case, for fixed mET, {(ge3’ :m(g)= my}
is a stratum (diffeomorphic to the product of the Birkhoff stratum for
the flag space G / B corresponding to w with N*); refer Theorem 8.7.2
of [15]. We will refer to =¢ as the “(isotypic) component of the Birkhoft
decomposition of G corresponding to w € W.”

One virtue of root subgroup factorization is that it generates many
explicit examples of Birkhoff factorizations.

Birkhoff decomposition for LU
Given w € W, define
=30 AU.

Theorem 2.1 Fix a representative w € N(T) for w. For g €X} the
unique factorization (2.2) induces a bijective correspondence

PRRES (N’ AWN w! ) x Tgivenbyg > (I, m).

We refer to =V
decomposition for U; each component consists of a union of strata

as the isotypic component of the Birkhoff

permuted by the action of T. The theorem provides an explicit
parameterization for these strata. We have recalled this result simply
for the sake of comparison. Our primary objective is to investigate the
Birkhoff decomposition for LG, .

Birkhoff decomposition for (LG,), , the identity component

Given w € W, define

0 =30NG,
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LGy _

woot

z T ALG,

and so on.

As we stated in the introduction (where we focused on the rank
one case), our original expectation was that each of these components
would be (modulo a torus) contractible to w. Our main objective in this

subsection is to provide examples in the rank one case, for the identity
component, which illustrate why this is not true.

'1D)

Proposition 2.1. Z,LSL is properly contained in LSU(1,1) ;.

Proof. Forany g € LSU(1,1) there is a pointwise polar decomposition

(2 0Ya b
€0 2 )b a
where a=4/1+|b[* ,and A : S'>S.

Ifge LSU(1,1) o then A has degree zero, and thus A has a triangular
factorization

V_ vy v
A=e el

where v =—y. and y, € iR. Because a is a positive periodic function,
it will have a triangular factorization

X Xy X
a=e"ele

where 7. =%, and 7, €R .

We can always multiply g on the left (right) by something in B
(B, respectively) without affecting the question of whether g has a
triangular factorization. For example in determining whether g has
a triangular factorization, we can ignore the factor exp(y_+ y,) in A,
because this can be factored out on the left. We will use this observation

repeatedly (note that we can recover y_from vy, and the zero mode is
inconsequential).

There is a factorization of

o

as the product

0 Looo)e 0 (1 pe (e 0
0 e B )l g L)l 1 0 ")

To obtain g we have to multiply this on the left by A. It follows after
some calculation that g will have a triangular factorization if and only if

1 0)( g% 0 1 be(il:tow*)ezw*
b= e 1l g e Lo 1

has a triangular factorization.

At this point, to simplify notation, we let b, =be"**"*  Note
that bb =bb'e>* . Thus g has a triangular factorization if and only

if the loop
1 0Yfe™ 0 )1 pe™)_ 0 1 e
be 1)l o e®jlo 1 bie™ bb +e R

has a triangular factorization. Note that the (2,2) entry of the right hand
side equals aa’e %0 .

We directly calculate the kernel of the Toeplitz operator associated
to this loop. We obtain the equations (for f,, f, € H'(D) )

[+ B £, = 0,and (Be ™ £, + (b + e p) =o0.

We can solve the first equation for f,. The second equation becomes
(€™ +bb) L =bie ™ (Be™ f, )+)+ =0.

If we set b, = be™ = be "+, then this can be rewritten as

(fi+bie™ e 1)) =0.

Ifweset F=e™+ f, » then we see that there exists a nontrivial kernel
if and only if there exists nonzero F € H, such that

(e’% (F+b, (sz),))+ =0. (2.3)

It is easy to find y, and b, such that there does exist a nonzero F
satisfying this condition.

1-e*

Example 2.1. p, -1 , e W =¥, and F= —1. In other
words if z

1, _ 1 a2 -tz 1 _

.- o o || G Z )" e (; 1)
1
0 &) erEmy Gelone
z

where

3 _l _ 2)1/2 — oF M0t
z

then g is a loop in the identity component of LSU(1,1) and does not
have a Riemann-Hilbert factorizaton, hence also does not have a
triangular factorization.

Birkhoff decomposition for nonidentity components of LG,
Consider the rank one case and the problem of finding the Birkhoff
factorization for g which is of the form g= [Z(; O"jgo , where g is in
z

the identity component and has a known triangular factorization (as
for example in Theorem 0.1), and n > 0. Write

g:(Zﬂ 0][111 ll:J[moao 0 }[”n ulz]
0 ")\ by 0 (moao)i1 Uy Uy .

Factor ] as
L L 1 0
l” 112 . 11 12 ;
Ly 1, Zakz" L, z xz 1
k=—0 k=-2n+1
Then g will have the form
1 0
(fz" 0 o myd, 0 Uy Uy
g=L " k O
0 z z xz 1 0 (mya,) Uy Uy
k=—2n+l

where L'€N". Consequently to find the Birkhoff factorization for g,
it suffices to find the factorization for the triangular matrix valued
function

- o 1 0 z™" 0
z 0 = = 24
( 0 z”j z x.z 1 Z A4 @4
k=—2n+1 k=—n+l

Remark 2.1. What we are doing here is factoring N~ as N" N

wNw! times NN wN*w™. So this is very general. The problem of
understanding Birkhoff factorization for triangular matrix valued
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functions is considered in literature of Clancey [5].

Example 2.2 When 7 = 1, we could take g = g, in Theorem 0.1.

Then
0 1 7 1 7
]a(m)[ "]a(m)( ; ’7"2],
z n o1 0z 1

ol
_ z' 0 1 0 aq 0 Q (2) :H1 (2)
0 z)\» +yz" 1)L 0 al’1 7(z) 6,(2)

where », =7 and ¥, =-7,(1-17,) (note | y,|,

»,1<1).
Lemma 2.1 Fix n>0. For a triangular matrix valued function as in (2.4),

(a) the Toeplitz operator A is invertible if and only if the Toeplitz
matrix

CU cfl cfn+l
C C . C
Ar — 1 0 —n+2 (2 . 5)
c»xfl c()

is invertible, and

(b) the shifted Toeplitz operator A, is invertible if and only if the
Toeplitz matrix

G G Coniz
P R T B (2.6)
c ¢

is invertible.

Proof. The Fredholm indices for both operators are zero, so we need
to check the kernels.

Part (a): Suppose that

< ~ _k
1) 2/
h ithA
k=0
is in the kernel of A. Then (z"f), =0, implying f = z::nsz" ,and
n n-1 o0
[( > ckz*)(Zﬂz")+thz“"j =0.
k=—n+1 k=0 k=0 -+

This equation implies i, = 0 for k > n. These equations have the
matrix form

A A=
(& )i
C L)\ h
where f (resp. 1 ) is the vector of coefficients of f (resp. k) and A’ is
the n x n Toeplitz matrix in (2.5). This implies part (a).

The proof of part (b) is similar.

Example 2.3. Suppose n = 1. When ¢, # 0 there is a Riemann-
Hilbert factorization (because A is invertible)

¢
I+=1z z/¢,

2z 0) (1 z e \(~ale —lg ¢,
c+ez z) (0 1 C, 0 ;Clzz e

C

0 0

When ¢, ¢, # 0, there is a triangular factorization (because A and
A, are invertible),

¢ 4 1 ¢ 1
: 1-=0 ! L |1 0 1 —
[ z 0}_ C‘l Co c[) CU
2 2
c,tcz z C, C, C, C
(U _fo 1 0 [ | e’ WA [P 4
¢ S o o

. LSU(LD),
In this case geZ,~ V.

When ¢, - 0 this “degenerates” to a Birkhoff factorization

[z” oj 1 —z [0 —1] ool L
= [N [N C |-
1 0
@ o 0 ¢ )lo 1

LSU(L1),

. o
In this case €2, .

When ¢, 0 this “degenerates” to a Birkhoff factorization
1 1

(z’l oj 1L [0 72"} — o1 —
= c 0 [ a |

af 2 lo 1 )V 0 ¢)lo 1

In this case ge e

o
LSU(LD_y)

-1
When both ¢, ¢ > 0 this goes to [z O] . In this case g€Z, ,
0 =z

-1

where in the Weyl group [ZO (Z)j =1

These calculations show that we are obtaining loops in the
corresponding strata, despite the fact that neither r, nor r are
represented by loops in £ =g'. Moreover the conditions on ¢, c,
above show that the intersection of the =, component with the n = -1
connected component is topologically nontrivial. However we do not
know how to quantify this.

Root Subgroup Factorization for Generic Loops in G,

Our objective in this section is to prove analogues of Theorems 4.1,
4.2, and 5.1 of [13], for generic loops in GO (which is always assumed
to be of Hermitian symmetric type). The structure of the proofs in this
noncompact context is basically the same as in literature of Pittmann
[13]. But there are important differences. In order to obtain formulas
for determinants of Toeplitz operators, as in Theorem 0.4, we have to
work with the central extension LG .

3

. asin

Throughout this section we choose a reduced sequence {r;}
Theorem 1.1, part (a). We set W, =r..I and

. - -1 —
i, = W",ﬂy”W”,p n=1,2,...

io=i L0 =

, r i .
“y N (N1 7

"—(N—l)
and forn >0

L . -1 -1
L= WoW, i, W, W,
n

As in studies of Caine [4], for £ €C ,let a (&)= (1+|¢ )™ and

(1D (1 0)a© 0 1
xo-o TH Y ok

For ‘é’ ‘<] 5 let ai(g):(lf‘§|2)—1/z and

_ 1 ¢ _ 1 0 a.() 0 1
q(g)—a,<c)[§ l] [4 J[ 0 aimlj[o

*fjj eSUQ).(3.1)

fjeSU(l,l). (3.2)
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Generalizations of Theorem 3.1

Theorem 3.1. Suppose that g, € LG, and T1(g,)= g, . Consider the
following three statements:

(L.1) m(g,)=1, and for each complex irreducible representation V()
for G, with lowest weight vector ¢ €V(71), z(g,)"(#) is a polynomial in
z (with values in V), and is a positive multiple of ¢ at z = 0.

(I.2) g, has a factorization of the form
L (8 W) eLmG,

where g(qj) = k() for some 1, €C (resp. g(n) = q(n)) for some n, €EA)
when 7, is a compact type (resp. non-compact type) root.

1 =1 (8(7,))- 0

(L3) g, has triangular factorization of the form g, =lau, where

LeN(C[z])-
Then statements (I.1) and (1.3) are equivalent. (1.2) implies (I.1) and (I.3).

Moreover, in the notation of (1.2),
n ho
= Ha(ﬂ,) &
Jj=N

Similarly, suppose that g, €LuG, and TI(g,)=g,.
following three statements:

Consider the

(IL1) m(g,)=1, and for each complex irreducible representation
V() for G, with highest weight vector v€ V(m), n(g,)"'(v) is a
polynomial in z (with values in V), and is a positive multiple of v at z = 0.

(IL.2) 2 has a factorization of the form
g, =i, (2(5,))-i, (2(&)
Jor some € A.

(IL3) g, has triangular factorization of the form g,
LeN (z'C[z7"]) -

Then statements (I1.1) and (I1.3) are equivalent. (II.2) implies (II.1)
and (I1.3).

Also, in the notation of (I1.2),

a=TTa¢) "

Remark 3.1. Note that we are not making any attempt to characterize
the set of [, that arise in (I.3) (and similarly for the set of , in (I1.3)).

=lLa,u,, where

(3.3)

Conjecture 3.1. If g, is in the identity connected component of the
setsin (I.1) and (1.3), then the converse holds, i.e., g, has a root subgroup
Sfactorization as in (1.2). If g, is in the identity connected component of
the sets in (I1.1) and (I1.3), then the converse holds, i.e., g, has a root
subgroup factorization as in (I1.2).

In the course of the following proof of Theorem 3.1, we will prove
a version of this conjecture, in the rank one case, which completes the
proof of Theorem 0.1 (Remark 3.2 below).

Proof. The two sets of implications are proven in the same way. We
consider the second set.

We first want to argue that (I1.2) implies (I1.3). We recall that the
subalgebra n” nw,'n"w,, is spanned by the root spaces corresponding
to negative roots —7, j=1,..,n. The calculation is the same as in the proof
of Theorem 2.5 in [4]. In the process we will also prove the product
formula for a,.

The equation (3.1) implies that

1 0 +
t ( (C/)):l,/_([ ]) ()] fl,j([o I’J)

=exp(¢,f. )a(g,) T Wil exp(L e, W,

is a triangular factorization. Here, a(¢;)=a.({;) and the plus/minus
case is used when 7 is a compact/noncompact type root, respectively.

Let 8" =1, (g(£,)--1, (8(£)) . First suppose that n = 2. Then

€% = exp(Gaf, () T exp(:Eie, I exp(Gf, )a(G) " exp(:Zie, ). (3.4)
The key point is that
rexp(£oe, )r exp($ f, ) =1 exp(xloe, exp(Sie, r;
=rexp(e, Jur', (forsome we N' ArN'rY)
=exp(¢.f, u,

(forsome ueN™).

Insert this calculation into (3.4). We then see that g? has a
triangular factorization g = I?a®u®, where

a® =a(g,) "a(,) "

and

%= exp(ng )exp(gla(é,z)
—exp(Gof, +6algy) )

(the last equality holds because a two dimensional nilpotent algebra is
necessarily commutative).

-1(

KA (3.5)

To apply induction, we assume that g"" has a triangular
factorization gV = ["Dg( Dy with

n-1

1 =exp(¢, . f, e N Aw!Nw,, =exp(YTE ). (3.6)
=

for some Je N-Anw . N*w

-2 w2 = Cxp(zl;z(Cfr/) »and
ah = l;la(é//) i .
=1

We have established this for nl1 = 1, 2. For n > 2
hy _ = 5 7 7]
g =exp(4,f,)a(C,) "W, expELe, W, exp(C, , f, Ma(g" u(s™")

=exp(S, /. )a(() w,! 1eXp(*'En@;,")&W”,la(g‘”’”)u(g‘”’”),

ew, N'w,', nN". Now write

n-1

where u=w,  exp(¢,.\f, )W),
exp(i?ﬂey );l =,
relative to the decomposition
NT (N+ﬁWu1N Wnl)(N+qu1NW )
Let

hy L~ —h, 1
1=a(g,) "w, uw,al,) "eN nw_ N'w,

Then g™ has triangular decomposition

h ~
g(n) — (GXp(C,,_ﬂ”)l)(a(.g””) *, a(n—l))((a(n—l))—lma(n—l)u(n—l)).
This implies the induction step.

This calculation shows that (I1.2) implies (I.3). It also implies the
product formula for (3.3) a,.

Remark 3.2. In reference to Conjecture 6.1, we observe that the
preceding calculation shows that we have a map (using the notation we
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have established above)

(€17 =1} > exp(@®], T, ):(£) > 1(8") (3.7)

where each { ranges over either the complex plane or a disk,
depending on whether the jth root is of compact or noncompact type.
The calculation above also shows that the map is 1-1 and open. We
claim that the image of this map is closed in

{, eexp(®’, (Cfrj ):3 §2havingtriangularfactorizationgz =lLa,u,}.

This follows from the product formula for a, which shows that as
the parameters tend to the boundary, the triangular factorization fails.
This implies that the image of the map is the connected component
which contains [, = 1. This proves the implication (II.2) implies (I1.3)
in the special case of Theorem 3.1, because 7 is fixed in the statement of
that theorem, but this does not complete the proof of Conjecture 6.1.
The difficulty is that we do not know how to formulate statements (I.1)
and (IL.1) in the general case in a way that regards 7 as fixed.

It is obvious that (IL.3) implies (II.1). In fact (II.3) implies a stronger
condition. If (II.3) holds, then given a highest weight vector v as in
(IL.1), corresponding to highest weight A , then

(3.8)

(g, W =r(w,'a,' 1y =a," w(u;")v,

implying that 7(g,')v is holomorphic in A and nonvanishing at all
points. However we do not need to include this nonvanishing condition
in (IL.1), in this finite case.

It remains to prove that (IL.1) implies (IL.3). Because & is
determined by g,, as in Lemma 1.4, it suffices to show that g, has a
triangular factorization (with trivial 7 component). Hence we will
slightly abuse notation and work at the level of loops in the remainder
of this proof.

To motivate the argument, suppose that g has triangular
factorization as in (I1.3). Because u,(0)e N*, there exists a pointwise
G -triangular factorization

1y (2)™ = iy (2))d (u, (2) i, (2) ™)

which is certainly valid in a neighborhood of z = 0; more precisely,
(3.9) exists at a point z € C if and only if

(3.9)

G,(u,(2))#0, i=1,.,r

When (3.9) exists (and using the fact that g, is defined on C in this
algebraic context),

2= (L(at(, ())& ) (ady()™) )i (2)7) .
This implies
(2" =1, (2) ) (d(w,(2) ") (asti(y(2) Ha; 'L (2) )

This is a pointwise G -triangular factorization of g, ", which is
certainly valid in a punctured neighborhood of z = 0. The important
facts are that (1) the first factor in (3.10)

(3.10)

(g =i(u,(2)™) (3.11)

does not have a pole at z = 0; (2) for the third (upper triangular) factor
in (3.10), the factorization

i(g;") " = 1,(2) (@i, (2) ') (3.12)

is a LG -triangular factorization of i(g;')" € LN, where we view
i(g;')" asaloop by restricting to a small circle surrounding z = 0; and
(3) because there is an a priori formula for a, in terms of g, (refer 1.7),
we can recover [, and (the pointwise triangular factorization for) u, !

from (3.10)-(3.12): L, =1Gi(g;")™") (by (3.12)), and
uy(2) ) =1(g,(2)"), d(uy(2)")=d(g,(2) )a,,

and  u(u,(2)™) = @, u(ii(g,(2) ))a,.

We remark that this uses the fact that g, is defined in C in an
essential way.

(3.13)

Now suppose that (IL.1) holds. In particular (II.1) implies that
6,(g;") has a removable singularity at z = 0 and is positive at z = 0,
for i=1,.,r. Thus ;' has a pointwise ¢ -triangular factorization as in
(3.10), for all z in some punctured neighborhood of z = 0.

We claim that (3.11) does not have at pole at z = 0. To see this,
recall that for an n x n matrix g = (g,) having an LDU factorization, the
entries of the factors can be written explicitly as ratios of determinants:

d(g) =diag(o,,0,/0,,0,/0,,.,0,/0,)

where o, is the determinant of the k" principal submatrix,
o, =det((g;) ) for i > j,

g 8 - 8y
&
. ENCAELENNE | NE
1, = det /o, _le ik aNED (3.14)
. (86 A NEHENNE))
g/fl-l gHJ
8ii &
and for i > j,

g 8 - g &y

g .
u,; = det ¥,

8i1 giv/

Apply this to €=8. in a highest weight representation. Then
(3.14), together with (II.1), implies the claim.

The factorization (3.12) is unobstructed. Thus it exists. We can now
read the calculation backwards, as in (3.13), and obtain a triangular
factorization for g, as in (I1.3) (initially for the restriction to a small
circle about 0; but because g, is of finite type, this is valid also for the
standard circle). This completes the proof.

In the C~ analogue of Theorem 3.1, it is necessary to add further
hypotheses in parts .1 and IL.1; (3.8). To reiterate, we are now assuming
that the sequence {r,}7 is affine periodic.

Theorem 3.2. Suppose that g, LG, and T1(g,)=g, . Consider the
following three statements:

(L1) m(g,)=1, and for each complex irreducible representation V()
for G, with lowest weight vector ¢ € V(n), n(g,)(¢) has holomorphic
extension to A, is nonzero at all z € A, and is a positive multiple of v at
z=0.

(12) g, has a factorization of the form
(g3

where g(n) = k(n) for some 1, €C (resp. g(n) = q(n) for some 1, EA)
when T;is a compact type (resp. non-compact type) root and the sequence
(7,)7._y is rapidly decreasing.

g = limi, (§(7,))--4

Ty

(L3) g, has triangular factorization of the form g, =lau, where
e H*(A",N") has smooth boundary values.
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Then statements (1.1) and (1.3) are equivalent. (1.2) implies (1.1)
and (I.3).

Moreover, m the notation of (1.2),

Ha(ﬂ,) ’

Simzlarly, suppose that g, LG, and (g,)=g,.
following three statements:

(3.15)

Consider the

(IL1) m(g,)=1; and for each complex irreducible representation
V(n) for G, with highest weight vector v € V(n1), 7(g,)"(v)e H (A;V)
has holomorphic extension to A, is nonzero at all zEA, and is a positive
multiple of vat z=0.

(IL2) ® has a factorization of the form

& =lim, ((¢,))-4, (8(£)

where g(C) = k(() for some C € C (resp. g(C) = q(C) for some C €
A) when 7, is a compact type (resp non-compact type) root and the
sequence (5;)71 is rapidly decreasing.

3. g, has triangular factorization of the form g, =Layu, , where

I, e H'(A",00; N*,1) has smooth boundary values.

Then statements (II.1) and (I1.3) are equivalent. (IL.2) implies (II.1)
and (IL.3).

Also, in the notation of (IL.2),

a =)

Conjecture 3.2. If g, is in the identity connected component of the
sets in (1.1) and (1.3), then the converse holds, i.e. g, has a root subgroup
factorization as in (1.2). If g, is in the identity connected component of
the sets in (I1.1) and (I1.3), then the converse holds, i.e. g, has a root
subgroup factorization as in (I1.2).

(3.16)

In Remark 3.3, at the end of the following proof, we will indicate
how we envision proving this conjecture. The issue in this C* context
involves analysis, and we are not as confident in the truth of this
Conjecture 3.2.

Proof. The two sets of equivalences and implications are proven in
the same way. We consider the second set.

Suppose that (IL.1) holds. To show that (IL.3) holds, it suffices to
prove that g, has a triangular factorization with [, of the prescribed
form (Lemma 1.4). By working in a fixed faithful highest weight
representation for g, without loss of generality, we can suppose
G, is a matrix subgroup of SL(n,C) (where 1, consists of upper
triangular matrices). We will assume that this representation is the
complexified adjoint representation, or some subrepresentation of the
exterior algebra of the adjoint representation, so that we can suppose

that G, fixes a (indefinite) Hermitian form (in the case of the adjoint
representation, this is derived from the Killing form).

For the purposes of this proof, we will use the terminology in Section
1 of literature of Pickrell [11]. We view g, € LG, as a multiplication
operator on the Hilbert space # =12(S';C") , and we write

w, :(A(gz) B(&)]

C(g) D(gy)

relative to the Hardy polarization 7 =%*@®# , where A(g,)
is the compression of M,, to 7", the subspace of functions in ¥
with holomorphic extension to A. To show that g, has a Birkhoff
factorization, we must show that A(g,) is invertible (Theorem 1.1 of [11]).

Let C,,...C, denote the columns of &', andlet C/,..C, denote the
rows of g,. We can regard these as dual bases with respect to the pairing
given by matrix multiplication, i.e., C/C; =5, .

The hypothesis of (IL.1) implies that both C and ¢’ have
holomorphic extensions to A (in the latter case, by considering the dual

representation). Now suppose that /e is in the kernel of A(g,).
Then

(1), =0, j=

where (), denotes projection to H'. Since C, has holomorphic
extension to A, (C,f), =C,f and therefore C,f is identically zero on
S' by (3.17). This implies that for z € §', f (2) is a linear combination of
the n — 1 columns C,(z), j<n. We write

(3.17)

1,..m,

f=A4C+.+4.C,_,

n—1

where the coefficients are functions on the circle (defined a.e.).
Now consider the pointwise wedge product of C* vectors

fACANC =24 CA.AC

n=1°

The vectors C, A .. A C, extend holomorphically to A, and never
vanish, for any j, by (IL 1) (by considering the representation AN
(C7)). Since f also extends holomorphically, this implies that , | has
holomorphic extension to . Now

C.f=2.C.C

n=1~"n-1>"n-1

=,
by (3.17) and duality.

Since the right hand side is holomorphic in A, by (3.17) (for j =
n-1) A, vanishes identically. This implies that in fact fis a (pointwise)
linear combination of the first n—2 columns of g;'. Continuing the
argument in the obvious way (by next wedging f with C_ A.. A C_, to
conclude that /\H must vanish), we conclude that fis zero. This implies
that ker(A(g,)) = 0. Since G is simply connected, (A(g,) has index zero.
Hence (A(g,) is invertible. This implies (II.3).

It is obvious that (II.3) implies (II.1); see (3.8). Thus (II.1) and (IL.3)
are equivalent.

Before showing that (II.2) implies (II.1) and (IL.3), we need to
explain why the C~ limit in (II.2) exists. We first consider the projection
ofthe productin LK .Because g(¢;)=1+0(¢; ] as (;0, the condition
for the product in (IL.2) to converge absolutely is that ¢, converges
absolutely. So g, certainly represents a continuous loop.

We will now calculate the derivative formally. In this calculation,
we let g, denote the product up to n, and 7, =g(n)d" —d(n) (q(n) >0,
and a(n)>0). Then

&' & =N ade ) ( @' 2o <g(¢,,))j (3.18)

n=1 00 ™

_ (n-1) q(n)
=3 Ad(g"") (\/_1+\§|

Because we are using an affine periodic sequence of simple
reflections (with period w'eCchy), 7,=w'7, 7,=

(n) — = (n)
F1¢, ‘ ha(n) éVnea()x) +§r7fd()x)zqn )]

n=1

W't
and so on. In general, writing ¢ = k(;)d" -a(;) as above, and using
Proposition (4.9.5) of [15] to calculate the coadjoint action,

(3.19)

T = W;’l ;= (q(]) + nd(j)(wz))d* 70‘(})

Because a(w,)>0 ,forall &> 0,itfollows that q(n) is asymptotically
n. Together with Bessel’s inequality, (3.18) implies that
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% p (1) q(n)’
NGl d6<;HAd(g W aze
The right hand side is comparable to Y " n*|¢,[ because

| Ad(g”™|; is uniformly bounded in #. Thus g, is W* (the L* Sobolev
space) whenever ({) € w'. Higher derivatives can be similarly calculated.
This shows thatif w", then g, EW". Hence if € ¢, the Frechet space of
rapidly decreasing sequences, then g, € C*. Together with Proposition
1.4, this implies that the product in (IL.2) converges in LG, .

o (G 18 P g, [

Now suppose that (I1.2) holds. The map from ¢ to g, is
continuous, with respect to the standard Frechet topologies for
rapidly decreasing sequences and smooth functions. The product
(3.16) is also a continuous function of {, and hence is nonzero. This
implies that g, has a triangular factorization which is the limit of the

triangular factorizations of the finite products él;). By Theorem 3.1
and continuity, this factorization will have the special form in (IL.3).
Thus (I1.2) implies (II.1) and (IL.3).

Remark 3.3. We now want to give a naive argument for Conjecture
3.2. Suppose that we are given g, as in (IL.1) and (II.3). Recall that [, has
valuesin V" . We can therefore write

I, = exp(Zx;f,/ ), x,eC. (3.20)
=

(the use of x™ for the coeflicients is consistent with our notation in the
SU(1,1) case (I1.3) of Theorem 0.1).

As a temporary notation, let X denote the set of g, as in (IL.1) and
(IL.3); x" is a global linear coordinate for this space. We consider the
map

¢” — Xgivenby¢ - g,. (3.21)

This map induces bijective correspondences among finite sequences
{, g,e XL, K and finite sequences x, and the maps { to x and x> {
are given by rational maps (i.e. rational in { and ¢ ); however (although
it seems likely) it is not known that the limits of these rational maps
actually make sense even for rapidly decreasing sequences (Appendix
of [11] for the SU(2) case). We will use an inverse function argument
to show that the map (3.21) has a global inverse (technically, to apply
the inverse function theorem, we should consider the maps of Sobolev
spaces w " > X" where X" is the W " completion of X, but we will
suppress this).

Given a variation of {, denoted (', we can formally calculate the
derivative of this map,

g{'gz‘:”Z:,Ad(gé""')"(i,”(a(f,,)[_; f’]{a@”){ ; f]ju(m[ ; ij}»(s.zz)
0
~ (gY@, (;)[ J+a(§”) [“ )
p=i 1 g, §,,§
(§ $i=6.40) &y
= S Ad(a Y, 4C,) LD
& —3@8-6d)

As before it is clear that this is convergent, so that (3.21) is
smooth. At { = 0 this is clearly injective with closed image, so that
there is a local inverse. Consider more generally a fixed g, € X NL,,G,

, so that g"" =g, for large n. Recall that the root spaces for the T,
are independent and fill out a7 (zC[z]) . Given a variation such that
g'e,=0, the terms in the last sum in the derivative formula (3.22)

must be zero for large n. But we know that the map (3.21) is a bijection

on finite (. Thus for a variation of a finite number of Cj which maps to
zero, the variation vanishes. It is clear that the image of the derivative
(3.22) is closed. The image is therefore the tangent space to X (because
we know that finite variations will fill out a dense subspace of the
tangent space). This implies there is a local inverse. This local inverse
is determined by its values on finite x*, and hence there is a uniquely
determined global inverse. This shows that (II.1) and (II.3) imply (IL.2).

Finally, (3.16) follows by continuity from (3.3).
Generalization of Theorem 3.3

Theorem 3.3. Suppose g < LG, and Ti(g)=g .

(a) The following are equivalent:

(i) € hasa triangular factorization g =Imau , where | qn{i u have
C= boundary values, and satisfy the conditions 1(z),u” ()€ G,B" for all
z€e S\

(ii) € has a (partial root subgroup) factorization of the form

g=0(g,)exp(2)g,.

where yeli,and g, and g, areas in (1.3) and (11.3) of Theorem 3.2,
respectively.
(b) In reference to (ii) of part (a),
a(g) = a(g) = a(g,)alexp(x)a(g,). T(a(g))=T(a(g)(a(g,) (3.23)

and

a(exp(z)) =/ o, | (exp(1))" H o, | exp() .

J=1

(3.24)

Remarks. Suppose that G, = SU(1,1) . In this case the last condition
in (i) in Theorem 3.3, that i(z),u"'(z)eG,B", is equivalent to the
condition in Theorem 0.3 that the boundary values [, /I, and u, / u,,
are <1 in magnitude on §', and part (b) specializes to the statement of
Theorem 0.4.

Proof. Our strategy of proof is the following. We will first show that
in part (a), (ii) implies (i). In the process we will prove part (b). We will
then show that (i) implies (ii).

Suppose that we are given g as in (ii). Both él and §z have
triangular factorizations by Theorem 3.2. In the notation of Theorem
3.2,

g=0((aw) ) exp(x)lasu,) = Ou))a, (O exp()l,)ayu, (3.25)
since © preserves the A factor. The basic observation is that
b=0()exp()l, € (LB), (3.26)

(the inverse image in the affine extension for the identity component
of loops in B*),and b will have a triangular factorization which we can
compute. To do this requires some care with the central extension, and
this involves some preparation.

Because B* is the semidirect product of H and N*, there is an
isomorphism of loop groups

LB*=LHxLN".

The central extension is trivial for z7n*, and hence there is an
isomorphism

LB =LHx LN*

where the action of LH on LN* is the same as the conjugation action
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of LH on LN',and LH isa Heisenberg extension determined by the
bracket (1.3).

Given xeLi as above, let x=x + Xt x. denote the linear
triangular decomposition, where z,€t, x, €H(A,0:h,0) and
7. =—y - Then (calculating in terms of the Heisenberg extension)

exp(x) = exp(x_)exp(x,)exp(-[x_, x. D exp(x,)

o

=exp(x.)exp(xy)exp(D il x,. x,)e) exp(x.).

J=1

Substituting this into (3.26) we find

b=exp(x_)b exp(x,)

where

by = exp(—x )0, Y exp( ) exp(x,) exp(i/%,md exp(7, )], exp(=7.)-
Thus, b has a triangular factorizati(j;rll
b=(exp(z)L)(m(b)a())(Uexp(z.)),

where m(b) = m(b) = exp(z,), a(b)=a(b)=exp(}." j(x,.2,)¢) ,
L=1(exp(=x )0 ) exp(x ) exp(z,) exp(x.,)l; exp(-x,)) € H' (A", 03N, 1),
and

U =u(exp(-z )0 )exp(x ) exp(z,) exp(x, ) exp(-z,)) € H* (A;N7).

Thus, from (3.25),
(g)m(ga(g)u(g) With

I(g)= O, )exp(y Ya,La;', m(g)=m(b)=exp(z,).

will have a triangular factorization

(3.27)

a(g)=aa,exp(>j(x, x,)¢), u(g)=a;'Ua, exp(x.)u,.
=1

Thus, (ii) impliés (i) in part (a). At the same time this also implies
part (b).

Now we need to show that (i) implies (ii). For this direction, there
is not any need to consider the central extension, so we will no longer
use tildes for group elements.

Suppose g = Imau, as in (i). At each point of the circle there exist
Nt AGn decompositions
I"=nag, u=nag,. (3.28)
This is a consequence of the somewhat bizarre hypotheses in (i).
Then g, =0(¢g") =4,'0@)O(") since & — O(¢,) is the involution
fixing G, in G, and O acts as the inverse on A under the Hermitian
type assumption.

In turn, there are Birkhoff decompositions

@' =exp(y + o+ 1) 2 €H'(AD), 7, €hy

for i = 1,2. Define

g =exp(-7, + )¢,

fori=1,2. Then

g = exp(=7,, = 22,)00i)O(!)

has triangular factorization with

1(g)) = I(exp(= 1,0 = 22 )00 ) exp( 7, +22)) € H(A",00 N7, 1),
T(a(g,)) = exp(7,),

and similarly

€, = exXP(21, + 250), U

has triangular factorization with

1(,) = IexXp2t, + 250 eXP(=210, = 20)) € H (A", 00, N7, 1),

T(a(g,)) = exp(¥y)-

The conclusion is somewhat miraculous. On the one hand
(g))'gg;' has values in G, because g, > ®(g;)" is the pointwise

involution fixing Go in G . On the other hand
O(g)) 'gg;' = 0(g)) Ima(exp(2, + 2,00 'u)"!
=O(g)) " Imar, exp(~2 1, = 15

= exp(— 10 — 22, )Tl (ma)i, exp(=2 7, — ,,) (3.29)

hasvaluesin p-+. Therefore ©(g)"' gg;' hasvaluesin G, nB* =T . Itis also
clear that (3.29) is connected to the identity, and hence ©(g;)"'gg;' € (LT),

and thus equals exP( ) . Hence, g =0(g))exp(x)g, . Thus (i) implies
(ii). This completes the proof.
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