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Abstract

In this paper, Adomian decomposition method has been adopted to resolve the non-linear and non-autonomous
ordinary differential equations. It has been proved that this technique permits to give new expressions for the

Adomian’s polynomials (?7?) and (??).
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Introduction

The principle of the Adomian decomposition method consists in
decomposing the nonlinear operator into a series of functions (where
each term is called Adomian’s Polynomial) and then to calculate
the solution as a series of function where each term can be easily
determined with Adomian’s algorithm [1-15].

The previous works concerning this method deal only with the case
of non-linear autonomous differential equation see [16-27]. In this
paper, this technique is applied to non-linear and non-autonomous
differential equations. By using a classical theorem for the n™ derivate
of the compositions of functions, new expressions of Adomian’s
polynomials are determined [28-37].

Numerical examples treated in this work in order to compare the
Adomian decomposition method with other classical methods such as
Euler, Heun and the Runge Kutta method of the 4™ order.

Application of the Decomposition Method to Non-
autonomous and Non-linear Differential Equations

Let us consider the following non-linear and non-autonomous
differential equation:

du
= (1)
dt S (tu)

u(t)=c (2)
where fis the non-linear term.

By integrating both sides the equation (??) we obtain:

u=jlf(s,u)ds+c (3)

‘o

The canonical form [11,14] of Cauchy’s problem of the eqn. (3) is:

u=/1.rf(s,u)ds+c (4)
‘o

The Adomian’s method consists in setting the solution in a series
form:

u= Z(;/‘i"u” (5)
and the non-linear term f{t,u) is written by the form:
S (tu) =244, (©)

n=0
where the A’s are terms dependent on tu u —u and are called
Adomian’s polynomials

Inserting eqns. (5) and (6) into eqn. (4) leads to:

DA, =c+ ZJ.I A" A ds (7)
n=0 n=0 ‘0
which implies:
uy=c and u,= J-IA,Hds for nx1 ®)
‘o
Remark

In practice it’s difficult to calculate all the terms of the series (5)
that’s why an approximation of the solution is used by truncating the

series: ¢ = Z:ij,"ul
Notations
Let yeN,k= (kpkz,---’kn) eN",teR and f is a multivariate

function, we note:

|k|=k +k,++k,

|nk, =k, +2k, +---+nk, 9)
o"f

o f=—=—

s P

Adomian’s Polynomials
Theorem
The terms A are given by the formulas:

A (tuy) = f (1,1

1 d" m
An([’uo’“.’uﬂ):adﬂn f[tn""l([_[o)’z:/‘t ”m)

m=0

10
for nzl( )

A=0

Proof

For convenience we define two operators F and L as follows:
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F(U)- (1,]‘([,14)) Theorem
where U =(t,u The A,’s are given by:
L(U)=iu=(1,u’) (1) Ve r
dt Ao(t’”o) f(to’”o)
From equation (??) we have: L(U)=F(U), so L'/(L(U))= L'\(F(U)) _ Ak w' u (t=1,)" (12)
A (it ou,) = 3" £ (111 ) - for n>1
and it follows that: h (t5t5e-00,) M%“:,,  (torte) ko k! m! o

Ur;ds,jt;u’(s)ds) =L'(F(U))

We obtain an equation of the form:
U=N(U)+C where N(U)=L"F(U) and C=(tc)
According to Abbaoui et al. and Himoun et al. [11,14], the
Adomian’s polynomials A associated to N(U) are given by:
4(U,) = N(Uo)

4,(U, for n>1

reenlU,) = '(w [ZUMA'”j

mz0

A=0

where again

U,=C
U, = 4,(U,)= N(U,)
1 a
U, =4, (Uy...U, )= NI SU A" f >2
R S = P 2 I
This translates into:
Uy, = (t,¢)
G = () le)
- et (H(ze )
U, = . SU,A
(n— )um'
S Sy Lf| YuU,A" for n>2
(n-1)tda"" R=1RN) I -
=0

As a result of this:
u, = (tn,c)

([—tn,'[;f(tn,c)dsj
Io dd/;"ll (ZU lmj

1 [ a
" —(t=1)
(n—l)!(d/l A =

R n
[O,J‘[O(n_l)!di"‘f[Uo+Ulﬁ+ZUm/l j

m>2

(S
|

)
Il

ds]
2=0

ds] for n>2
0

A=

Considering the fact that the sequence (U) . is defined by:
U,=(t,u,),U,=(t-t,,u,) and U =(0,u,) for n>2, we obtain:

u, = c

u, = J.’;f(tU c)ds

u, = [ L_d . (tstty )+ (1 =ttt ) 2+ 3 (0, ) A" | dis
’ o (n=11da" (M CTEETT )L,

ds for n>2

1) A, Zumﬂ’”)

m=0

" 1 dnfl
= | ————f|t,+(¢
-l‘ro (n_l)!dﬁn—l f[ 0 +(
which ends the proof by a simple identification with eqn. (8).

2=0

Lamma

Let f be a function of two variables u and v. The Adomian’s
polynomials associated with fare given by the relationship [3,4]:
Ay (g,v0) = S (149,

(11
A”(uu,...,u”;vu...,v,,):

L for n>1

T ol gt
i

ik, [+l [=n n

Proof

It’s sufficient to apply the eqn (11) to f{t,u) by using the following
decompositions: s = Z ¢t and u = znzoun where t, =t-t and t =0 for

nz0"

n=>2, so we have:

k m

K1 Loyt
A, (tug,...ou,) Z ! f(t0>”0) SO B

nm, [+ lnk, [=n k! k!'m! m)
k k m, m m
1 — 1 2
C T ()t (20T 07O
0>70 Kl k) ] | ]
nm,, 4Tk, [=n Looml o om)! m)!

m +\nk”\¢n

+ Z ”1'5‘”f(l‘o,ug) kl...ﬁ(’ﬁo)ml

my+lnk,, [=n k' k! m,!

amak “Al
2 010 (1)

wr (1=1,)"

oy ko k! k' m!
Corrollary

IfeeNand (B).,
integers then:

. =N is a decreasing sequence of non-negative

An(’a“o) = f(tna“n)
Ay Pu1=Py

u ): Z oeph U Uy ”[,j" (t_to)u
2% t u

a+|fl=n (ﬂl ’ﬂz)! (:anl 713/1)! ﬁu! al

A, (£, for n>1
Proof
It’s sufficient to take: m=a,k=p-p. fori=1,.....n-1and k =f .
i i i+l n n
A ’s Expressions for n=5

The following table shows the solution of the system:

a+p+..+p,=n
{ﬂ, >...2 0,
We can theirs list the Adomian’s polynomials for: n=0,...5, (Table 1)
Ay (Luy)= [ (t.u,)
A (Lugu) = 8,f (L1 )t —1,)+ 8, f (5,1 )1y

1., 1., 2 A
Az(t,u,),ul,uz): Eaff(to’"u)(t*to) +0 f(tu,uu)ul(r7t(,)+58;f(tu,uu)u{+c”f(t0,uu)uz

)ul(t—t0)2
+[ ‘ l,f(toyuo)ul +0,0 f(tuauu)uzj(t_lo)

As(t,uo,ul,uz,u3)=

1
gaff(to’uo)(t o) += 6tar¢f(t0’u0

+%a§ gty )2+ 01 (1.1t Yty + 0, (1,100t
A (g1, 05,1, ) = i@ff(to,uo)(t—tu)“+%656”f(t",u0)u,(t—t0)3
+G-fa§f(to,uo)u3+%a;a,, f(to,uo)uzj(t—to)z
+[%a,aj Pttt 16 +0,01 (101 Yt + B,B“f(to,uo)u}](t 1)

L0 o i 30 g i+ 02 ) 3 4|

+61/.f(t0’u0)u4
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a B, B, B, B, B,
0 0 0 0 0
1 0 0 0 0
2 0 0 0 0
1 1 0 0 0
3 0 0 0 0
2 1 0 0 0
1 1 1 0 0
4 0 0 0 0
3 1 0 0 0
2 2 0 0 0
2 1 1 0 0
1 1 1 1 0
5 0 0 0 0
4 1 0 0 0
3 2 0 0 0
3 1 1 0 0
2 2 1 0 0
2 1 1 1 0
1 1 1 1 1

Table 1: A's exp

ressions for n=5.

u; M. Euler

u,R.K. 4

@,(t)

u(q)

1.000000000

1.000000000

1.000000000

1.000000000

1.005256355

1.005360533

1.005360500

1.005360516

1.022873305

1.023143611

1.023141334

1.023143551

1.056129656

1.056675110

1.056632500

1.056674944

1.109801825

1.110826058

1.110464000

1.110825624

1.191233436

1.193148329

1.191145834

1.193147181

1.312558209

1.316293980

1.307728000

1.316290732

1.495957568

1.503983311

1.472580500

1.503972804

1.788667163

1.809481031

1.702293334

1.809437912

i ¢ u,Euler u,Heun
1.0 1.000000000 1.000000000
0.9 1.000000000 1.005525855
0.8 1.011051709 1.023501284
0.7 1.035751233 1.057260082
0.6 1.077720962 1.111680314
0.5 1.142216782 1.194310397
0.4 1.237251263 1.317746592
0.3 1.375851781 1.505396365
0.2 1.581126058 1.808637928
0.1 1.899476467 2.379025091

2.320967096

2.402810915

2.018696500

2.402585093

Table 2: Adomian decomposition approximation of the order of Taylor’'s expansion.

1 1
Attt tttt]) =252 () =10+ 1002, (ot o1 =10)
+(é@f@ff(t",un)uf +%5,‘a(,f(t{,,un)uzJ(tﬁ")z

+(%0303f(t0,u0)uf +%8f0§f(to,uo)uluz +%6f8“f(t‘,,uo)u3j(t—tu)z
o[ 35008+ F022 i 023 ) o+ |
20,0, {1y 1) (1=10) T30 (st )+ 1ty s
+%63f(r0,un)(u,u§ )+ 021 (1t ) sty +142,)+ 8, £ (1,10 )t
Numerical Example
Let us solve the following equation:

u'=(1—1)exp(u—t)
{u (l) =1
The exact solution of this equation is the function: u(¢)=¢-Inz. By
the Adomian decomposition method, we obtain:

u(1)=0
4,(1)=0 Mz(t):%(ffl)2
AT -ty
A, (t)=~(t-1)’ _ ’ 3
AW=(-)" 7 a0 =31’
A(0)=-(-1) L
a(0)=(-1y  |B0=750D

w(0)= (=)

from where, it follows that:

¢7(t):1+%(z—1)2 7%@71)3 +%(t—1)4 %(H)S +%(z—1)6

It’s easy to see that @_(f) is an approximation of the 6™ order of
Taylor’s expansion of in the neighborhood of 1.

With the Euler, Heun, Modified Euler and Runge Kutta methods
within the interval [0,1,1], by Considering the subdivision: t, =t-0.1,
i=0,...,8 and t,=1, we obtain by Maple the following results (Table 2).

Conclusion

In this paper we have generalized the application of the
decomposition method to non-linear and non-autonomous
differential equations. We have obtained new expressions for the
Adomian polynomials (??) and (??). The case of autonomous non-
linear differential equation [2] becomes, of course, a particular case of
this work. Moreover, we not that the Adomian method is more general
than some classical methods because the terms of truncated series can
be easily deduced in a recursive way. However, the solution coincides
quite often with that of another classical method (in the example
studied, the solution coincides with the Taylor series).
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