£
ISSN: 25720813

Research

Journal of Nanosciences: Current

Maireche, J Nanosci Curr Res 2017, 2:2
DOI: 10.4172/2572-0813.1000115
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Abstract

In this current research, the solutions of modified Schrédinger equation (MSE) are presented for two companied
potentials namely: modified inversely quadratic Hellmann potential and modified inversely quadratic potential (MIHQP),
using generalization of Bopp’s shift method (instead to solving MSE with star product) and standard perturbation theory
in extended quantum mechanics (EQM), we obtained modified Hamiltonian operator and corresponding modified
eigenvalues in both three dimensional noncommutative space and phase (NC-3D: RSP) symmetries.
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Introduction

Itis well known that, the ordinary Schrodinger equation is one of the
fundamental wave equations in physics. Recently, considerable efforts
have been made towards obtaining exact analytic solution of MSE
for central potentials in two and three dimensional space in different
fields of nuclear physics, spectroscopy, quantum chemistry and many
fields of matter sciences to search an profound physical and chemical
interpretations at Nano and Plank’s scales [1-9], and in particularly our
works in this context [10-29]. The algebraic physical structure of EQM
based on the following fundamental four NC canonical commutations
relations (NCCRs), in both Schrodinger and Heisenberg pictures (SP
and HP), respectively, as (c=7n=1) [1-12],

[251‘;/]:@,[2,:2/}:“@ and {ﬁ,:ﬁj}:i@
(300,010,203, 0] 10, 0] 3,05, 0], W

The very small two parameters 6 and (x) (compared to the energy)
are elements of two antisymmetric real matrixes and () denote to the
new star product, which is generalized between two arbitrary functions
g(x, p) and g(x, p) to (/*2)(x»)instead of the old product (/2)(x.r) [6-15]

5(f*g)(xp)= _%{eﬂva;faig +é‘“’a;fa;g}(x,p) ©)

Wheres(f *g)(x.p)=(f*g~-/2)(x.r), the new canonical coordinates
%(¢) and new momentum p,(r) are determined from two projection
relations, respectively, as follows [16],

(%:(0)s B, (6)) = oxpGH . (¢ =1, ))* (5, B,) * exp(=iH,, (1 =1,)) 3)

By differentiating equation (3), we find that general two operators
(#,(2), p,(¢)) obey the Heisenberg equations of motion [16]:

%:i[Hm:fci(t)} and %ﬁ’):i[flmiﬁi(t)} @

dt

The formalism of star product, Bopp's shift method and the
Seiberg-Witten map were played crucial roles in EQM. The Bopp’s
shift method will be apply in this paper instead of solving MSE in
global group symmetry (GGS) (NC-3D:RSP), the MSE will be treated
by using directly the two new commutators, in addition to usual
ordinary commutators on quantum mechanics, in the both SP and HP
representation, respectively [17-22],

(5.5 ]=[5().5 ()] =i6,and [ p,.5,]=]5:(¢).5,(t)]=is (5)
the new two operators r; and r; in GGS (NC-3D: RSP) are

depended with ordinary operator % and p; from the following
projections relations:
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17 17
s_ 2 31 32
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Thus, the non-vanish 9-commutators in SP including in GGS (NC-
3D: RSP) can be determined as follows:

[%.0.]=[5.p,]|=[20.]=1,
[x.9]=1i6,.[%.2]=i6,;.[ 9.2] = i6,, (8)
I:ﬁx,ﬁy:l :iglz,l:ﬁy,f?:jl :igzs and[ﬁx,ﬁz] :i513

And a similarly non-vanish 9-commutators in HP .The aim of this
work is to study the MIHQP in NC 3-D space and phase to discover
the new spectrum in this new symmetries from which other modified
potentials are deduced as special cases, this potential plays an important
role in many fields of physics such as molecular physics, solid state and
chemical physics on based to the main reference [30,31] in QM and
our previously works [10-29] in EQM. The rest of this search paper is
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organized as follows: in the next section we briefly present and review
the basic of eigenvalues and eignenfunctions for IHQP in ordinary
3-D spaces. In section 3, we give a brief review of Bopp’s’ shift method,
then, we derive the spin-orbital NC Hamiltonians #,,_, for MIHQP
in GGS (NC-3D: RSP), we find the exact spectrum produced by #,, ,,
by applying ordinary perturbation theory and then we deduce the
exact spectrum produced by NC magnetic Hamiltonians #, , for
MIHQP in GGS (NC: 3D- RSP). In section four we resume the global
spectrum for MIHQP and the main results. Finally, section 5 is kept for
conclusive remarks.

The THQP in Ordinary 3-Dimensional Spaces

The purpose of this section is to give a briefly review of eigenvalues and
eignenfunctions for ordinary IHQP on based to the main reference [30],

V(F)Zbé‘z—%((l“'bé‘)"'rl_z(b—i_g) ............... 9)

where 7 represents the internuclear distance, g and O are the
strengths of the coulomb and Yukawa potentials, respectively, while
O is the screening parameter. The ordinary SE with potential V(r)
can be written in spherical coordinate (r, 0, go) as [30].
1 a 20 a H a a
a(‘fzﬁ(r D)+ = (sin(0) )+ ) ¥ (r.0.9)
+V (r)¥(r.0.0)= EY(r.0,9)

(10

Where FE ordinary energies corresponding 7 (r) in ordinary
3-D spaces, the method of separation of variable has been applied in
reference [30],

w(r)= R"’(r)y,m(e,¢) (11)

r

The radial function R, (r) for IHQP satisfying the following
differential equation [30],
d’R,(r)

ot 2;{15— V(r)-

A JRn/(r)zo ...... (12)

2ur’

Here | = l(l +1), according NU method, the normalized energy
eignenfunctions \y(;) and corresponding eigenvalues E for IHQP
[30],

w(7) = N, 2T e e (2 az) Y, (0.9)
ﬂ(a+b5)z/2 (13)

E =b5* — 3
(n+%+\/2y(b+g)+(1+1/2)2]

Where z = 72, N, is the normalization constant and the factor
y=2u(b+g)+I(l+1).
NC 3-D Phase-Spaces GGS (NC-3D: RSP) Hamiltonians for
MIHQP

Overview of the Formalism of Bopp’s shift method

We have been given a brief description of the MSE in GGS (NC-
3D: RSP) on based to our previously works [22-27]. To achieve this
goal, we apply the important 4-steps on the ordinary SE:

1-Ordinary 3-D Hamiltonian operator A, #(px) will be
replacing by new NC Hamiltonian operator H,., ( DX, ) .

2-Ordinary complex wave functions \y(}) will be replacing by new

complex wave function ¥(7).
3-Ordinary energies E will be replaced by new valuesE, .

While, the last step corresponds to replace the ordinary old product
by new star product (x), which allow us to constructing the MSE in GGS
(NC-3D: RSP) as:

A (5o %) # W (F) = g P (F) wove e (14)

ncih

The Bopp’s shift method allows finding the reduced above MSE
without star product as:

EA AR 3Y TR 1 g IR m—— (15)

the modified Hamiltonian operator H,(7,-%) for MIHQP
obtained by replace both X, (x,y,z ) and p,(p..p,.p.) by new two
operators s and p,, respectively, in usual quantum Hamiltonian
operator H,(p;,p,):
_b+g a+bs

V(r)=V, () =— — +b5”

. g T (16)

P P

2u  2u

Thus, we have:
~2

Hih(]‘g’_’)‘gi):p_f+V(;?) ............................... (17)
2p

On based to our references [26-29], we can write the two operators
#2 and 52 in GGS (NC-3D: RSP) as follows:

#=r'-LO

ﬁ ) L2 . f;é ........................................... (18)
2u u 2u

Where the two  couplings 1L0=16,+10,+L0, and

= _ — — 0 . .
LO=1,00+L,0x+L0n (©=). Now, after straightforward calculations

one can obtains the different terms for MIHQP in GGS (NC-3D: RSP)
as follows:

b+g=b+g+b+4gl:é and _a+Ab5 a+b(5+a;rl375
r 7 r r

L6 (19)

~2 2

r r
Which allow us to writing the modified potential % (7) in GGS (NC-

3D: RSP) as follows:

V[h(f):b;g—%(a+b5)+b52+V

pert—ih

(0.8) oo (20)

Where the additive operator V’

pert—ih

(r,®,§) is given by:

— [btg a+bs]-~ L8
meih(,,@,g):[ & ! }Lmzj. 21)
r r g7
We can observe that the above operator is proportional with
two infinitesimal parameters g andg, thus, we considering as a
perturbative term.

The Spin-Orbital NC Hamiltonian Operator for MTHQP in GGS
(NC- 3D: RSP)

In order to discover the new contribution of perturbative term
V pert—in (r,@,é’) for MIHQP, we turn to the case of spin % particles
described by the MSE, we make the following two simultaneously
transformations:
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LO—20ST  and LB —>20SL wreeeermereereireeres (22)

Then the perturbed operator V., (r,@,é) become as:
V o (1-0,0) = 2{b+g _atbo +i}“

pert—ih

r 2r 2u
Heres denote to the spin of a fermionic particle (like electron

in Hydrogen atom). Now, it is possible to replace the spin-orbital
interaction LS by G’ =%(j Z—ZZ—S“Z) to obtain directly the

corresponding eigenvalues, and then new physical V,,, ., (r,@,g)
can be expressed as:

V - I,,(r@)ﬁ) {b+g—a+b§+l}(32—iz—§2) ..... (24)

4

r 2 2u

As it well known, the 4-operators (.72 ,I7, $%and s formed
a complete basis on QM, then the operator (72 - —EZ) will be gives

. oy 3
2-eigenvalues & z;{[liEJ(HEiI)H(Hl)—Z}, corresponding j=/+1

)

respectively [23-29]. Then, one can form a diagonal matrix A, , of
order (3x3), with non null elements: [(HWM)” (A )22,(1—”1‘_07‘,1 )n]
for MIHQP in GGS (NC-3D: RSP):

(A,.4), :k*a{(a[(béf)— (a+b0)]+i}ifj =141 = spinup

27 2u

)
r 27

(ﬂwr,b)l}:,{ﬂ{e[lwg a+b5}+%} it pindown (25)
(Aa), =0

After profound calculation, one can show that, the radial function
R,(r) for MIHQP satisfying the following differential equation, in
EQM structure of GGS (NC-3D: RSP):

dR,(r) 2 fbig avbs 1o
e L el o R 6)
The Exact Spectrum Produced by NC Spin-Orbital
Hamiltonian 4, , for MIHQP using Standard Perturbation
Theory in GGS (NC- 3D: RSP)

The aim of this subsection is to obtain the modifications to the
energy levels for »" excited statesE,;and E,, corresponding a
fermionic particle with two polarizations spin up and spin down,
respectively, at first order of two infinitesimal parameters ©® andé. In
order to achieve this goal, we apply the standard perturbation theory
using eq. (14) for MIHQP:

L e G (L e

’ 27)
\vu f‘ el [Lﬂm(zﬁz)}z[e[%fﬂ}i}h

227

It is possible to write both £, and Ed 5, as functions of three

factors 7}, 77 and T, as follow:
1 2 0 =
th = | | k+{®(7;h+7;h)+_Tﬂ‘}
2u
LD (28)
| S N
Ey==|N,[k_0(T, +1;)+——Ta
2 2u

The explicit mathematical forms of 3- factors T, 77 and Ta are
given by:

) T ol

yh

e a+b§ MZ(ZW -2Ja: [LM(Z\/—Z” LA (29)

0

f,‘ :Tz( My?m)ile’zﬁ‘-[LW(Q\/EZ)T dz

0
Applying the following special integration [32],

FT(n-a+B+1)T(m+A+1)
mnll(1-a+ f)T(1+2) (30)

jt_"" exp(—=0t) L (1) 1L (8t)dr =
0
B (-ma,a-Bi-n+a,i+11)

To obtain the modifications to the energylevels for n" excited states,

where ,F, (-m,a,a - p;—n+a,2+1;1) denote to the hypergeometric

function, obtained from ,)Fq(051’---,0!,)’,5'1’----’,5'{,,2) for »=3 and

q =2 . After straightforward calculations, we can obtain the explicitly

results:
=) T (a5 7200 (4 T a7 +1)

nP0(7/2- v a7 )L (1415 47) (31)
B (-n 2T ay =5/ 2T+ dy =5/ 2-n+ 21+ 4y

. (a+b5)(8—,/64+256;/)(m7"2)1'(n+3 T+ a7 ~1)0(n T+ 47 +1)
2 nfT (3T 4y ~ 1) (14127 (32)
SFZ(—n,Z— 43+167,2-3 1+4;/;7n+271/4+167,~/1+4y+1;1)

(8 1+4y

T,=(b+g)

~5/2, 1+4y+1;1)

_ (m72)”47 Vary r<n+3/2)r<”+m+l>
.= n!zr(3/2)r(l+m) (33)

—1/2,-1/2;—n+ 1+ 4y

o (- AT+ 4y —1/2. T4y +11)

Inserting the above obtained expressions into equations (28), gives
the following results for exact modifications £, and E,; produced
by new spin-orbital operator effect for MIHQP:

Eo i = %|Nn|2 k., {G)Tm + ;Tﬂ'}
y7;

‘k_ {@T,.,, + i?m}
2u

Where the new factor T}, is sum of two factors 7,, and Tl,f .

E

1
d-ih = E|N

n

The Exact Spectrum Produced by NC Magnetic Hamiltonians
H,_, for MIHQP in GGS (NC-3D: RSP)

Having found out how to calculate the corrections of energies for
the automatically produced spin-orbital, we can discover a second
symmetry produced by the effect and influence of the noncommutativity
of space-phase, known by modified Zeeman Effect for MIHQP, to
found this physical symmetry we apply the same strategy in our
previously works as follows [25-29],

®—> B and (2 RN e J 2 J Y (35)

The two parameters ¥ and o are just only infinitesimal real
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proportional’s constants and 2 is a uniform external magnetic field, we
orient it to (¢-) axis and then we can make the following two translations
for MIHQP:

O(btg_aﬂ}]&}i BL—>B Z(btg_aﬂ})ﬁ}i L (36)
r 2r 2u r 2r 2u) °

Which allow us to introduce the modified new magnetic
Hamiltonians #,_,in GGS (NC-3D: RSP) for MIHQP, as:

A= Z[b+4g7a+l;5j+i (E?+HZ) ...... (37)
2r 2u

7

Where /I, =SB denote to the ordinary operator of Hamiltonian
for Zeeman Effect in QM. To obtain the exact NC magnetic
modifications of energy Emag.ih for MIHQP, it is sufficient to replace

the 3-parameters k, , @ and 0 in the eq. (34) by the following new

3-parametersm, ¥ and g :

E PByT, + =T
2u

mag-ih

=l|Nn
2

Where m denote to the eigenvalues of the operator L, which can

be taking the discrete atomic values —/,=/ + 1,..,0,.... .

Results

Let us now resume the global exact spectrum of n"” excited
states ( Bucwin, E,uz and Eema ) for MIHQP in GGS (NC-3D: RSP)

produced by the diagonal elements [(1{1 m»,,,,)u , (H,),, and (A,00)

33

] of the operator .,

in "

(A,), :-A+b%—ﬂ+b62+k+{®(b*g—“”"s)+i}

2 re r r 2r? 2
’ _ g (39)
+[z(w+wj+2&]m, ifj =1+ = spin-up
r r u
(H;) =—A+btg—w+béz+k, 0 btg—a+lz5)+i
2 2uor r r 2 2u
by — (40)
+ 0O (_740)—(”?5 +i BL,  ifj=I-% = spin-down
r 2r u) -
(ﬁm_m) __A btg _arbS s, (41)
B 2u r r
As follows:
E o —ps?— u(a+bs5) /2 .
(n+%+,/2y(b+g)+(1+1/2)zj (42)

2 2 —
+Lv”‘ k}{®ﬁ,,+i?,h}+7‘]v”‘ B{;(Tl,,+i?,h}m
2 2u 2 2u
u(a+bs) /2

+
1 7Y
RO
2 = 2 o
+7‘N"‘ k,{@)Tf,, +i?ih}+M3{xT;h+ > ?;/,}m
2 2u 2 2u

,u(a+b5)2 /2

(n+%+\/2,u(b+g)+(l+l/2)2j2 h

E, g, =b5* —

nedih

E i =8> —

com-ih

.(44)

It is well known that the atomic quantum number m can be takes
(2/+1) values and we have also two possible values for eigenvalues

j:li%, thus every state in usually 3-dimensional space for MIHQP
will be replace, in GGS (NC-3D: RSP) by 2(2/+1)sub-states and then

the degenerated state can be take 25'(2/+1)=2,*values. It is important to
noticing that our recent study can be extended to apply to molecular
(spins= % ), wereplace the one of two factors , 5%{[]il)([+lil)+]([+1),}}
s 2 2 4
by new factor k(ji1,s)=2{j(j+D+1T+1)=s(s+1)} with[/=s|<j<[l+3],
which allow us to obtaining the new modifications to the energy levels

E,.in for MTHQP:
u(a+bs) /2

(n+%+1l2y(b+g)+(l+l/2)2)“ ) (45)

N[ g- |V o=
+‘Tk(j,l,s){®7}h+ZTW}+%B{ZTM+%T¢}M

E bs* —

neh

And the corresponding NC Hamiltonian operators A can be

ne—ih

fixed by the following results:

g ! (20 o (qin(g)2 2\, bt
Ream g P mblenle) ) g5
7 - (46)
atb0 s Jof (0r8)_athd) Blig [ ((b+g) arhd), o 1y
r I ) ou I w ) )

We now look at some special cases and relationships between our
recently results and some other existing results in our previously works.

Case 1: If we set the parameters, (b=2=0) and a=ze’ it is easy to
show that equations (21) and (34) are reduce to the modified interaction

Vpa,.,,(,o,(r,(aﬁ) of a particle in the modified Coulomb potential and
corresponding NC spectrum £, , respectively.
i AER TR (47)
Vo (150,0) 5V o (r:0,0) = — L6+ u
E o Ey=— Z’ e +Mk(j’1vY){@T,/, +%ﬂ}(h:g =0)

2(n+1+1) 2 (48)

N,|° o=
+—‘ ;‘ B{l]:,“FiT,h}(b:g:O)m

With y=1¢+1) and the three factors 7,(v=¢=0), 7, (b=g=0)and
7;(b=g=0) are given explicitly by:
T,(b=g=0)=0

“ (8—,/64+2567)(m4 Z}I"(n+3 Tray -1)T(n+ 4Ty +1)

Ti(b=g=0)=—3

W (3T 47 - 1)r(1+ i+ 47) (49)
1Fz(fn,zf\/zm,zfs 1+4;/;7n+27\/m,m+1;1)

fh(b:g:O):f‘

Case 2: Similarly, if we set g=0 and (a,6)#(0,0)equations (21) and (34)
are reduce to the results of modified inversely quadratic Hellmann
potential in (r,@,é) and corresponding modified bound state

pe

energy spectrum £, of a vibrating rotating diatomic molecule,
respectively.

i@_u+b§}£é+L79

r 27
3 u(a+bs) /2
L | CLl) M — (50)

(n+%+. 2#b+(l+1/2)1J
LA

f . 0 = N[ o=
Tk(j,l,s){G)T,,, +2—/1Tm}(g -0) +%B{1Tm +%T./.}(g =0)m
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With y =2ub+ (I +1) and the three factors 7, (g =0), T, (g =0)

and7; (g =0) are given explicitly by:

ih

(s 1+4y75)“'4’ ‘u,)l"(n—,\/l+4;/+7/2|)l_(n+,,/]+4y+l)
n!zl"(7/2— 1+47)r(1+,/1+4y)

IFz(fn‘Z T+4y —5/2,\T+4y —5/2—n+2J1+4y —5/2, 1+47+1;|)

T,(g=0)=b

(51)

T;(g=0)=7; and T,(g=0)=T,

It is important to notice that, the appearance of the polarization
states of a fermionic particle for MIHQP in the non-relativistic MSE
indicates a validity of obtained results at high energy where the two
relativistic equations Klein-Gordon and Dirac are applied; this
gives a positive indication of the possibility to apply these results of
various Nano-particles at nano scales. Finally, if we make the two
simultaneously limits (6,6)—(0,0) we obtain all results of QM which
indicates the validity of our research.

Conclusion

In this article, the Bopp’s’ shift method has been studied and applied
to MIHQP and the corresponding new energy eigenvalues of MSE are
successfully investigated by applying the standard perturbation theory
in GGS (NC-3D: RSP), we showed the obtained degenerated spectrum
depended by ordinary discrete atomic quantum numbers (7, j =/++
and 5, = _% ). Furthermore, the validity of obtained corrections can
be prolonged to Nano-particles at Nano and Plank’s scales. In addition,
we recover the ordinary commutative spectrums when, we make the
two simultaneously limits: (6,6) > (0,0) for MIHQP in GGS (NC-3D:
RSP). The results are in excellent agreement with our reference no. [16].
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