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Abstract

A steady-state three-dimensional mathematical model for the dispersion of pollutants from a continuously emitting
ground point source in moderated winds is formulated by considering the eddy diffusivity as a power law profile of
vertical height. The advection along the mean wind and the diffusion in crosswind and vertical directions was accounted.
The closed form analytical solution of the proposed problem has obtained using the methods of Laplace and Fourier
transforms. The analytical model is compared with data collected from nine experiments conducted at Inshas, Cairo
(Egypt). The model shows a best agreement between observed and calculated concentration.

KeYWOI'dS: Advection-diffusion equation; Laplace transform;
Fourier transform; Bessel function

Introduction

Environmental problems caused by the huge development and
the big progress in industrial, which cause's a lot of pollutions. The
transport of these pollutants can be adequately described by the
advection-diffusion equation. In the last few years, there has been
increased research interest in searching for analytical solutions for
the advection-diffusion equation (ADE). Therefore, it is possible to
construct a theoretical model for the dispersion from a continuous
point source from an Eulerian perspective, given adequate boundary
and initial conditions and the knowledge of the mean wind velocity
field and of the concentration turbulent fluxes. The exact solution of
the linear advection-dispersion (or diffusion) transport equation for
both transient and steady-state regimes has been obtained [1].

The two- and three-dimensional advection-diffusion equation
with spatially variable velocity and diffusion coefficients has been
provided analytically [2]. A mathematical treatment has been proposed
for the ground level concentration of pollutant from the continuously
emitted point source [3]. Essa and El-Otaify studied a mathematical
model for hermitized atmospheric dispersion (self adjoined by itself) in
low winds with eddy diffusivities as linear functions of the downwind
distance [4]. More recently the generalized analytical model describing
the crosswind-integrated concentrations is presented [5]. Also, an
analytical scheme is described to solve the resulting two dimensional
steady-state advection-diffusion equation for horizontal wind speed as
a generalized function of vertical height above the ground and eddy
diffusivity as a function of both downwind distance from the source
and vertical height.

On the other hand, the literature presents several methods to
analytically solve the partial differential equations governing transport
phenomena [6-10]. For example, the method of separation-of-variables
is one of the oldest and most widely used techniques. Similarly, the
classical Green’s function method can be applied to problems with
source terms and inhomogeneous boundary conditions on finite, Semi-
infinite, and infinite regions [10,11]. Integral transform techniques,
such as the Laplace and Fourier transform methods, employ a
mathematical operator that produces a new function by integrating the
product of an existing function and a kernel function between suitable
limits.

In this study, we obtained a mathematical model for dispersion of
air pollutants in moderated winds by taking into account the diffusion
in vertical height direction and advection along the mean wind. The
eddy diffusivity is assumed to be power law in the vertical length. We
provided analytical solutions to the advection-diffusion equation for
three-dimensional with the physically relevant boundary conditions.
The moderate data collected during the convective conditions. From
nine experiments conducted at Inshas site, Cairo-Egypt [4], which used
to investigate the analytical solution.

Mathematical Treatment

The dispersion of pollutants in the atmosphere is governed by
the basic atmospheric diffusion equation. Under the assumption of
incompressible flow, atmospheric diffusion equation based on the
Gradient transport theory can be written in the rectangular coordinate
system as:

§+u§+v%%—w§=E[K‘§J+£[KV§]+E[K,§]+S+R (1)
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where C(x, y, z) is the mean concentration of a pollutant (Bq/m?),
(ug/m’) and (ppm); in which t is the time, S and R are the source and
removal terms, respectively; (u, v, w) and (kx, ky, kz) are the components
of wind and diffusivity vectors in x, y and z directions, respectively, in
an Eulerian frame of reference.

The following assumptions are made in order to simplify equation (1):
1) Steady -state conditions are considered, i.e., 0C/ot = 0

2) We are going to study Eq. (1) in case, when the components of
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wind (v, w) tends to zero

3) Source and removal (physical/chemical) pollutants are ignored
so that S=0 and R=0

4) Under the moderate to strong winds, the transport due
advection dominates over that due to longitudinal diffusion:

e
ox\ " ox

e
With the above assumptions, equation (1) reduces to:

Ox
uac(x’y>z) :Q K aC(X,yaZ) +E K" 6C(x5yrz) (2)
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Under the following boundary conditions:

>>

C(x,y,2)=0 \ X,),Z = 0 (3)

- Y B

C(x,y,2)==00, at z=h (4)
PRCAE
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C(x,y,z)==06,0, at x=0 (5)
u

0C(x,),2) _ 0 at y=to (6)
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where § (...) is Dirac’s delta function, and h is the mixing height.
The wind speed u and eddy diffusivity k, k, is expressed as a
functions of power law of z as:

m

u=z"; z#0; u=u, z=0;

k =az™; a=#0;
y

k =p";

n<l;
z

L =0

Where «,f,m,n are turbulence parameters and depend on
atmospheric stability.
The Analytical Solution

Eq. (2) can solve analytically as follows:

Transform the variable x to s by applying the Laplace transform on
Eq. (2) to become

—05(y)0(z—z,)+ A‘z”'C"(S,y,z) =az"

,62C~'(s,zy,z) g 526(3',2}1,2)} P aC(s,y,2) (8)
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Again transform the variable y to A by applying the Fourier
transform on Eq. (8) to become

, 0 Cy;s,/l,z) Pz 8C.(s,4,2) (9)
0Z
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Eq. (9) simplified to the form

1 0°C(5,2,2) + pnz! 0C.(s,4,2)
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Now we will solve the homogeneous equation of Eq. (10) which
takes the form
2~ ~ 2
2 0 C*(s;l,z) oz 0C.(s,y,z) (ad” +5s) 226 (5. A0z =0 (1)
oz 0z B
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Transform > then Eq. (11) becomes
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,0°C m+n 0C. 4ad’+s)
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Again transform ¢, 4, ¢, . C = zm-=2 (. then Eq. (12) become

,0°C.. aC..
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But Eq. (13) is modified Bessel equation which has solution [12].
C.. = Al (nz.) + BK,,(11z.) (14)
C.=z!C,. = z/[Al,(5z.) + BK,(172.)] (15)

where A and B are constant

Now the general solution of the non-homogeneous Eq. (10) takes
the form

C.=z![A1,(nz.)+ B.K,(z.)] (16)
where A, and B, are constants

Apply the boundary condition Eq. (3) on Eq. (16) which become
C.(s,4,2) = B.z' K, (5z.) (17)
Apply the boundary condition Eq. (5) on Eq. (16) which gives

_ QO TI'(1-v)sin(vr)

Pz (18)
22

Substitute B, Eq. (16) in Eq. (17) which gives:

(s, 42) = 22 Ly T (1 = v)sin(vm) 2K, (7z.) (19)
U, 2

Apply inverse Fourier and inverse Laplace respectively on Eq. (19)
we get:

1
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Source Data

The diftusion data for the estimating were gathered during '*’I
isotope tracer nine experiments in moderate wind with unstable
conditions at Inshas, Cairo. During each run, the tracer was released
from source has height 43 m for twenty four hours working, where
the air samples were collected during half hour at a height 0.7 m.
We collected air samples from 92 m to 184 m around the source in
AEA, Egypt. The study area is flat, dominated by sandy soil with poor
vegetation cover. The air samples collected were analyzed in Radiation
Protection Department, NRC, AEA, Cairo, Egypt using a high volume
air sampler with 220 V/50 Hz bias [13]. Meteorological data have been
provided by the measurements done at 10 m and 60 m.

For the concentration computations, we require the knowledge of
wind speed, wind direction, source strength, the dispersion parameters,
mixing height and the vertical scale velocity. Wind speeds are greater
than 3 m/s most of the time even at 10 m level. Further the variation
wind direction with time is also visible. Thus in the present study, we
have adopted dispersion parameters for urban terrain which are based
on power law functions. The analytical expressions depend upon
downwind distance, vertical distance and atmospheric stability. The
atmospheric stability has been calculated from Monin-Obukhov length
scale (1/L) [14] based on friction velocity, temperature, and surface
heat flux.
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Results and Discussion

The concentration is computed using data collected at vertical
distance of a 30 m multi-level micrometeorological tower. In all
a test runs were conducted for the purpose of computation. The
concentration at a receptor can be computed in the following way:

Applying formula Eq. (21) which contains eddy diffusivities as
function with power law at y = 0.0 for half hourly averaging.

As an illustration, results computed from these approaches are
shown in Table 1, for nine typical tests conducted at Ins has site,

Cairo-Egypt [4]. This table shows that the observed and predicted
concentrations for '*I using Eq. (20) with power law of eddy diffusivities
and the wind speed are very near to each other of '*°I.

Figure 1 shows the variation of predicted and observed
concentration of '**I with the downwind distance. One gets very good
agreement between observed and predicted concentration.

Figure 2 shows that the predicted concentrations which are
estimated from Eq. (20) are a factor of two with the observed
concentration.

Test Downwind distance | Observed conc. Predicted conc. Statistical Methods
Bqg/m? Bg/m?® e . .
] grg(; (ch;;) (0(1)1217) Now, the statistical method is presented and comparison among
) . . analytical, statically and observed results will be offered [13]. The
%8 0.037 0.076 following standard statistical performance measures that characterize
3 115 0.091 0.127 the agreement between prediction (C = C ) and observations (C =
4 135 0.197 0.225 C ) P
5 99 0.272 0.282 o
6 184 0.188 0.196 1. Normalized mean square error (NMSE), It is an estimator of
7 165 0447 0.503 the overall deviations betw.een. predicted and observed concentration's.
8 134 0123 0.162 (Sln;lalle; values of NMSE indicate a better model performance. It is
9 96 0.032 0.039 clned as:
Table 1: Observed and predicted concentrations for run 9 experiments.
0.55
—s—Predicted conc. —@—Observed conc .
§ !
t 0.30
g
S 0.25
0.15
e 100 kL= 115 135 29 ‘ 184 165 134 96
Dwonwnd distance (m)

Figure 1: Maximum computed concentrations compared with observed maximum value for each test run.

Predicted Concentration [Bg/m]

Figure 2: Diagram of predicted model for Eq. (20) with corresponding observation. Solid lines indicate one to one and dashed lines a factor of two.
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Statistical functions 35

NMSE FB COR FAC2
Predicated 0.03 -0.16 0.99 1.36
Concentrations model

Table 2: Comparison between averages predicted isotopes for '*°l and observed
concentrations.

c,-C )
NMSE = (177”)
c,C,
2. Fractional bias (FB): It provides information on the tendency
of the model to overestimate or underestimate the observed
concentrations. The values of FB lie between -2 and +2 andit has a value

of zero for an ideal model. It is expressed as:

FB:M
0.5(C, +C))

3. Correlation coefficient (R): It describes the degree of association
between predicted and observed concentrations and is given by:

(G =CIC,-C))

c,0,

4. Fraction within a factor of two (FAC2) is defined as:
FAC2 = fraction of the data for which
0.5<(C/C)<2

Whereo and o, arethestandard deviations of C and C respectively.
Here the over bars indicate the average over all measurements (Nm). A
perfect model would have the following idealized performance: NMSE
=FB=0and COR=FAC2=1.0

From the statistical method of Table 2, we find that the predicted
concentrations for *°I lie inside factor of 2 with observed data.
Regarding to NMSE, FB and COR the predicted concentrations for *°I
are better with observed data.

Conclusion

In this paper, a steady-state three-dimensional mathematical model
for the dispersion of pollutants from a continuously emitting ground
point source in moderated winds is formulated. Besides advection
along the mean wind, the model takes into account the diffusion in
crosswind and vertical directions. The eddy diffusivity and the wind
speed are assumed to be power law in the vertical height z.

The closed form analytical solution of the proposed problem has
obtained using the methods of Laplace and Fourier transforms.

In general, the present model is compared with data collected
from nine experiments conducted at Inshas, Cairo (Egypt). One
gets the predicted concentrations are in a best agreement with the
corresponding observation. Moreover, the Statistical results here are in
agreement with the analytical results.

Acknowledgements

This work has been completed by the support of Egyptian Atomic Energy
Authority, and the authors thank for this support. The First author's thank is
extended to all members of Mathematics and theoretical Physics for providing the
experimental data of %I,

References

1. Guerrero JSP, Pimentel LCG, Skaggs TH, van Genuchten MT (2009) Analytical
solution of the advection-diffusion transport equation using a change-of-
variable and integral transform technique. International Journal of Heat and
Mass Transfer 52: 3297-3304.

2. Zoppou C, Knight JH (1999) Analytical solution of a spatially variable coefficient
advection diffusion equation in up to three dimensions. Applied Mathematical
Modeling 23: 667-685.

3. Embaby M, Mayhoub AB, Essa KSM, Etman S (2002) Maximum ground level
concentration of air pollutant. Atmosfera 15: 185-191.

4. EssaKSM, EI-Otaify MS (2007) Mathematical model for hermitized atmospheric
dispersion in low winds with eddy diffusivities linear functions downwind
distance. Meteorology and Atmospheric Physics 96: 265-275.

5. Kumar P, Sharan M (2014) An analytical model for dispersion of pollutants from
a continuous source in the atmospheric boundary layer. Proc R Soc A pp: 1-24.

6. Courant D, Hilbert D (1953) Methods of Mathematical Physics. Wiley
Interscience Publications, New York, USA.

7. Morse PM, Feshbach H (1953) Methods of Theoretical Physics. McGraw-Hill,
New York, USA.

8. Carslaw HS, Jaeger JC (1959) Conduction of Heat in Solids (2™ edn.). Oxford
University press, Oxford.

9. Sneddon IN (1972) The Use of Integral Transforms. McGraw-Hill.
10. Ozisik MN (1980) Heat Conduction. Wiley, New York.

11. Leij FJ, van Genuchten MT (2000) Analytical modeling of non-aqueous phase
liquid dissolution with Green’s functions. Transport in Porous Media 38: 141-166.

12. Irving J, Mullineux (1959) Mathematics in Physics and Engineering. Pure and
applied physics.

13. Essa KSM, Mubarak F, Khadra SA (2005) Comparison of Some Sigma
Schemes for Estimation of Air Pollutant Dispersion in Moderate and Low
Winds. Atmospheric Science Letter 6: 90-96.

14. Donald G (1972) Relation among Stability Parameters in the Surface Layer.
Boundary Layer Meteorology 3: 47-58.

J Appl Computat Math
ISSN: 2168-9679 JACM, an open access journal

Volume 4 -+ Issue 6 + 1000272


http://www.ars.usda.gov/SP2UserFiles/Place/20360500/pdf_pubs/P2278.pdf
http://www.ars.usda.gov/SP2UserFiles/Place/20360500/pdf_pubs/P2278.pdf
http://www.ars.usda.gov/SP2UserFiles/Place/20360500/pdf_pubs/P2278.pdf
http://www.ars.usda.gov/SP2UserFiles/Place/20360500/pdf_pubs/P2278.pdf
http://www.sciencedirect.com/science/article/pii/S0307904X99000050
http://www.sciencedirect.com/science/article/pii/S0307904X99000050
http://www.sciencedirect.com/science/article/pii/S0307904X99000050
http://www.scielo.org.mx/scielo.php?pid=S0187-62362002000300005&script=sci_arttext
http://www.scielo.org.mx/scielo.php?pid=S0187-62362002000300005&script=sci_arttext
http://search.proquest.com/openview/34b420cbdffaea3ac5298e06ad2044e3/1?pq-origsite=gscholar&cbl=48316
http://search.proquest.com/openview/34b420cbdffaea3ac5298e06ad2044e3/1?pq-origsite=gscholar&cbl=48316
http://search.proquest.com/openview/34b420cbdffaea3ac5298e06ad2044e3/1?pq-origsite=gscholar&cbl=48316
https://global.oup.com/academic/product/conduction-of-heat-in-solids-9780198533689?cc=in&lang=en&
https://global.oup.com/academic/product/conduction-of-heat-in-solids-9780198533689?cc=in&lang=en&
http://www.worldcat.org/title/use-of-integral-transforms/oclc/758652649
http://sharif.ir/~moosavi/Ozisik Heat Conduction %28ISBN 0471532568%29.pdf
http://link.springer.com/article/10.1023/A:1006611200487#page-1
http://link.springer.com/article/10.1023/A:1006611200487#page-1
http://onlinelibrary.wiley.com/doi/10.1002/asl.94/abstract
http://onlinelibrary.wiley.com/doi/10.1002/asl.94/abstract
http://onlinelibrary.wiley.com/doi/10.1002/asl.94/abstract
http://link.springer.com/article/10.1007/BF00769106
http://link.springer.com/article/10.1007/BF00769106

	Title
	Corresponding author
	Abstract 
	Keywords
	Introduction 
	Mathematical Treatment 
	The Analytical Solution 
	Source Data 
	Results and Discussion 
	Statistical Methods 
	Conclusion 
	Acknowledgements 
	Table 1
	Table 2
	Figure 1
	Figure 2
	References

