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Abstract

In this paper, we present new type of 2D-volttera integrodifferential equations and study the existence,
uniqueness and some other useful properties of solution of these equations. The main tools are based on application

of the Banach fixed point theorem.
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Introduction

Consider the nonlinear integrodifferential equation

D,D; u(x,y) =f(x,y,u(x,y),Gu(x,y), Hu(x, y)) (1.1)
with given data
u(x,0)=o(x) , u(0,y)=1(y) (1.2)

for x,y € R, where
Gu(x,y) = [; g(x,y.§)u(&,y)d¢
Hu(x,y) =7 [J h(x,y,m,n,u(m,n))dndm (1.3)
and
f e C(ExR?R), ge C(ExR, xR,R), h e C(E*xR,R), 5 € C(R,,R),
1€ C(R,,R) that E=R, xR, .
Properties of Solution

Let S be the space of functions z,D,D;z € C(E,R) which fulfill the
condition [1]

|z(x,y)| = o(exp(M(x + ¥))) (2.1)

For (x,y €ER), where A > 0 is a constant. This space with the norm

|z, = sup [Jz(x,y)|exp(=A(x +y))] (2.2)
(x,y)eE

is a Banach space.

We note that the condition (2.2) implies that there exists a constant
N > 2 such that

‘z(x,y)‘ <Nexp(A(x+Y)) (2.3)
then

|z, = sup [z(x,y)|exp(-A(x +y))]
(x,y)eE

< sup [Nexp(A(x+ y)exp(—A(x +¥))]
(x,y)eE

Soz <N (2.4)
Theorem 2.1

Assume that

Functions f, g, h in equation (1.1) satisfy the conditions [2]

‘f(x,y,u,v,w)— f(x,y,u,V,W)‘ Sk(x,y)[‘u—ﬁ‘ + ‘V—V‘ + ‘W - W‘](Z.S)

integrodifferential;

|g(x,y,6u) — g(x,y,& W) <a(x,y,&)[u~1 (2:6)

|h(x,y,m,n,u) = h(x,y,m,n,u)| < b(x,y,m,n)[u -1 (2.7)
where k € C(E,R), ae C(ExR,,R), be C(E*,R).

(1) ForAasin(1.2)

C, there exists a nonnegative constant a such that a<1 and

[o I3 (s, Olexp(A(x + y)) + [a(s, t, &) exp(A(§ + 1))dE +
JoJob(s,t,m,n)exp(A(m +n))dn dm]dtds <aexp(A(x +y)) (28)

C, there exists a nonnegative constant § such that

‘o(x) +12(y) = u(0,0) + [* [ £(s,1,0,GO, HO)dt ds‘ < Bexp(h(x +Y)) (2.9)
and GO=]jg(x,y,§0)d§ ,HO= [ h(x,y,m,n,0)dndm

Then equation (1.1) has a unique [3] solution u(x,y) on Ein S.

Proof:

Note that by take integration of (1.1), we have

u(x,y) =6(x) + T(y) = u(0,0) + [X ¥ £(s,t,u(s,1),Gus,t),Hu(s,t))dt ds (2.10)

Let u(x,y) €S u(x,y)€S and define the operator T by

(Tu)(x,y) = 6(x)+ 5(y) —u(0,0)+ [ ]I £(s,t,u(s,1),Gu(s, 1), Hu(s,))dt ds (2.11)

Now we shall show that T maps S into itself. Evidently, Tu is
continuous on E because ©,7,u,f are continuous and Tu€eR.

From (2.11), we observe that

D,D; (Tu)(x,y) =f(x,y,u(x,y),Gu(x,y),Hu(x,y))
So DD, Tu is continuous and D,D, Tu€R. From (2.11) and using
the hypotheses and (2.4) we have
[Tu(x,y)| < ‘o‘(x) +2(y) = u(0,0)+ [*[2 £ (5,1,0,GO, HO)dt ds‘
+ [5 I3 |f (s, tucs, 1), Gu(s, t), Hu(s, t) — £(s,£,0,G0, HO)| dtds
<Bexp(A(x+y))+ j'(;‘ gk(s, t)[‘u(s,t)‘ + ‘Gu(s, t)— GO‘ + ‘Hu(s,t) - HO‘]dt ds
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<Bexp(x + y) + [g 3 ks, O)[|u(s, )]+ fo|e(s, t.E, u(€, 1) — g(s, t.,0)|dg
+ j'gj'(;‘h(s,t,m,n,u(m,n)) - h(s,t,m,n,O)‘dn dm]dt ds

<BexpA(x +y))+ [; [ok(s, D[ [u(s, )|+ [a(s,t,E)|u(s, )| d&
+ 5[y b(s,t,m,n)|u(m,n)[dn dm]dt ds

<Bexp(r(x+y))+[u] Jo 3 ks, ) exp(A(s + D)+ [a(s,t,E) exp(A (& + 1)) d&
+[3]ib(s,t, m,n)exp(h(m + n))dn dm]dt ds
<PBexp(A(x+y))+ \u\s aexp(A(xX+Y))
<(B+ Na)exp(A(x +y)) (2.12)

From (2.12), it follows that Tu€S. This proves that the operator T
maps S into itself. Now, we prove that the operator T is a contraction
map.

Let u,v€S, ,from (2.11) and using the hypothesis, we have

‘Tu (x,y)— Tv(x,y)‘ <
IS IE G, tu(s,1),Gus,t), Hu(s, t) — £(s,t, v(s, 1), G v(s, ), Hv(s, t))|dt ds
<[y I kG, Ofuls, t) = v(s, )|+ |Gugs, t) — Gv(s, t)| + [Hu(s, t) — Hv(s, t)| ]dt ds

<o S k(s D[ uts, ) = vis, )]+ file(s, . &, u, ) — g(s, t.&, v(s,8))| d§
+ j‘gj(‘)‘h(s,t,m,n,u(m,n)) - h(s,t,m,n,v(m,n))‘ dn dm]dt ds

<J Bk, 0 uls ) = v(s, 0]+ 7 ats, . €)u(s 1) = v(s, 0] d&
+[3 ]y b(s,t,m,n)|u(m,n) - v(m,n)|dn dm]dt ds
< Ju=v], 5 [Tk Olexp(uls + D)+ [; a(s. L& exp(A(§ + 1) dg
+ ISIS b(s,t,m,n)exp(A(m+n))dn dm]dt ds
< ‘u - V‘S aexpAM(x+y))
So [Tu=Tv|< [u—v| @ expA(x+Y)) then [Tu-Tv| <o fu—v].

Since a<1, it follows from Banach fixed point theorem that T has
a unique fixed point in S. The fixed point of T is however a solution of
equation (1.1).

The proof is complete.
Some Results
Lemma: Let uc(E,R ) and ¢ > 0. If
u(x,t)< c+fy[ofy r(c,7)u(o,)dt dods
for (x,t) € E | then
u(x,t) < cexp(fy [;J; 1(o,7) dv dods)
for (x,t)eE.
Proof. [1, p. 60]
Theorem 3.1
Suppose that the functions f, g, h in (1.1) satisfy the conditions
‘f(x,y,u,v,w) - f(x,y,ﬁ,V,\Tv)‘ Sk(x,y)[‘u - ﬁ‘ + ‘V— V‘] + ‘w - W‘

‘g(xa)I’gau) - g(X’Y7g>ﬁ) Sa(gay)‘u _ﬁ‘
|h(x,y,m,n,u) = h(x,y,m,n,u)| < b(x,y,m,n)|u -4

where ke C(E,R,),ae C(E,R,),be C(EZ,R+) and

c= sup ‘G(x) +1(y) = u(0,0) + [ [3 £(5,t,0,G0,HO)dt ds
(x.y)eR,

If u(x,y) is any solution of equation (1.1) on E, then

u(x,y) < ¢ A(x,y) exp(Jy [ A(s, D)[k(s,t) + b(x,y,s,t)]dtds)

where A(x,y)=exp(J; ] [ya(&, t)dEdtds) .
Proof:
We know

lu(x,y)| <
+ [ [J[f (s, t,u(s, 1), Gugs, t), Hu(s, t) — f(s,t,0,G0, HO)| dtds
<c+ 5 JJ (|Gus,t) = GO|+ k(s, O)[ [u(s, t)] + [Hu(s,t) — HO|]) dt ds

O(x)+T(y) — u(0,0)+ [3 [ £ (5,1,0,GO,HO) dt d]

<c+[5[] (GaG.tE)ucs,0)dg

+k(s,O[|u(s, t)] + f3 Jo b(s, t,m,n)|u(m,n)|dn dm])dt ds (3.1)
Let ¢ > 0 and define a function z(x,y) by

z(x,y) =c + J [ (k(s,O[|uts, )
Then (3.1) can be restated as
lu(x,y)|< z(x,y) + [3 [ Joa(s,t.E)|u(s, t)| d€ dt ds

It is easy to observe that z(x,y) is positive, continuous and non
decreasing function and using lemma, we get

ux.y)[ < z(x,y)exp(Jg |3 foa(s, t,§) dg dtds)

+[3Job(s,t,m,n)|u(m,n)|dn dm])dt ds

(3.2)
=z(x,y)A(X,y)
We observe that
zZ(x,y)Sc+ [ [] ks, 0)[z(s,t) A(s,t) (33)

+J3 5 b(s,t,m,n)z(m,n) A(m,n)dn dm])dt ds

Define a function v(x,y) by the right hand side of (3.3). Then v(x,y)
> 0, v(x,0)= v(0,y)=c and z(x,y) < v(x,y) and

D,Dv(x,y) = k(x, Y)[z(x,y) A(x,y)+ [ [§ b(x,y,m,n)z(m,n) A(m,n)dn dm]
D,D,v(x,y) S k(x, y)[V(X,y)A(X,y)+ I(T jg b(x,y,m,n)v(m,n)A(m,n)dn dm]
<k Y)AX Y[V, Y) + [ [§ b(x,y,m,n)v(m,n) A(m,n)dn dm]
Define a function w(x,y) by

w(x,y)=v(x,y) + [; [§ b(x,y,m,n)v(m,n)A(m,n)dn dm

Then v(x,y) < w(x,y) > 0, we have

D,D; w(x,y) =D,Dv(x,y)+b(X,y,x,y) (X, Y)A(X, )
Sk(GY) AR Y) WX, y)+ b(X,y, X, ) WX, Y)A(X, y)

< A Y)W(X,Y)[b(x,y.x,y)+k(x,y) ]

Because w(x,y) = v(x,y) > 0 W(X,y) 2 v(X,y)> 0 then

DaDWOY) ¢ A (x.y) [k(x,)+ bk, yox.9)]
w(X,y)
D]W(X, y) _ D]W(X,O) y
w(x,y)  w(x,0) < Jo A D [k(x,0) + b(x,y,x,0)]dt

Inw(x,y)—Inw(0,y) < [ [y A(s,t) [k(s,t) + b(x,y,s,t)]dtds

J Appl Computat Math, an open access journal
ISSN: 2168-9679

Volume 6 « Issue 2 + 1000354



Citation: Gossili N, Shahmorad S (2017) New Types of 2D-Integrodifferential Equations and Their Properties. J Appl Computat Math 6: 354. doi:

10.4172/2168-9679.1000354

Page 3 of 3

Inw(x,y) < Inc+[y [ A(s,t) [k(s,t) + b(x,y,s,t)]dtds
w(x,y) < cexp (fy [ Als,t) [k(s,t) + b(x,y,s,t)]dtds)

Using z(x,y) < v(x,y) < w(x,y) and (3.2), we get

lu(x,y)| < ¢ A(x,y)exp (; [§ As,t) [k(s,t) + b(x,y,s,t)]dtds)
The proof is complete.n

We call the function u€ C (E,R,) an g-approximate solution to
equation (1.1), if there exists a constant €20 such that D, D u(x,y)

exists and satisfies the inequality
‘DZD1 u(x,y)— f(x,y,u(x,y),Gu(x,y),Hu(x,y))‘ <e (3.4)

The following theorem deals with the estimate on the difference
between two approximate solutions of equation (1.1).

Theorem 3.3

Assume that functions f, g, h in equation (1.1) satisfy the conditions

06, y,1,v, W) = £, Y, 0,5, W) <k (o y)lfu =]+ [v = V] +|w =] (3.5)
lg(x,y,&,u) - g(x,y,&,0)| <a(g, y)|lu—T1] (3.6)
|Ih(x,y,m,n,u) — h(x,y,m,n, )| < b(x,y,m,n)[u -1 (3.7)

that k,e,q,re C(E,R,) .

Let u;(X,y),u,(x,y) be respectively € - and €&, - approximate
solutions of equation (1.1) on E that

u;(x,0)=0;(x) , u;(0,y)=7;(y) i=12 (3.8)
oy (%) = 6, (x) + 7, (y) — T4 () + u;(0,0) — u,(0,0)| < 8 (3.9)
That § > 0 is constant and

c= sup {exy+38}

() (3.10)
p(x,y) = max{k(x,y),k(x,y)e(x,y),k(x,y)q(x,y)} (3.11)
=g +¢, (3.12)
Then

o (%, ) = uy(x,y)| S cA(x,y) exp ([ [§ A(s,O)[K(s, 1) + b(x, y,s, t)]dtds)
where A(x,y)=exp(f; J§[ya(&, t)dgdtds) .
Proof.

Since u;(x,y) is &; - approximate solution to equation (1.1), we

have
DD, u;(x,y) = F(x,y,u;(x,y),Gu; (x,y), Huy(x,y))| < g i=12 (3.13)

with integration of (3.13) and using the elementary inequalities
v‘—‘z‘s‘v—z‘ we get

>

‘V—Z‘S‘V‘+‘Z
8iXy2 J’())(j’g‘DZDl ui(svt)_ f(s,t,ui(s,t),Gui(s,t),Hui(s,t))‘ dt ds
2‘ I(;(Ig(D2D1 ui(s’t) _f(sat3ui(S,t)’Gui(Sat)aHui(Sat)))dt dS‘

u;(X,Y)—0;(x) = 75(y) + 6;(0) =[5 7 £(s,t,u;(s,t),Guy(s,t), Hu;(s, t))dt ds‘

i=1,2. We observe that

(8, +8&,)xy 2

‘ul(XaY)_cl(X)_Tl(Y)"’01(0)_!318, £(s,t,uy(8,1),Guy(s,t), Huy (s, 1) )dt ds‘
+12(x,) = 3,0 = 1,1 + 0,0 = [3 [} £(5,Lu,(5,0,Guy(s,0, Huy(s,0)dt d|
2|{ul(x,y)—0'1(x)—1:1(y)+GI(O)—ISH £(s,t,uy(s,1), Guy(s,t), Huy (s, t) ) dt ds}
= U, (%,9) = 6,() =T, (1) +6,(0) = [§ 7 £(5,t,u5(5,1,G (s, 1), Hu, (s, 1)) dt ds}|
2 [u(x,y) = uy(x,9) | = | 6,(x) + 7,(¥) = 6,(0) = 0, (x) = 1, (y) + 0, (0)]
— o Jo f (s, t,u(5,), Gy (s, 1), Hu, (5,1)) = £(s, t, u, (5, 1), Gu, (s, ), Hu, (s, 1)) }dt ds]|

now using (3.9), (3.10), (3.11), (3.12) we have

Juy (%, y) = uy (%, y)| S exy + 8+ f [1F (s, t,uy(s, 1), G uy (s, ), Huy (5, 1))
—£(s,t,u,(s.1),Gu, (s, 1), Hu, (s, 1)) | dt ds

+|Guy (s, t) — Gu, (s, 1)
+ ‘Hul(s,t) — Hu, (s,t)

exy+ 8+ [ [Tk, O[u(s,) = uy(s,t)
1dt ds

Sc+[ J3 (k(s, 0wy (s,0) = u, (s, 1)
+ J3 fo|h(s,t,m,n,u; (m,n)) — h(s,t,m,n,u, (m,n))|dmdn]

+ [ile(s, .81 (5 1) — (s, 6.8, u5 (8, 1)|dE) dt ds
<c+[ I (k(s,Olu 5,0 = uy(s,)
+ 1318 (s, r(m,m)uy (m,n) — uy (m,n) dmdn]
I (800, (8,0 - u,(&,0]dE)dt ds
By theorem 3.1 we have
u,(x,y) = uy(x,)| S € A, y) exp (g [ A(s, OLK(s, 1) + b(x,y,s, )] dtds)
that A(x,y) =exp([; [ [;e(s,t,§)dEdtds)
The proof is complete.
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