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Abstract
This paper gives a proof of the following result: if n(0)=0 and %R(p)>0, then:
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nis the Dirichlet eta function defined for %(s)>0 by 7(s)= Y X, (s) with x (s)=(~1)""'n" and 7, (5)=2%,(s).
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Introduction

We know that the Riemann zeta function { is the analytic function
of the complex variable s, defined in the half-plane R(s) >1 by Sarnak
(1]

1

C(s)=2n" =I(1-p") (1)

s

where the series D7 is absolutely convergent for 9(s)>1 and the
product [1(1-p*)* extends over all the prime numbers peP={2,3,5,7,...}
and as shown by Riemann, { can be continued analytically to C\{1} as
a meromorphic function and has a simple pole at s=1 with residue 1
[2]. We also know that { is defined for any complex number s#1 and
having 9R(s)>0 by

() =(1-2")",(s) (2
where 7 is the Dirichlet eta function which is defined in the half-plane
R(s)>0 by [3]

n(s)=2(-1)"n" (3)
so, noticing that Vs €C: (1-2")"'#0, we deduce that [4]:

“if {(s)=0 and R(s)>0, then #(s)=0".

On the other hand, we know that {(s) is related to {(1 — s) by the
Riemann functional equation [5]

/\(s):/\(l—s) 4)

where A(s)=n"""T'(s/2){(s) and I is the Euler gamma function. So, by the
two in eqns. (2) and (4), we obtain:
1 —
"V0<R(s)<1: n(1-5) = /(s) ;
n(s)  f(1-s)
And we have I'(s) does not vanish for any s in C and has an infinity
of simple poles with residue (-1)"/n! at s= —n where n=0,1,2,3,... etc.,

f(s)=7""r(s/2)(1-2")"

So

tim (%) 0= p=3,579.

sp f(l *S)

And

tim— (5) D= ., -8,-6,-4,2=p
s=p f(l —S)

Then

/) Lo

s

V0<9%(p)<1:11$r;f(1_s)

that is to say for every complex number p with 0<2R(p)<1, we have:

im 1) o5
s>ep(1-s)
this means that: “if #(p)=0 and 0<R(p)<1, then n(1-p)=0".

So, for PR(s) >0, we have:

n(s)= ZXH (s) with X, (s) = (—1)”71 n’

nxzl

let’s denote:

k
7.(s)= ZXn (s) for k=1,
n=1
X, .
if n(p)=0 and lim— (p) = then,
k—o0 nk (p)
Xk +1
hmw - %
k- 77k + 1(,0)
_ Xk+1 . kY
and knowing that lli?cé\%(/())/o) = }T}a(_l)(mj =—1 we have
Xk +1(p) Xk +1(p)
Xk +1(p) Xk (p) Xk(p) -1
im = lim =lim = = =,
Senkti(p) oenkti(p) e nk(p)  Xk+1(p) 1
Xk(p) Xk(p)  Xk(p) =
this implies ] = & ,and this result is absurd, so if 7(p)=0, then
Xk
tim 2K _
=7 nk(p)
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let’s take:
if #(p)=0 and lim . (p) =1 eC\{0}, then .
m(P) 1,(8)=n,(8)+1,,, () with,_ (s)= z X, (s)
X, +1(p) X, +1(p) n=k+l
i Y 1(p) _ i X, (p) i () I so, if 17(p)=0, then:
Segti(p) Semctl(p) Bem(p)  Xtl(p) LT . 1.(p)
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that is to say P
A2 and we have Vn>0:
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if n(p)=0 and 0<MR(p)<1, then );"((P’;) = (_1) (k I nj
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zimM =0,2,4 and }im M = 0,2,,2{(6.g2im et = Z) so, using f,, we have
o= (P > (p > 1+'Z”:Xk+n(p)_l+'2":(_l)n[ k Jp—f “
and n=1 Xk (,0) n=1 k +n e
Xk(/?) and
o (p) 024 o n(1-p) X(p) 1
1 = =0,Ly #1,0,4 = lim————~————~"— ; —1_ _ Yol
kg?oXk(l—p) 0.2.7 y #1,%,4 = lim n(p) X(1-p) ;;%rgofm,p(x) 1-1+1-1+...+(-1) 5
1—
n(1=7) (») that is to say
. X Y - m
fOr 0<£R(p)<1. hmki = O,OO,Z m ZXkHv (p)
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o= X, (1= p) e (o then
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. nk(l—p) Xk(p) 0 1+ lim ——~== =1-lim——~=—
lim =0= wse m(P) Xe(p) e X(p) 2
e on(p) X (1-p) 02,4 oo T ‘
| (1-p) that is to say
that is to say if #7(p)=0 and 5 <R(p)<land }%% # 0 lim e (p) 1
then ‘ AV
So
im—P)__g
kawnk(l_p) 1 k(p):
but, it is very likely that if #(p)=0, then o (p )
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