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Abstract

We consider a stabilization problem for a coupled wave equations on an exterior of bounded domain Q=R‘\O
with interior stabilization. Under a geometrical control condition (BLR condition ), for any initial data in the energy
space, we show a result of exponential stability in odd dimensional case and polynomial stability in the case of even

dimension.
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Introduction

In this paper we study the stabilization of a coupled wave equations.
More precisely, we consider the following initial and boundary value
problem :

O2u, —Au, + a(x),u, +0,u, = 0 in Qx (0,+wo), (1)
O’u, —aAu, —d,u, =0 in Qx (0,+0), )
u, =0 on 0Q x (0,+0), (3)
u, =0 on 0Qx(0,+0), (4)
u,(x,0) = (x),0,u,(x,0) = ] (x) in Q, (5)
1,(x,0) = (), O, (x,0) = ul(x) in Q, ©)

where Q=R‘\0 and O an open bounded set of R¢with smooth
boundary dQ=00, a(x)eC;(Q) is a positive functions and a is a
positive constant.

The study of systems like (1)-(6) (and more generally coupled
PDEs systems) is motivated by several physical considerations. In
fact, There are many applied problems that can be modeled using
coupled partial differential equations, for instance in heating processes,
magnetohydrodynamics, quantum mechanics, optics, fluid dynamics....

Among the nowadays many contributions, using different methods
and techniques, are given, and relevant reference therein [1,2].

One of the earliest tools in the stabilization analysis of partial
differential equation is the micro-local default action of Gérard [3],
Tartar [4].

Such techniques have been used firstly to study and to explicit
the value of the best decay rate of damped waves equation [5], reduce
the boundary and the regularity of the initial data or to show that the
geometric condition for control by the board is required [6,7].

Similar works, based on the use of microlocal defect measures in the
spirit of the article, have been achieved [5]. In the large time behavior
of solutions of the wave equation were studied. The microlocal defect
measures have been used to provide estimates of energy was shown in
particular how these demonstrate the results of exact controllability,
observation and stabilization [8]. without any assumption on the
dynamics, the logarithmic decay of the local energy with respect to any
Sobolev norm larger than the initial energy is proved [6]. In the two

and three-dimensional system of linear thermoelasticity in a bounded
smooth domain with Dirichlet boundary conditions were studied. In
two space dimensions they proved a sufficient (and almost necessary)
condition for the uniform decay under an assumption on the boundary
of the domain and in three space dimensions sufficient conditions for
the uniform decay are given [9].

Also, These techniques are used to study the stabilization of the
wave equation in a domain with exterior Dirichlet condition [1], for
the equation of damped waves equation in an outside field and under
an "Exterior Geometric Control" condition inspired from the so-called
microlocal condition of Bardos et al. [10] then for the stabilization
of electromagnetic waves on an exterior bounded obstacle in 2D and
3D is treated, and under an exterior geometric control condition the
behavior of the solution for large time is studied [11-13].

Later, in three dimension space and under a microlocal geometric
condition, the rate of decay of the local energy for solutions of the
Lamé system on exterior domain, with localized nonlinear damping
was given in ref. [14].

Recently these techniques are also used to study the stabilization of
different coupled equations and different results have been established in
this domain, some results are given, by Duyckaerts [15] the exponential
and the polynomial stabilization of a coupled hyperbolic-parabolic
system of thermoelasticity are addressed with microlocal techniques,
explained by Atallah-Baraket and Kammerer [16] the energy decay of
thermoelasticity system with a degenerated second order operator in
the Heat equation was studied, a stabilization problem for a coupled
wave equations on a compact Riemanian manifold under a geometrical
control condition was examined and a logarithmic decay result of the
energy is given [13]. And finally in the exact controllability problem
on a compact manifold for two coupled wave equations, with a control
function acting on one of them only was treated [17].
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Our aim in this work is to establish the energy decay and to give
the best rate of convergence of a coupled damped wave equation On
an exterior bounded obstacle. We prove this result in a geometric
hypothesis and by using the arguments of the analysis microlocal.

The organization of this paper is as follows. In section 2, we give the
main result and recalled some preliminary results. In section 3, we will
study the poles of the resolvent, in the first, by means of conventional
techniques is given a location on the low frequencies and by the defect
measures theory we study the high frequencies. In section 4, the main
results concerning the stability of systems are established. startsection
sectionl@-3.5ex plus -lex minus -.2ex2.3ex plus .2ex Preliminaries and
Main result

Let u=(u,,u,) then the system of equations (1)-(6) is equivalent to
the following system

Su-Du+Kou=0 in Qx(0,+mo),

u=0 on 6Qx(0,+w), (7)
u(0)=u’ ou(,0)=u', in Q,
where

A0 2a(x) 1
D, = , K, = )
0 oA -1 0

u’ = (u,u3) and u' = (u,u,).

Due to the nonlinear semi-group theory, it is well known that the
problem (7) has an unique solution, obtained by using the Lummer-
Philips theorem for an unbounded operator [18].

We consider the Hilbert space H :(Hé(Q))2 @ (I*(Q))* , which is
the closure of (C;f(Q))2 x (CU”(Q))2 with respect to the norm

[ VAP +a|VAE +] e+ g [ dx.

We define
0 id

e
Da _K(l

and

DAY = {(ul,uz) IS {(ul,uz) € H and (u,,Du, — K u,) € H}

- (i@ @) e(m@)]. ®
We can write the problem (7) as the following form
oul(f = Auif 10)
ug (0)f = J

where u!(t)f = (u,@,u). The problem (7) and (10) are equivalents if
and only if that A? has a domain D(AY)-

The problem (7) has an unique solution, obtained by using the
Hille-Yosida theorem for an unbounded operator.

Let u(x, t) = (ulauz )(X, t) Of (7)
Viy = (Vru”\/gvxuz). We define the energy functional at the time
t by

solution and we set

Ewn = S (0ouf +|ViuP)
(an

1
= L0 18, F 41V, P e Vo )

that satisfy the following estimation
E(u,0)— E(u,t) = jo jga(x) |0.u,(x,s) [ dxds. (12)

Let R>0 such that Oc B, ={xe R"||x[|<R}, we set 2 =QNB,.
For u=(u,,u,) solution of (7), we denote E,(u)() the local energy of at
instant >0 define by

E (u)(t) = jﬂk(\ Vu, [ +[ 0, [ +a | Vu, [ +| 8, ) dx. (13)

Now, according to the research of Moulahi [19], we recall that at
the boundary point (¢, x) e 5Q (Nﬁ = RxQ ). Let (¢,7)#(0,0) be
a tangential direction to (t,x) € 0Q2;5 that is 7.v(x)=0, v(x) being the
exterior normal to 0Q at x. with the assumption a#1 we can consider
(t.7) as an element of T;T,X)((?Q) , and to look for its inverse image is the
both characteristic sets means to look for AER such that

p(tx;T,n+Av(x)=0, p (t,x;7,n+Av(x))=0.
That is
px T+ Av()) = n [ +4°7 =7%, p,(t,x T, n+ Av(x) =a(n +2°) -7

and we write

2
A=+JT=n P, or A=x ) |nP.
(04

Hence, for the existence of such real A, one of the two relations
r=0"=-n"200r r,=7"—an’ >0

mast be fulfilled. From the geometrical point of view there are some
possibilities for a tangential direction ¢ = (z,77) # (0,0) with different

number of inverse image with respect to the projection 7" Qs — T°(9€2) -
We introduce the characteristic transversal manifold:

CharT = Char1, U CharTy,,
where
CharT, = {(t.x:7,8),7° —ar| £ [= 0,6 >0}

CharT,, ={(t,y;t,n), y€0Q, t>0,r, >0}

and the characteristic longitudinal manifold of the wave coupled
system is

CharL = CharT, v CharT,,,
where
CharL,, = {(t,y;r,f]), yeoQ, t>0,r2 0}
CharLl,, = {(t,y;r,i]), yeoQ, t>0,r2 O}
the characteristic manifold of the system is
charP, = charP,, U charP,
and the assumption on the coupled wave (a#1) one obtains
charP, o, = CharT, v CharL,
and
CharP, ., = CharT,, if a>1
either

CharP,,, = CharLy, if a2 <1.

According, we recall the following definition [12,14]
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Definition 0.1
Let €T 0Q), we say that
1. nis a elliptic (ory€€ )if and only if 7 g CharP,

adQ *

2. 17 is a hyperbolic for the longitudinal wave (ory€H,) if and only
ifr>0

3. 51 is a glancing for the longitudinal wave (or #€G , )if and only
if r =0.

4.7 is a hyperbolic for the transversal wave (or #€H,) if and only
ifr >0.

5.7 is a glancing for the transversal wave (orn€G ) if and only if
r.=0

Now, we are going to make a description of a generalized
bicharacteristic path and refer to the research of Lebeau G [5] for more

details. The generalized bicharacteristic flow lives in CharP, c T Q
and for p€ECharP_,we denote by G(s,p) the generalized bicharacteristic
path starting from p. Since charP _is the disjoint union of charP |

H, and G, if a>lor CharP’, ,H, and g, if a<l. We shall con51der

a

separately the case where p belongs to each one of these sets. Moreover
all the description below holds for |s| small, in the following we assume
a>1.

Case 1. pEcharP“Q Here p=(x,t;{,7) where x€Q, t€(0,T) deptm
(2,5&7)=0. Then for |s| small, we have

G(s,p)= (x(s),t(s),z',g) c T*( Rx Q).

Where (x(s),¢) is the characteristic starting from the point (x,£) of
« p=—1+| & if peCharLy,

e p, =t +a|E if peCharT,

Case 2. pEE(charP ), (i.e 0< p,)

Here p = (x(s),1(s),17(5),7(s)) where x€0Q, t€(0,T) and the

equation p, ,(x,2,7+&,,7) =0 has roots &, = Av(x) described in ref.
[12] and we have one of the two relation

n=t -1, r,=7 —an’.
For s>0 ( resp. s<0), let G (s,p) = (x (5),t(s),& ,7(s)) (resp.
G (s,p) =(x"(5),2(s),£,7(s)) be the outgoing (resp. incoming)

bicharacterestic of P . The generalized bicharacteristic path is such that
G(0,p)=p and

G+
(g

Four possibilities may occur

N {x*(s) =
x(s) =

where £ =n—

0<s<g

—-£<s<0.

x+2asé&’, 0<s<e,

x+2asé&, —<s<0,

Jr
Ja

In particular, if 0<r one has x(s)€Q for small |s|0

2.If0<p, (ie,neCG,VH, cH):

x'(s) =
x (s) =

where &7 =77—\/Zv(x) and &~ =77+\/;1v(x).

—77+\/\/gv(x),

x+2s&7, 0<s<eg,
x+2s&7, —£<s5<0,

Page 3 of 9

x'(s) = x+2s&, 0<s<g,
X (s) = x+2as&7, —e<s<0,

N

where £ =n—\rv(x) and & =n+-=

& =n=\nv() and & =+
x'(s) = x+2as&’, 0<s<eg,
x(s) = x+25&7, —e<s<0,

where &' =17 - \/ZV(X) E=n+ \/7v(x)
Ja e
We can see that the nature of the generalized bicharacteristic path
changes when hitting the boundary, since it moves from charl to
charT in 2 ii- and conversly from charT to char( in 2 iii-. Following
ref. [14], we have:

Definition 0.2

We will call generalized bicharacteristic path any curve which
consists of generalized bicharacteristics of _with possibility of moving
from a characteristic manifold to another, at each of §Q) , in the way
indicated above.

In order to state the main results of this paper, we give the
definition of outside geometric control condition ( OGCC) introduced
[1] inspired of [5].

Definition 0.3

LetR>0 such that O c B, > T, >0 andw={a>0} We shall say
that(w,T,) satisfy the outgoing geometric control condition (OGCC)
above B, if every generalized geodesic path ' y derived, at time t=0 a
pointin 7, ( R ,xQ,) satisfies the following conditions

+y leave RxB, before the time T,.

+y meet the region R xw between the times 0 and T,.

Let t>0, we set
L oo

C(0) =inf=[ a(x(s,p)ds, Co(t)=inf -] a(x(s. p,))ds.
Py t py 170

that satisfies

tC (1) +sC(s)<(t+5)C(t+5s), i=1,2.

We denote

C(r) = min(C,(1),C,(1))

. 1t 1 ¢t (14)
min| inf— [ a(x (s, p,)ds. inf ~ [ a(x,(s. 2, )ds
Py t py £°0

that is a additive function and we set C()= 1imC(¢) . We have
C(t) < C(w) forallt. o

Theorem 0.4 Assume a=1 and under the hypothesis of (OGCC)
above the B, forany 6 < p = 2min(D(0),C(00)), there exists ¢>0 such
that for all g€H supported in B, we have the following estimate of the
energy

E,u)t) < e”E)0)Vt=0if d odd
or
| (15)
E.w)(@®) < t—dE(u)(O) Vt>0if d even

startsection sectionl@-3.5ex plus -lex minus -.2ex2.3ex plus .2ex

'A generalized geodesic path is a projection of a generalized bicharacteristic path
on Q.
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Location of the outgoing resolvent poles

We consider the operator R, (A1) define by the following
expression

REAVf = jo“’e*“'u:(t) fdt for ImA <0 (16)

A® is dissipative operator, by the Hille-Yosida theorem, generate a

contraction semigroup (“: (t )),20 .

Then, it is clear that the relation (16) define a bounded family

of operators from (LZ(Q))2 onto H(Q) and it is holomorphic in
{ImA<0}

Moreover, we have the following characterization of the resolvent
Ry :
2
Lemma 0.5 For all f € (LZ (Q)) with support in B, and for all
A#0 and ImA< 0 we have R (1) f is the unique solution satisfies the
outgoing radiation condition (OGRC) of the following problem:

-D,¥ - 2*V¥ +ilK ¥ fin Q,
b g 0 on 0Q),
Firstly, we recall that u=(u, u,) satisfy the outgoing radiation

condition if the following identity satisfy
fim L 0 i | Jad u, +idu, [} do(x) = 0. (18)

R—w
Now, let y the difference between two solution of (17). Then,
y satisfy the homogenous problem with Dirichelet boundary. By
integration on Q, for R large enough, we have
iy, D) +i2A Ny, w) —iAM¥ K y) =0
this implies that
A’ IQR \w, [ dx+idA? LR lw, [ dx

17)

A, IV P +a | Vy, P der 22[ a(oly, [ dx
‘ o (19)
—2lIm/1J-QR v, Y,

i ijavyfl -y do(x) + iijmkavy/z y,do(x)=0

In particular, given that the real part of (19) is zero, gives

0,ws vado | =21 2F [l @ 1p P

Ix=R

—21m(/1 [ 2w wdo+iaf

=R

(20)
2mA[ |V, P+ |V, P 20md AP [ |y P+l [ dx.
R R

Since
(0¥ +id¥V [ = [0, +al 0y, P+ APy, [+ ALy,
- 2Im{Ay, -0, ,) = 2alm{Ay, - 0¥ ,).

‘ 2

Using the outgoing radiation condition, we get

lim

R+

212F [ @y, P dv=20m[, [Vy, [ +a|Vy
p p 21
2| 2P [, 1l el P o] 1own P + APy doty D
\ .
10w P + |21, doto) =0,

Therefore, if ImA<0 then we have [ |¥[ dx=0 that implies ¥=0 in
Q. Assuming that ImA=0 and A0 the equation (19) and
m|[ 2w wido)+ [ 2w vdo@ | 2F [ @y, P dot) =0

[x=R

and combining the radiation condition, we conclude that

7 =() . Moreover, if meas(Q N{a> 0}) >0, it is easily to see that

{a>0}

W=0 Which proves the lemma.

In the following, we study the outgoing resolvent R (1) on the
real axis. We show firstly that it has no real pole and secondly it is
bounded in the neighborhood of 0 in any angular sector does not meet
the imaginary axis iR.

Boundedness of the Resolvent Near Zero
(=D, - A’id +i2K, )u finQ,

u = 0onoQ.
Before beginning the study of holomorphic of the resolvent R} (1), Let
us note that we can see (17) as a perturbation of the following problem
in a free space

(22)

(-D, -2 +idT)w=gin R',g=(g.8)e(L(Qp). 23
0 -1
whereJ= 1o

The solution of the eqn. (23) is given by w="R; (1)g with R; (1)
is the free outgoing resolvent given by

Ri(g=[ Le(x-ylA)g)dx (24)

i A
y) _ - y
7.(r,A) . T )m(r, Tx) 7.(rA)}

Ja

et where
P~

ri(x-yLA)= L 2
- =) — A
(FL){%U JE) 7.(r,A)}

N d

. —1
and 7/+(r,/1)=—;[2/1]2 H®(ar) is the Hankel function and
zr

furthermore 7 ()~ r%‘d*”eu-;, for r large [6].

Now, let
u=w-0v
where
Dy+E&v—ilKy = 0in Q,
v = won 0Q
v = Oon{xe R’ |x|=R}

and ® e C; equal to 1 on a neighborhood of dQ with support in
B,.The parameter & being chosen and subsequently fixed the following
discussion. And w is completely determined by g and v is completely
determined by w. The problem then is to determine the function g for
which the function u verifies (22).
f = (=D,-2A%d+ilK )u
= (-D, - %id +iAK,)w— (D, - A’id +iiK,)Ov —iA(K, - K,)w
= ¢-Tg
where
7,8 =~(D, O -V“OVv—(1* =& +i(A- K, )(Ov) —iA(K, - K,)w
Lemma 0.6: We have
1. 7,is a bounded operator on (P@p) for any A€C\{0}

2. 7, is a holomorphic function at A in C on the Riemannian
Logarithmic surface.

Proof. Let (H *(Q))z the Sobolev space functions with the following
norm
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2
dgl +dg, IZ} -
By (24) and the oscillatory integral theory we can see that
[OwlL<C; gl (25)

gu—{ZI

<k

Where C, is bounded uniformly on any compact Riemanian
Logarithmic surface [20]. Now we set ¢ =v—@w satisfy the following
problem

D, p+&¢—isK b -D,(Ow)—EXOwin Q,,
¢ = Oon 0Q, (26)
¢ = 0Oon {x;|x|=R}.

by the ellipticity argument we deduce that

I41L<C, [[Owl, (27)

we obtain by eqn. (25)
141k C:C [l gl - (28)

Moreover 7, contains only derivations of order less than or equal
to1of g,

I 7 k<l ¢1L<l g ll (29)

by the Rillich identity, we deduce that 7, is compact operator on
(LZ(Q))2 and this implies that R, (4) is meromorphic on C ( resp.
Riemannian logarithmic surface ) if d odd (resp. d is even ).

Low Frequencies

First we prove that the resolvent RY (1) have not poles in the
real axis and it is bounded in an angular sector contain the real axis at a
neighborhood of zero. For this we begin by the following result

Now, we prove that in a neighborhood of the zero, the resolvent
R;,(4) is bound in an angular sector contain a real axis. The same
result has proved by Morawetz CS [21] in the standard Laplacian
case where the dimensional space d=2,3 with Neumann or Dirichelet
boundary condition and generalized by Burq N in the Dirichlet case
(6].

. 5
Proposition 0.7: Let y=¢* 6 € [_%’Tﬁ] an dA the angular sector

opening % symmetric around of y*

={Ae C"; Re(y2) 2| Im(yA) |}

Then R;, uniformly bounded in A,

Proof. Let fe(LZ(Q))2
previous lemma, the function ® =R?(1)f 1is the unique solution
satisfying the (OGRC)of the problem

[-D, -4’ +idK, |® =

(0] =

with compact support in B,. By the

fin Q
0 on 0Q

Let A€A and u solution satisfy the outgoing radiation condition of
the following system

(30)

(Da + A —ilKa)u = ginQ,

31
0 on 092, (31)

u -
where suppg < {| x|< R} . We choose a function z € C*( R) equal to 0
for |x|<R and tol for |x|>2R. We follow the proof of ref. [6], we obtain
for )\EAY

Rejge’w";-g = ReI Ay (D +;_2,M_K)

Rel [ 7 (=190, =t | Vi, +2° g P+ 1, )

32
- M.f'ﬂ’(a(x) L, P+, -1, —u, »uz) (32)
+ J‘Q;/ﬂa,,rafu, e 4 ayAd rou, -;264’1'1
This implies that
[ P lIVu P +a |V PT < CLAP [ e [ [ +u, [ ]dx
+ e g vua-g, Jdx] (33)
A jne*”f‘“f“"a(x) lu, | do(x)

Then for|A|<1;

J‘D}Reqke(yz)r (‘ Vu] |z ta | Vuz ‘z) <
of |V P o |Vu, P+ u P+ u, P dx if d>2 (34)

c\ln/l\J. , Rc|Vu1|2+a|VuZ|z+\ul\Z+|u2|2dx if d=2

Qn(r<2R}
by (33), (34) and |A|<1 we get

2 2 2 2 2
|Vu, [} +a | Vu, [ dx < c|z\|1n/1|jm< | Ve P v Vi |

.I.Qﬁ{r<3R‘,
+ C\J.e'm’(u|~gl+uz-g2)|

Since suppG = Q@ {r <R}, €A and X small enough

A

(O oo
jm an |Va, | +er |V, [ dx| < c] jw_qR}e (u1 g +u g2)dx

—4Re(y2)r 2 2)
C(J.Qm{r<3R)e (lu" i )

e

Using the Hardy- Poincaré inequality for d>2, we obtain

IA
Sl

0=

1

(JQNMR)L)"‘R‘W"(\ Vu, [} +a | Vu, \z))dx < c(_[m(r(m:e”m(’“"(| Vu, [ +a | Vu, [} ))?

1
x (.[m(,«mge%m(mr‘(l gl +lg \Z))Z-

For d=2 is used [6]. So in both cases we give a uniform bound
of norm of the resolvent from (L, (Q))° into H,,, for X close to
zero and in the A . By choosing a finite number of real y, it covers a
neighborhood of upper half-plane (which is excluded 0)UA ; which
leads to the conclusion that the resolvent is bounded near zero and we

have the assumption (1.1) in ref. [6].

which implies that one have to X goes to zero and |arg(A)+7/2|<7,
the following behavior:

Proposition 0.8: R; does not allow the accumulation point, has no
zero on the real axis and admits the following behavior

- j_
R,(A — L (R(A)-R,(-=
5 (4) 1,L( 0 (4) u(ﬁ))
RE(A)~ h zﬁ if d is odd
— (R R (ﬁ)"/\/tﬁrﬂ(l/\/&)
Ja
and
A7 (M, + F, A)-R,
n(AH)M, + 1_7(1%( ) (J—))
Ry (A)~ Ja if d is even
— (R~ R(\/_)) A2 (M, + F (Al a)
1_7
Ja

where rank (M )<1 and F, is analytic at A=0.
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We begin by the following lemma inspired from [2] which will be
useful to the proof of our proposition.

which gives a good uniform bound on the norm of the resolvent from
(I2(€))* onto (H'(©)* for A close to zero and in the sector.

Proposition 0.9: R;(4) and R have the same behavior near zero.
Proof. Let Ri(2):(L, @) —(L, @)

RE(A)f is the unique solution of (-p,-# +z/1J)u— fin Q, u,=0

and u satisfy (OGRC). Let f E(LZ(Q)) supported in B, a(x) is supported
in B,andu = Ry (A f .

Then we obtain
(-D, = Xid +iAK,)Ju = f+id(K, -]
U = 0
And u satisfy the (OGRC). It follows that
u=R/A)f = RE(f +iAK, —J)u)
= RIA)[id +id(K, - )RS (D] f

so for any f€(L'() supported in B,, we have

the operator define by

(35)

Ry (Af =RE, (W] id +iA(K, - DR (D) ] f
where R = ¥Ry v is the troncated free resolvent.

Lemma0.10 AR (1) isanalyticatA=0and iA(K,—J)R (A1) — 0
when A->0

Taking into account the Lemma 0.10 we deduce that R (1) and
R (A) have the same behavior near zero.

Studies of High Frequencies
This section is devoted to the proof of Theorem 0.11.

Theorem 0.11: There exists § >0and A >0 such that the truncated
outgoing resolvent R , extends so as holomorphic in the region

G;T) = {i € C,Im< 6, and | Rel |> /10}. (36)

More precisely, there exists >0 such that for f e (I*(Q))*, suppf
suppf < B, and for all A€G e have

VR A [ +HIARG DS s o<l f e G7)

Firstly, we denote that the operator RY(4) defined by (F*(Q)) in
H is meromorphic on C (resp. the Riemann surface of the logarithm)
if ” is even (resp. odd), holomorphic on {Im/\iO}. Moreover, ¢, §, and
\,don’t depend of and we can check that R; (-=4) = R;'(4) . This allows
us to limit our study to Re(A)>0. The proof of (37) is based on a reductio
ad absurdum argument. We assume that for any ¢ ( in particular for
=c=n€N, there exists f €(L?)? and suppf, = (/,./>,) © B such that
ImA >0 and Re)d > n ( we assume for example Re) > 0 )such that

H VQR:(/LI)J(; Hz + ” ﬂnR:(ﬂ'n)f ”(Lz 2= H f H(Lz 2 (38)

We note that u,=(u,u)=RI(A)[,) is

| Veu, ||(2L3€)z +| A,u, ||(2L%€)2< % . We obtain

normalized by

2 . —
-Du, —Au, +iAK u, =

u =

n

f,inQ

0 on 0Q

u,satisfy the outgoing radiation condition

Vi, Iz 0 + 1l Ae LA

nn H(L2 27 (LZ 2

(39)

it s >

11 — 0and Im(4,) — 0.

Lemma 0.12: We have u — 0 in [H,,. ()], A u,—0in [12_(Q)].
Proof. By (39), we obtain that u — 0 in (r}(,)’, where Q,=QNB,

Moreover

Au, = —LDaun —Lfn —iKu,.
Z’n Z’n

By effecting the scalar product with ® e (Cg" (Q))2 ,

1 1
(Au,, @) = <—*Dau,,—7fn,q>> K u,, )
1
= (*Vu,,,VCDIHO!(/l uy ,VO,) - < f,i,(D> KK u,,®)
we get !
2t o oSNV, 2 o2 +€ N,
Y (2 @p)? A, Un (12 (p)? 20" (12 p)? U (12 (g )?

this impliesA u > 0 in (2(Q,)).

Let 7€Cy(©M,(R) equal to the id near the boundary and
supported in B,. We set w, = (id — y)u,

We can see that
-D,w, —A*w, +idK,w,=[D,, ylu, +@Gd - y)f, in R’
then w, =R“(4,)g, where R*is the outgoing free resolvent of the

-D, = I, +iAJ operator and g, =[D,,xu, +(id — y)f, bounded

in (Z(r")’, supported in B,.
We have
R“(4,)g, =], e

where A%(t) is the free propagator.

—il t

A (1)g, di

So, by part integration and noticing the locate energy go to zero
at +oo

AR (2,)g, =i e
As Im) <0 for Re large enough for R">Rwe have
H Navi |;

—il t

"0, (g, di

AW g 1AW

= ”VW,I Hz wWa Lz(Q ) wWa LZ(QR')

lw, I, sy

H(Q ) Lzm )

< le: ||Lzm g )

this inequality is deduced from the method of stationary phase for
Rel > 0 ([8]). We can see that is bounded W, in [H,.(8)F and||w, [|>0.

So u,—0in [#) (@ and A, u, —0 in [L,.(QF.

—iRe(4, )t

Let v, (t,x)=e ", (X) .

The sequence v, satisfy the following wave equation:
2a(x)-25, 0

o, -Dy, +J0v, + 0 26, |6y, = e"™F (40)
v = 0 on 0Qx R,

n

2a(x) 0
where 7, = f, +(mA,)u, + 2ReA, (Ima, = 8, )u, + ImA, Ju, + Imln[ 0 0]14" .

Note that
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7, >0 in [L (7T in fact we have:

17, H(L%OC(Q))z —0

2 < 2
| (Im2,)*u, \|(L?W S A2, |, II%(Q))2 -0

Rel
| Red, (Im4, =&, )u, H(Lzzo, @) ‘Tn [1im2, =3 Il 4., H(L;luc(g))z
< |mh, =6, ||| Au, H(Lfm- (@2 —0

H Im/l”Jun H(L%”L,(Q))z C || /,Lnun H(L%“L,(Q))z d O

2a(x) 0
| ImA,| 0  0lu, |\(L%OC(Q»2 M| Au, H(L;W wp 0

We can associate a microlocal defect measure y in (#,,(Qx R))2 , the
support of is a subset characteristic of the variety. On the other hand,

supppt O By, x (0,+0) # & because if not y=0 on B,.which contradicts
the fact that || v, HH, =1.

Lemma 0.13: For all x¢B, ,we have:

Suppi < {(t,%,7. (| € = s or a| £ =%} AxE > 0}

Proof. Indeed, let w a borel set of T"(B,)x[0,1] such that y(w)=0 On
®,Uw, where w, and w, are two defined by:

o, ={pe;3s,G()peT (By)}, @,={pew;Vs>0,G(s)peT (B,)}
We have p(w)=p(w,)+u( w,) Or from Lemma 0.13u(,)=0, in fact:

if pEw there exists s such that G(s)p&B, then G(s)p is outgoing and
by lemma 0.13 we obtain y(w,)=0, And it follows that p(w)=p(w,)

We note that if Q is non-captive, w=w, implies y(w)=0, which is
absurd. So it remains the case where Q is captive with the assumption
of CGE above B,

On the one hand,we have Vs > 0,G(s)w, = T"(B,) x[s,s +1], then

/U(G(S)wz)gfu(BRX[Sas+1])§|‘vn Hz <1 (41)

”ER qo1]
On the other hand,
2a(G(0)-5,) 0

w(G(s)w,) j exp J: 0 =26, | |dod u(x,t,E,7)
N Lz CXp(j(:Za(G(o-) —6)do)du, + LZ exp—25,sd u,
rla(u(o)—ﬁ Ydo
= .[ €XpJo 0 dlul

)

And by using the fact that

C() = min(C,(),C,(1)) = min (infljla(xx (5, P0))ds, inflj.ta(xz (Sapo))dSJ
Py 70 py 70

And C()§,

there exists e>0 such that: Vs > s,;/C(c0) — C(s,) > %g we obtain

w(G(s)) = 7 w,)

e[ZC(s)*ZC(oc)+2C(ao)72150]s

v

v

M)

v

e[fg+2€]sﬂ(w2)

e u(w,)

v

And as p(w)=0, it follows that for sufficiently large n we get that
#(G(s)w,>1, which contradicts(41) startsection sectionl@-3.5ex plus
-lex minus -.2ex2.3ex plus .2ex Stabilization

Using the Theorem 15 and the bound of resolvent in a neighborhood
of zero we deduce the decreasing exponential (resp. polynomial) of
energy in odd dimensional (resp. even dimensional). The Theorem
15 give a stabilization result by the boundary for the local energy for
a coupled wave equation, on the exterior domain Q= R\ 0. Some
results of decreasing exponential has proved in ref. [1]. The proof is
based on a method of the resolvent (Location of poles) in which we use
a lemma recovery and a theorem of propagation for microlocal defect
measures

Proof

We will proceed in similar way to that one in ref. [21]. Let consider
the function $€C~ such that:

-1 t<1
O 122

and V' (¢) = go(t)e”G"a ,where G = —i4”.
Note that by a simple calculation, one can find that for Im<0
REAK, +id)  REA)
Gy = D) =—i| iAR (A)(K, +id) =1 AR} (A)

Hence, (G; -2)":H,,,, = H,, can be extended to an meromorphic
operator on C if d is even, and on the Riemann logarithmic surface if d
is even. Moreover, in view of Remark 3.2, (G* — 1)™" is analytic at A=0
if n is odd and it has the following form, modulo an analytic function
at A=0,

(G =)' =M 2" In(D)+O0( A""),A >0,

If nis even.

Furthermore, it is easy to see that under the assumptions of
Theorem, (GX —A)™" can be extended by an analytical function on the
set A, ={1eC:0<ImA<C, +Red >0} and it satisfies the estimate

(G =) FISG LS| for| ImA|< C.| Red |2 C,,
for every compactly supported feH

Now, the Fourier transform of the function V is given by the
integral:

vy =" v

is well defined for ImA<0 ,as a bounded operator on H. Furthermore,
the inverse Fourier Transform of v is given by:

V(t)=— f:e"' V(A)dA

-0 e Pyaa, veso
272- Imi=-¢

and satisfy

@, - AW (1) = p(D)e"™ .
Then it follows that for ImA<0:
V(A)=i(GI -2 9 (OU(A)

By the finite speed of the wave propagation, we have that for every
compactly supported f € H,Vi€R,¢(1)U(?)f is supported in some
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compact independent of ¢. Therefore, ¢(1\U():H,,,, — H.,,, extendsto
an entire function on C.
V) = oo - A U
2 dImi=-¢
= e[ U (2 +i8) OV +i0)fiz
2r -
| ith o qa BSINTTZE
* g‘lglz,%{“.{kel:—gﬂﬁhnﬂié}e (47 =) " (OUA)fdA

(4 =2 9 OU D 2|

J{Rex:g,oslmsa‘}

1 _s 1
= = WO+ =W, f
2r 2z
Clearly, W,(¢)f =0 if nis odd, while for n even, we have in view of
(3.13), w,(t)=dy+O@t™)=0(t™"). In other words,
W@ f s C |l £
for every compactly supported feH

To estimate || ,()f ||, we will use Plancherel identity together with
(3.12). We have

[Tiw@s i de

[T =z +io) ¢ OU(z +ib)f || dz

< [ le@uE+id)f | d:
G [ e lg U@y | ar
< GIIfIF

Let x € C*(R"), y =1for| x|<R . An easy computation gives
@, —iGH MO f SZVVI(I‘)f_iZJ: 9 (OU(z +i6) fdz
= Wmof

and hence
PROF =V @) f + [ Uty =5, ) s

This implies

IMOL1 < @S 1SS+ I ) ds
< Glsl +(t—zo)“(f,; W)/ 1P dsj :

It is easy to see that (3.18) holds with [[W()f[lx replaced by
I W,(t)f || Hence, for 72 1,

Im@f I 71
Thus, (3.10) follows from (3.16), (3.17) and (3.19).
The Best Rate of Decay in Odd Dimension
Let f3 be the best exponential decay rate defined by:
B = sup{d > 0;3c > 0,Yf € H,suppf By, E,(u)(t) < Ce ™ E)(0), V¢ >0}
Then we have the following result
Theorem 0.14
$=2min(D(0),C())
It results from theorem 0.11 that
B = a =2min(D(0),C(x))

It remains to prove that f<«

Assume that 3>2D(0), then there exists A, pole of R(1) such that
2Im A, < B. From R(4)f = j “Hu(e) fdt we obtam

[ ue) 1 ||y de
[7e™ W u f | dr
[, e e g e
[ A I

. sl
Im 4, -1/2

which contradicts the fact that A, is a pole of R(\). And therefore it
follows that 5 <2D(0)

R4S [le

IA

IA

(42)

IN

< oo

Assume that B>2C(w) > then there exists #>0 such that
5 =2C(w) +4n and there exists ¢>0 such as for all fEH, and t>0

E (u(?)) < ce P E(0).

~(B-m) ~(B-2n)
Let ¢>0 such that ce " <e 0 and then

Eyu(t,) < ce"E(0), VfeH,

o o 2C@y E(0) (43)

IN

andas C(t,) < C() <0 ,(note that if C(eo)=co the inequality is trivially
satisfied, there exists such that:
Jij
C(,) < 5 -n
and

E u(t)) < ce“00E(©0) (44)

Indeed, let fsuch that L2 = 1. Was noted the u, solution of (1.3) with
u,(0)=0,7u,(0) = fk and u is a measure of the defect to microlocal
assoociation (u,) in H The function fis chosen such that y is carried by
(bicharacteristic ray from BR).

[(Evu@)ds < 0 ["E(u,(0)ds

(45)

u(tgty + D) < ce 00 (0, pl) (46)

2" a(x(\‘po))dv 2 a(x(vpo))dv 211t

e 0% #Q0,pD < e 07 #Q0,pD.  (47)
Or 4(10,p) # 0 (otherwise u, tendsto zeroin H'(]0, p[xB,) , which
contradicts that || f HLz =1). This completes the proof of Theorem.

Conclusion

A stabilization problem for a coupled wave equations on an exterior
of bounded domain is deveried through the research.
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