Ashdin Publishing

Journal of Generalized Lie Theory and Applications
Vol. 4 (2010), Article ID G090501, 17 pages
doi:10.4303/jglta/G090501

Poisson structures on C|X3,..., X,| associated with
rigid Lie algebras

Nicolas GOZE

Laboratory of Mathematics (LMIA), Faculty of Sciences, University of Haute Alsace,
4, rue des Freres Lumiere, 68093 Mulhouse Cedex, France

E-mail: nicolas.goze@uha.fr

Abstract

We present the classical Poisson-Lichnerowicz cohomology for the Poisson algebra of
polynomials C[X7, ..., X,] using exterior calculus. After presenting some non-homoge-
nous Poisson brackets on this algebra, we compute Poisson cohomological spaces when
the Poisson structure corresponds to a bracket of a rigid Lie algebra.
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1 Introduction

The first Poisson structures appeared in classical mechanics. In 1809, D. Poisson introduced
a bracket of functions, which permits to write Hamilton’s equations as differential equations.
This leaded to define a Poisson manifold, that is, a manifold M whose algebra of smooth
functions F(M) is equipped with a skew-symmetric bilinear map:

{, }FM)F(M) — F(M),
satisfying the Leibniz rule:
{FG,H} =F{G,H}+{F,H}G,

and the Jacobi identity. In [7], A. Lichnerowicz has also introduced a cohomology, associated
to a Poisson structure, called Poisson cohomology.

In this paper, we study in terms of exterior calculus the Poisson structures on the as-
sociative algebra of complex polynomials in n variables. We apply this approach to the
determination of non-homogenous quadratic Poisson brackets and to the computation of the
Poisson cohomology. The linear Poisson structures are naturally related to the n-dimensional
Lie algebras. Recall that a complex Lie algebra g is rigid when its orbit in the algebraic variety
of n-dimensional complex Lie algebra defined by the Jacobi relations is Zariski open. Such an
algebra admits a nontrivial Malcev torus and it is graded by the roots of the torus. We study
the Poisson structure on C[X7, ..., X,,] whose Poisson brackets correspond to a solvable rigid
Lie bracket with non-zero roots. In a generic example, we compute the corresponding Poisson
cohomology.
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2 Poisson structures on C[X,...,X,] and exterior calculus

2.1 Poisson brackets and differential forms

Let A™ be the commutative associative algebra C[X7,...,X,] of complex polynomials in
X1,...,X,. We define a Poisson structure on A" as a bivector:

P = Z Pij@-/\&j,

1<i<j<n
where 0; = aixi and P;; € A", satisfying the axiom:
[P, Pls =0,
where [,]s denotes Schouten’s bracket. If P is a Poisson structure on 4", then
{P,Q} =P(P,Q)
defines a Lie bracket on A"™ which satisfies the Leibniz identity:
{PQ, R} = P{Q, R} + Q{P, R}

for any P,Q,R € A"

We denote by Shy, , the set of unshuffles, where a (p, ¢)-shuffle is a permutation o of the
symmetric group X,4, of degree p 4+ ¢ such that o(1) < 0(2) < --- < o(p) and o(p+1) <
o(p+2)<---<o(p+q). For any bivector P we consider the (n — 2)-exterior form:

Q= > (“1F Py dXem A AdX gy,

UGSQ’n72

where (—1)5(%) is the signature of the permutation o. If n > 3, we consider the Pfaffian form
Q... in_s glven by

Qir,oin_s(Y) =Q(03y, 0555 ..., 03,5, Y)
with Y =37 | V0;, YV; € A™.
Theorem 2.1. A bivector P on A" satisfies [P, Pls = 0 if and only if:
o forn > 3,
doy,.. iy N2 =10
for every i1,...,in—3 such that 1 <i; < -+ <ip_3<n.
e forn =3,

dQAAQ=0.

Proof. The integrability condition [P, P]g = 0 writes

n
Z Priar-ij + Prjarpki + PT‘kaT‘P’ij =0

r=1
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for any 1 <1i,5,k <n. But

O iy = (= 1)V P X,

summing over all triples (7, k,1), such that (j,k,71,...,1,...i,—3) is a permutation of S3,_2
and N = ¢(0) + p — 3, where (—1)%(0) is the signum of ¢. Then

Aoy, in_s = Y _(~1)NdPj AdXy,

ceey

2.2 Lichnerowicz-Poisson cohomology

We denote by A% the algebra A" = C[Xy,...,X,] provided with the Poisson structure P.
For k > 1, let x* (A%) be the vector space of k-derivations that is of k-skew linear maps on
> satisfying

o(P1Q1, Ps,...,Py) = Pio(Qu, Pa, ..., Py) + Qup(P1, Ps, ..., Pr)
for all Q1, Py,..., P, € Ap. For k =0, we put XO(A%) = A%. Let 6 be the linear map:

0 X (Ap) — X (Ap)

given by
k+1 ' .
S o(Pr P Pist) =S () PP Py i)}
=1
+ Z (_1)i+j(70<{Pian}aP1a'"aﬁiw"?ﬁ;a'npk‘-l—l)a
1<i<j<k+1

where ﬁ, means that the term P; does not appear. We have 6*t10§* = 0 and the Lichnerowicz-
Poisson cohomology corresponds to the complex (x*(Ap), d*)). Let us note that x*(Ap) is
trivial as soon as k > n. A description of the cocycle §¥¢ is presented in [11] for n = 3 using
the vector calculus. We will describe these formulae using exterior calculus for n > 3. Let us
begin with some notations.

e To any element P € A5 = x"(A%), we associate the n-exterior form:

D, (P)=PdX1 A---NdX,.

e To any ¢ € x*(A%) for 1 < k < n, we associate the (n — k)-exterior form:

(I)n—k(('p) = Z (_I)E(J)w(XU(l)a v 7Xa(k))dXU(/€+l) ARERNA dXU(n)'

0E€ESKn—k
e To any ¢ € x"(A%), we associate the function ®y(¢) = ¢.

Finally, if 6 is an k-exterior form and Y = 2?21 Y;0; is a vector field with Y; € A%, then
the inner product i(Y')# is the (k — 1)-exterior form given by

iV)0(Z1,..., 2 ) = 0(Y, 21y, Zaa)

for every vector fields Z1,..., Zr_1.
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Theorem 2.2. Assume that n = 3. Then we have

(1) for all P € A%,

P, (8"P) = —Q A dP;

(2) for all f € x'(A}),

D1 (81 f) = — (D1, 0) [N d(i(03)D2(f)) + d(i(03)Q) A Ba(f)]
+i(01,05) [Q A d(i(92) 2(f)) + d(i(2)Q) A Ba(f)]
— (02, 05) [X A d(i(01) P2(f)) +d(i (1)) A Ba(f)],

where i(X,Y) denotes the composition i(X) oi(Y);
(8) for all p € x2(./4$’;),

by (52§O) = ’i(al, 0s, 83) (dQ A <I>1(g0) + QA dq)l(gp)).

Proof. If n = 3, we have

Q) = P1od X3 — Pi3dXs + Py3dX;.

Then the integrability of P is equivalent to 2 A d2 = 0. The theorem results of a direct

computation and of the following general formula:

V(pexk(A%), gO(Pl,...,Pk) = Z cp(X“,,XZk)&lPlaszk

1<ip <--<ig<n

O

Example 2.3. We consider the Poisson algebra A% = (C[X1, X2, X3],P1), where Py is

given by

Pl(XlaXQ) - X27
P1(X1, X3) = 2X3,
P1 (X2, X3) = 0.

Then

Qi HO(A4p,) =1, dim ' (Ap) =3, dimH*(Ap,) =2, HY(Ap,) = {0}

In this case, Q = XodX3 — 2X3d X, and d2 = 3dXs A dX3. Let us compute dim H2(A%l).

Let ¢ € x?(A%,). Then ®¢(6%p) = 0 implies
dQAN Q1 (p) + QAN dD1(p) =0,
that is

X5 (019(X1, X3) + O290(X2, X3))
+2X3( — 01p(X1, X2) + 930(X2, X3)) + 3p(Xa, X3) = 0.

Now, if f € x( P, ), then

B(51) = [Xa( - 02 (X2) - 01 (X1)) — 2K (04 (X)) + F(X2)]X;
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— [2X3(81f(X1) + (93f(X3)) + Xg(agf(Xg)) — 2f(X3)]dX2
[ = 01 f(Xa) — 2X5 (01 (Xa) X0,

Comparing these two relations, we obtain that H 2(.,4%1) is generated by the two cocycles:

Py (p1) = X3dXy,
(I)l ((pg) = X22dX2
Now consider the general case. Let A = C[X,...,X,] be provided with the Poisson

structure P.

Theorem 2.4. Let p € X*(Ap). Then, we have

D, g 1 6 QO = 62 k—i—l)) [d(.(aa'(k—l-Q)a cee 780(n))Q) A (I)n_k(@)

+ QA A(i(O5(k12)s - - - > Oo(n)) Pr—i())]

(n—k)(n—k+1)
for all o € Si11n—k—1, where e = e(n, k) = (—1) T

Proof. To simplify, we write d; in place of dX;. We have seen that for every P € Ap, we
have 6°P = —Q A dP. But
n
O, _1(0P) = (1) Xy, Phdy A+ Ndp Av-- Ad,
k=1
where d; means that this factor does not appear with {P,X;} = Z?:l P;;0; P with Pj; = —P;;
when j > i. But

() [QNAd(i(D2,...,00)Ppn(P)) + d(i (82,...,8 )Q) A @, (P)

—i(a)[QAd(i (ag,...,a )@, (P))] = 2i(00) [ A dP A dy]
— (-5 thaipdﬂ Ady = (—1)’“” S0, 1 (P) (D, On).
=2
Similarly,
i(0;)[QNd(i(01,...,0j,...,0,)®n(P)) + (1(81, Djy vy 0n)Q) A Dy (P)]
—i(3)[QNd(i(D1,.. .. ;... 0n) D (P))] = (—1) "+ (9;) [Q A dP A dX]]
l 1 n
:( 1)] 1+”(n 1) <ZP1j81P— ijlalp>d1/\”'/\dn
=1 I=j+1
n(n 1) li ! l=n A~
=(-1) ( > PyopP- > Pﬂalp> di A ANdj-- Ny
=1 I=j+1
— (-1)"F 1){PX}dlA AN AN dy,.
We deduce

B, 1 (8°P) = (-1)" ij(q)j—li(a QA .., ;,. ., 0)B(P))],

J=1

which proves the theorem for & = 0. The proof is similar for any k. O
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Application 2.5. We consider the n-dimensional complex Lie algebra defined by the brack-
ets:

(X1, X =(—-1)X;

for i = 2,...,n. Let Py be the corresponding Poisson bracket on C[X1, ..., X,]. Let x5(Ap,)
be the subspace of Xk(-APg) whose elements are homogenous of degree 2. We denote by

HZ(Ap,) = Z3 /B3 the corresponding subspace of H?(Ap,). Define N := @

e If n is even, then

n(2n2 —3n+ 2)

dmB} =N+ (N—-1)+---+N-n/2+1= <

e If nis odd,

(n?—1)(2n—1)

dimBf =N+ (N =1)+-+ (N = (n—1)/2) = o

In fact, if f € xi(Ap), then f(X;) = P, = Eaﬁlv_"inXilX;Q --- X!n is homogenous of degree
2, then:

(1) in df(X1, X9), we find N — [ independent coefficients of Py;. The coefficients which do
not appear are

21 21 21
a1,0,0,...,0,1,0,...,00 40,1,0,..,0,1,0,...,00 - *->20,0,...,1,1,0,...,0°

where the second 1 in the sequences of indices is, respectively, in the place 2[, 2] —
1,...,0+1;
(2) in 0 f(X1, Xo1+1), we find N — [ — 1 independent coefficients of Py 1. The coefficients

which do not appear are

2+1 20+1 20+1
@1.0,0,..,0,1,0,..,00 0,1,0,...,0,1,0,...,00 - --2%0,0,....,0,2,0,...,0°

where the second 1 in the sequences of indices is in place 21 +1,2l,...,1+ 2 and in the
last case the 2 is in place [ + 1;

(3) fori>2and j > i, 6f(X;, X;) is defined by the (n — 2) coefficients af g o710, .0

sUpeusy

Now we can find the generators of H3(Ap). We can choose ¢ € x3 such that
¢(X17 XQ) = 07
6(X1, Xs) = X1 Xs + a5 X3,

1,21 2,201 LI+l
o (X1, Xo) = ay'5 X1 X1 +ai’y  XoXopq + -+ ay o X4 Xppq,
X, X _ L2y 22y Ly
Cb( 1, 2l+1) = a1,21+1 1X2141 + a1721+1 2Xo) + -0+ a1721+1 )

¢(X1, Xp) = CL%:ZXan + a?:Z_IX2Xn—1 +-
(X, X;) = Aij,
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where A; ; is a degree 2 homogenous polynomial without monomial of types X1 X}, and X;X;.
By solving ®,,_2(6¢) = 0, we obtain the generators of H3(Ap). They are given by

(ZS(le XQ) = 07
(X1, X3) = ai’3X3,
¢(X1, Xo) = a?ég*leXqu +F all’,l;?leXlH,
! 141,
¢ (X1, Xo41) = a?j§l+1X2X2l +oee a1glz¥J{1Xl2+17
$(X1, Xn) = al  XoXno1 + o+ al" M Xy X1, if n=2m,
| (Xi, Xj) = A,

or ¢(X1, Xp) = a?:Z_IXZXn—l I afsl’mHXme_H, if n = 2m + 1. For example:
— if n = 2, dim H2(Ap,, Ap,) = 1;
— if n = 3, dim H2(Ap,, Ap,) = 3;

— if n = 4, dim H2(Ap,, Ap,)

( )

if n =5, dim H3(Ap,, Ap,) = 16.

3 Poisson structures of degree 2 on C[X{, Xy, Xj]
Let P be a Poisson structure on A% = C[X7, X5, X3] with P;; of degree 2. Then P writes
P ="Py+ P+ Po,

where P; is homogenous of degree i. The associated form 2 is decomposed in homogenous
parts Q = Qy + Q1 + Q9 and, since df2g = 0, the condition Q A d€) = 0 is equivalent to

Qa AN d€dg =0,

Qo ANd2 + Q1 AdQy =0,

Qo A dS2a + Qa2 AdQp + Q1 AdQ; =0,
2 ANdQe + Q2 A dQ = 0.

(3.1)

If Q5 = 0, then P is a linear Poisson structure on A3 ([1]). If Q9 # 0 and Qy = Q1 = 0,
then P is a quadratic homogenous Poisson structure, and the classification is given in [9]. In
this section, we will study the remaining cases 25 # 0 or €21 # 0. The associative algebra
A3 admits a natural grading A® = @®,>0V;,, where V, is the space of degree n homogenous
polynomial of A3.

Definition 3.1. A linear isomorphism:
f : @nEOVn — EBnEOVn
is called equivalence of order 2 if it satisfies

. f(Vl) c Vi Vs,
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o f(Vo) =W,
Moreover, if V; is provided with a Lie algebra structure, then
e 7 o f is a Lie automorphism of V7,
where 7 is the projection on Vj.
Such a map writes
f(Xz) = Zang + Z bgkaXk,
j=1 jk=1
f(Xin) = X;X;.
Thus, if P is a degree 2 Poisson structure on A3, putting Y; = f(X;) and
{vi,vi} = ({F(X0), F(X5)}),

we obtain a new Poisson structure of degree 2. These two Poisson structures are called
equivalent. In the following, we classify the non-homogenous Poisson structure of degree 2
up to an equivalence of order 2. Note that the quadratic homogenous Poisson structures
are classified in [6]. We assume also that these Poisson structures are not trivial extensions
of Poisson structures on A2, that is, Poisson structures which do not depend only on two
variables.

3.1 First case: 0 =y +Qy, Q1 #0

The integrability condition of €2 reduces to

0 ANdQ =0,
O ANdQs + Q9 AN dY =0, (3.2)
Qo A dy = 0.

As Q' A dQ = 0, ©; defines on A? a linear Poisson structure, then this form is isomorphic
to one of the following:

0 = X3d X3,

O = XodX3 + X3d X + X1d X,
0 = XodX3 — aX3dXo,

0} = (Xa + X3)dX3 — X3dXs.

Consider Q9 = A3dX3 — Asd Xy + A3d X7 with

A = CL1X12 + a2X22 + (I3X§ 4+ a4 X1 Xo + a5 X1 X3 4+ ag X2 X3,
Ag = b1 X7 + ba X3 + b3 X3 + ba X1 Xo + b5 X1 X3 + b X2 X3,
Az =c1X? + 2 X2 + 3 X2 + X1 X0 + 5 X1 X3 + 6 X2 X3
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3.1.1 dQe =0

If Q1 = O or Q2 then d2; = 0, and (3.2) is satisfied. An equivalence of order 2 of type
Y1 = X41,Ye = Xo,Y;3 = X3+ B, where B is an homogenous polynomial of degree 2, allows
to reduce the form €y to a form with A; = 0. We obtain the following Poisson structure
associated to

b
Q1) = (aX12 - 5X3 - 20X1X2)dX1 — (X2 + X2+ bX1 X5)dXs + X3dXs,  (3.3)
corresponding to 1 = 1, and
b
Q2)= (X1 +aX?—; X3 —2cX1X2) dX1+ (X3—cX?—eX2—bX1 Xo)dXo+X3dXs, (3.4)

corresponding to 1 = Q2. If O = Q3 or QF, then d; = kd X2 AdX3 with k # 0. Then (3.2)
implies Qs A dX2 A dX3 = 0 that is Az = 0. Such a structure is a Poisson structure on A2.

3.1.2 dy #0, Q =0}
As dQy = 0, then (3.2) is equivalent to

Q1 ANdQy =0,

Qo A dS29 = 0.
This implies PdQds = Q1 A Q9, where P is an homogenous polynomial of degree 2. The
equivalence of order 2 given by Y; = X for ¢ = 1,2 and Y3 = X3+ B with B € V5, enables
to consider A; = 0. In this case, Q1 A Q9 = PdS)s is equivalent to

0142 + 02 A3 =0,

POsA3 = X343,

P63A2 = X3A2.
If X3 is not a factor of P, then 0342 = aX3 and d343 = 8X3. If o = 8 = 0, then Q5 = 0.

The case af # 0 reduces by a change of variables to the case a # 0 and § = 0, then A3 = 0.
Thus, we obtain

Q = X3dX; — (aX3 + bX3)dXo.

This structure is a trivial extension of a Poisson structure on C[Xo, X3]. If P = X3Q and Q
is a degree 1 homogenous polynomial, then () satisfies

Q0142 + 9, 43) =0,
Q03A3 = As,
Q0O3A2 = As.
We deduce the following structures:
Q = (aX7 + bX1X3)dX1 + X3d X3,
0 = (aX; + X3/2)%dX) + X3d X3,
Q= (aX1 X3+ bX2X3)dX) + (bX1 X3 + cX2X3)dXs + X3d X3,

The first two equations depend only on X; and X3. Then we obtain the following Poisson
structure:

9(3) = (aX1X3 + bX2X3)dX1 + (bX1X3 + CXQXg)dXQ + X3dX3. (35)
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3.1.3 dQ #0, O = OF
By an equivalence of degree 2, we can consider that Az = 0. Then Pd)y = Q1 A Qg gives
P01 Ay = X 1Ay,

PO A = X1 4y,
P(82A1 + 83142) = (AQXQ + A1X3).

Solving these equations, we obtain

9(4) = X1dX; + (Xg — CLXng)dXQ + (XQ + CLXlXQ)ng,
Q(5) = X1d X1 + (X3 — aXi — 2aX2X3)d X, + X2dX;.

3.14 dQQ 7& 0, Ql = Q? == XQng - OéngXg

Assume that o # 0 and a # —1. The equivalence given by Yo = Xo+ B, ¥; = X; fori = 1,3
and B € V5 shows that the structure corresponding to 2 = €27 is equivalent to a structure
of degree 2 defined as follow:

C
Ay = aa X3 + a3 X3 + EGX1X2 + c3X1 X3,
A2 = 07
Az = C3X§ + 5 X1 X3 + 6 X9X3.

Thus we can assume that in o, we have ¢c3 = ¢5 = ¢g = a2 = a3 = ag = 0. The new
equivalence of degree 2 given by Y3 = X3 + B3, Y; = X; for i = 1,2 and B3 € V5 gives a
Poisson structure of degree 2 equivalent to the structure of degree 1 with

A1 =0,

Ay = by X3 + b3 X3 — 02 X1 X0 + CjX1X3,
«

Az = 62)(22 + 4 X1 X9 + ¢ X2X3.

Thus we can assume that

Qo = (a1 X7 + asX1 X + a5 X1 X3)d X1 + (01X + ba X1 X2 + b5 X1 X3)dXo + 1 X7d X5
As Q1 A dQ2e + Q9 A dQ); = 0, we obtain the following Poisson structure:

Q(6) = aX1 X3d X1 — aX3dXs + (X2 - %X%)ng (3.7)

with a # 0 and o # —1.
If a = —1, then d2; = 0, and this case has already been studied. If a = 0, by equivalence
of degree 2 we can assume that

Al = a1 X2 + a3 X3 + as X1 Xo + a5 X1 X3,
AQ = le% + b3X32 + b5X1X3,
Az = 61X12 + Cng + 5 X1 X3.

Then we have A3 = 0, and the Poisson structure concerns only two variables.
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3.1.5 d #0, O = Q] = (Xo+ X3)dX5 — X3dXo

By equivalence of degree 2, we can assume that 41 = 0, ¢s = 0, and bs = 0. The equation
Q1 AdSQo + Qo A d2y = 0 implies that ¢; = ¢4 = by = 0, cg = —bs = 2¢o. The equation
Qs A d€do = 0 implies that co = 0 and bacs = bges = 0. Then we obtain the following Poisson
structure:

Q(7) = aX3dX, — (X3 + bX3)dXs + (X2 + X3)dX; (3.8)
with a # 0.

3.2 Second case: 2 =y + Oy + Qq, Qy #0

The form Qg & €y provides the vector space Vp & Vi with a linear Poisson structure. Then
Vo @ V1 is a Lie algebra such that Vj is in the center. This implies €21 A d2; = 0. We deduce
that Qg + Q1 is equivalent to

dX3 — X3dXo,

X3dXs — dXo, (3.9)

XodXs + X3dXo + dX;.

3.2.1 Qp+ O =dX3— X3dXo

By equivalence, we can assume that ag = a5 = b3 = ¢5 = 0. The equation QgAdQs = 0 implies
by = —2co, ¢4y = —2b1, cg = —bs, Q1 AdS22 4+ Qo Ad2y = 0 implies that ¢; = co =c3 =c¢4 =0,
a1 = aq = 0, and Qo A d€dy = 0 gives bsbo = bsas = bsag = 0. Thus we obtain the following
Poisson structures given by

Q(8) = aX X3d X1 — (X3 — aX X3 + bX2X3)dXo + dX3 (3.10)

with a # 0.

3.2.2 Qo+ =—dXs+ X3dX3

We can assume that Ay = b2X22 + b4 X1X5. As d)1 = 0, the system reduces to Qg A dfdy =
Q1 ANdQy = 0. This gives ¢4 = ¢¢ = a4 = 0 and by + 2¢c0 = a5 — 2¢3 = 2a; — ¢; = 0.
Thus, Q5 AdQ2e = 0 is equivalent to (2a2 X2 + agX3) A3z = 0. We obtain the following Poisson
structures:

Q(9) = — (X2 + aX3 +bX1Xo)dXs + (1 + X7 + eX3 + fX1X3)dX;3

f
2

(3.11)

b
+ (gx2 - X3+ 2X3+ 26X X3 )dX,.

3.2.3 Qo+ =dX1 + X3dXe + XodX3

By equivalence, we can assume bs = by = a3 = a5 = co = ¢5 = 0. As d2; = 0, the equation
Qo A dSQdy = Q1 A dfQy = 0 implies that bg + 2a2 = ag + 2b3 = a4 =a1 =b; =by =c3=0. In
this case, Qg A dQ22 = 0 is equivalent to cg(X242 + X3A41) = 0. We obtain

Q(10) = (1 + aX7)dX1 + X3dXo + X2d X3, (3.12)
and
Q(11) = (1 + aX7)dX1 + (X3 + bX3 + cX2X3)dXs + (Xz + %X% + 2bX2X3)dX3.
(3.13)
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4 Poisson algebras associated to rigid Lie algebras

4.1 Rigid Lie algebras

Let us fix a basis of C". With respect to this basis, a multiplication u of a n-dimensional
complex Lie algebra is determined by its structure constants Cf} We denote by L, the
algebraic variety C[ij} /I, where [ is the ideal generated by the polynomials:

k k _
Ck 4+ Ck =0,

n
D CLCH + ChCi + CLCli =0
=1

for all 1 <4, 4, k,s <n. Then every multiplication p of a n-dimensional complex Lie algebra
is identified to one point of L,,. We have a natural action of the algebraic group Gl(n,C) on
Ly, whose orbits correspond to the classes of isomorphic multiplications:

O(p) ={fopo(fxf), fEGIn,C)}.

Let g = (C", 1) be a n-dimensional complex Lie algebra. We denote also by p the corre-
sponding point of L,,.

Definition 4.1. The Lie algebra g is rigid if its orbit O(u) is open (for the Zariski topology)
in L,.

Among rigid complex Lie algebras, there are all simple and semi-simple Lie algebras, all
Borel algebras and parabolic Lie algebras. Concerning the classification of rigid Lie algebras,
we know the classification up the dimension 8 ([2]), the classification in any dimension of
solvable rigid Lie algebras whose nilradical is filiform ([2]). Recall two interesting tools to
study rigidity of a given Lie algebra.

Theorem 4.2. Let g = (C", ) be a n-dimensional complex Lie algebra. Then:

(1) g is rigid if and only if any valued deformation g’ is (K* )-isomorphic to g, where K*
is the fraction field of the valuation ring R containing the structure constants of ¢';

(2) (Nijenhuis-Richardson theorem) if H?(g,g) = 0, then g is rigid.

The notion of valued deformation, which extends in a natural way the classical notion
of Gerstenhaber deformations, is developed in [4]. In the Nijenhuis-Richardson theorem, the
second cohomological space H?(g, g) of the Chevalley cohomology of g is trivial. Let us recall
that the converse of this theorem is not true. There exists solvable rigid Lie algebras with
H?(g,g) # 0 (see for example [2]). In this case, there exists a 2-cocycle p1 € H?(g, g) which
is not the first term of a valued (or formal) deformation:

pe=pt oy te;
i>1

of the Lie multiplication u of g.
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4.2 Finite dimensional Poisson algebras whose Lie bracket is rigid

We recall in this section some results of [5] which precise the structure of a finite dimensional
complex Poisson algebra with rigid underlying Lie bracket. Let P = (C",P) be a finite
dimensional complex Poisson algebra. We denote by {X,Y} and X - Y the corresponding
Lie bracket and associative multiplication, by gp the Lie algebra (P,{,}), and by Ap the
associative algebra (P, ).

Proposition 4.3 ([5]). If the Lie algebra gp is a simple complex Lie algebra, then the
associative product is trivial that is X - Y =0 for every X, Y in P.

Let us assume now that gp is a complex rigid solvable Lie algebra. Then g is written as
follows:

g=ton,

where n is the nilradical of g and t is a maximal abelian subalgebra such that the adjoint
operators adX are diagonalizable for every X € t. This subalgebra t is usually called a
Malcev torus. All these maximal tori are conjugated and their common dimension is called
the rank of g.

Lemma 4.4. If there is a non-zero vector X € gp, such that adX is diagonalizable with 0
as a simple root, then Ap - Ap = {0}.

Proof. Let {e1,...,e,} be a basis of gp, such that ade; is diagonal with respect to this
basis. By assumption, {e1,e;} = \je; with \; # 0 for i > 2. Since {e?,e1} = 2e; - {e1,e1} =
0, it follows that e? = aej. But for any i # 1, {e?,e;} = 2e1 - {e1,e;} = 2\e1 - e; and
{e%,ei} = a);e;, thus e; - e; = §e;. The associativity of the product X - Y implies that
(e1-€1) € =aey-e = “—;ei =e1-(e1 €)= “4—261-. Therefore, @ = 0 and €? = 0 = e - ¢; for
any ¢. Finally, 0 = {e1-€j,e;} = e1-{ej,e;} +¢e;-{e1,ei} = \iej - e;, which implies e; - e; = 0,
Vi, j > 1. 0

Proposition 4.5. Let g be a rigid solvable Lie algebra of rank 1 with non-zero roots. Then,
there is only one Poisson algebra P such that gp = g. It corresponds to

X -Y=0
for any X, Y € P.
Proof. By hypothesis, we have dimt = 1 and for X € gp, X # 0, as the roots of g are
non-zero, the restriction of the operator adX on n is invertible (all known solvable rigid Lie

algebras satisfy this hypothesis). By the previous lemma, the associated algebra Ap satisfies
Ap - Ap = {0}. ]

Theorem 4.6. Let P a complex Poisson algebra, such that gp is rigid solvable of rank 1
(i.e dimt = 1) with non-zero roots. Then P is a rigid Poisson algebra.

Proof. See [5]. O
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4.3 Linear Poisson structures on A" = C[X,, X;,...,X,,] given by a rigid
Lie bracket

In this section, we consider a linear Poisson bracket on C[Xy, ..., X,], such that the brackets
{Xi, X;} = P(X;, Xj) correspond to a solvable rigid Lie algebra g of rank 1. We assume that
the roots (see [2]) of this rigid Lie algebras are 1,...,n. In this case, we have

{Xo,Xz}:ZX,L, izl,...,n,

{X1,X;} =Xiy1, i=2,...,n—1,

{XQ,Xi}:Xi+Q, i:3,...,n—2.

We denote this (n + 1)-dimensional Poisson algebra by P(g). This algebra is a deformation
of the Poisson algebra studied in Section 2.2. The corresponding (n — 1)—exterior form is

Q= ()" Xidy Ao Adi Ao N+ Y (1) Xipadg Adg A= Adi A+ Ady

—2
+ Z(—l)i+1Xi+2d0 ANdiyNdg AN+~ Nd; A+ Ndy,

where d; denotes dX;, and d; means that this term does not appear. Let ¢ be a 2-cochain.
We denote by ¢(i, j) the vector ¢(X;, X;). Then ¢ is a 2 cocycle if and only if

®,_1(p) = (—1)”—2 (1,))do Ada A~ ANdi A+ Ny

+Z ©(2,0)do Ady Ads A+~ Adi A Ady,
+ Z ]11 (i’j)do/\"'/\di/\"‘/\cij/\---/\dn
3<i<j<n

satisfies
d[Z (80(1), e ,80(n_2))Q] ANPp_1(p) + QA d[l (80(1), e ,aa(n_g))@n_g((p)] =0 (4.1)

for any o € S3,,—2. As g = t@®n, we have the decomposition P(g) = P(t) & P(n), where P(t)
and P(n) are the Poisson algebras (C[Xy],P) and (C[X1,...,X,], P). From the Hochschild-
Serre factorization theorem, we assume that the cocycles are t-invariant and with values in
P(n). We denote this space by x*(P(g), P(g))". If f € x'(P(g),P(g))", then

{Xo. f(Xi)} = if (X3),

and we obtain

F(X1) = alXy, f(X2) = al'X? + a3 Xa,.. f(Xi) = Y alhxp X
i+ +lp=1

Thus, 0f(X1,X;) = al{X1, X;} + {X1, f(X;)} — f(Xi11) and we can reduce any element
0 € Z%(P(g), P(g))! to a 2-cocycle satisfying

(Xl, )—O fori=2,...,n—1.

We denote by Z; (P(g), P(g))* the subspace of homogenous cocycles of degree k. Let us have
look the system at the ¢(i,7) which is deduced from equation (4.1).
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~ If (o(1),...,0(n—2)) = (3,4,...,n), then condition (4.1) is trivial.

~If (0(1),...,0(n —2)) = (2,3,...,1,...,n), then condition (4.1) is trivial as soon as
l # n. If | =n, we obtain

n (X1, Xn) + (1)) iXi0ip (X1, Xn) =0,
and p(X7, X,,) is of weight n + 1.
- If (o(1),...,0(n—2)) = (1,2,...,%,...,5,...,7@), we obtain
(i + 4)e(Xi, X;) = ZkaakSD(Xian)>
and p(X;, X;) is of weight i + j.

Other relations show that the space of cocycles of degree 2 is generated by (X1, X,)
and ¢(Xo, Xog11) with k= 1,...,1 where n = 2l + 1 or n = 2[. The relations between these
generators lead to study two cases: k =1 and k = 2.

Case k =1. As (X1, X,) is of weight n+1, then (X1, X,,) = 0. We have also ¢(X;, X;) =
a;l? X ifi+j <n.
If (0(1),...,0(n—2)) = (172,...,%,...,},...,71), we obtain
(i + 5)p (X0, X;) = > kXipop(Xi, Xj),
and ¢(X;, X;) is of weight ¢ + 1. Then,
o(Xi, X;j) = a;;_in-i-ja
iti4j <n. X
If (6(1),...,0(n—2)) =(0,1,2,...,%,...,7,...,k,...,n) with ¢ > 3, then the related
conditions are always satisfied.

If (0(1),...,0(n—2))=(0,3,...,%,...,n), i > 3, we obtain relation between ¢(3,1) and
©(2,14 1). We deduce that

a3; = —a2i+1 + a2,

and a23 = a2.4.
If (0(1),...,0(n—2)) =(0,1,2,...,%,...,7,...,k, ...,n) with i > 3, then

(45 = Q2442 — 20211 + a2,
and
ag4 = as3p.
If (6(1),...,0(n—2)) =(0,2,3,...,4,...,7,...,n), i >4, then we have
Git1,j = —Qij+1 + Qi j,

and

Qi 42 = QA4 i41-
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If (0(1),...,0(n—2)) = (0,1,3,...,2,...,5,...,n), 1 > 4, then we have
Ai+2,5 = —Qjj+2 + a5,
and
azj; = azj; —a2,j+ 1.
If we solve this linear system, we obtain the following.

Proposition 4.7. If n > 7, then H%(Ap, Ap) is of dimension 1 and generated by the cocycle
given by

(X2, X)) =(4—i) Xy i=5,...,n—2,
SO(X37XZ'):X3+’Z i:47"'7n_37
gp(Xi,Xj) =0, 1n other cases.

Case k = 2. The set of generators is of dimension 7’2%5” ifn=2p+1 and ng if
n = 2p. The number of independent relations concerning these parameters is greater than
the dimension of the set of generators as soon as n > 6. For n = 5, the dimension is equal
to 2, and for n = 6, this dimension is 0. We deduce that dim H = 0 when n > 7.

Remark 4.8 (deformations of the enveloping algebra of a rigid Lie algebra). Let g be a
finite dimensional complex Lie algebra. We denote by U(g) its enveloping algebra. One of
the most important problems in this time is to look at the deformations of the associative
algebra U(g). The theory of quantum groups comes from the deformation of ¢(sl(2)). In this
case, g = sl(2) is a rigid Lie algebra, and U(sl(2)) is a rigid associative algebra. Thus, we
have to look upon what happens for any rigid Lie algebra. The aim of this section is to study
the deformations of U(g) when g is the rigid Lie algebras studied in the previous section.

We denote by S(g) the symmetric algebra on the vector space g. This associative com-
mutative algebra is interpreted as the algebra of polynomials on the dual vector space g*
of g that is Clay,...,a,] where {aq,...,a,} is a basis of g*. But the Lie structure of g
induces a linear Poisson structure (or of degree 1), P, on g*. In fact, if {Xy,...,X,,} is
the (dual) basis of g, this Poisson structure corresponds to the Poisson structure of degree
1 on C[Xjy,...,X,] associated to g. From the formality theorem of Kontsevich, U(g) is a
deformation of the Poisson algebra (C[X7, ..., X,],P). In his thesis, Toukaidine Petit ([10])
shows that every nontrivial deformation of the Poisson structure P on C[ X1, ..., X,] induces
a nontrivial deformation of the associative algebra U(g). As a consequence, we have that if
g is a nonrigid Lie algebra, then there is a nontrivial deformation of U(g).

If we consider the rigid Lie algebra g,11 studied in the previous section, we have de-
terminate a nontrivial cocycle of degree one for the corresponding Poisson algebra which is
not integrable. Thus, we cannot define a deformation of its enveloping algebra. But the Lie
algebra g,+1 admit a deformation in the following nonLie algebra which is written as follows:

,u(Xl,XZ) =Xit1, t=2,...,n—1,
(X2, X3) = Xs,

,u(Xg,Xi) =0B-9)Xoyi, 1=4,....,n—2,
(X3, X)) = Xapi, i=4,...,n—3
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