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Abstract

value of the first meeting time and find it.

In this paper we describe the quasi-coordinated search problem for a lost located target on one of n-disjoint lines
in which any information of the target position is not available to the searchers all the time. Every two searchers on
each line cooperate together to find the location of the lost target as soon as possible where the motion of every
two searchers on each line are independent for the motion of the other searchers on another lines. The purpose
of this paper is to formulate a search problem and find the expected value of the first meeting time between one of
the searchers and the target. Also, we show the existence of the optimal search plan which minimizes the expected
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Introduction

Search problems are still largely of the same form as in 1942: a
single target is lost and the problem is to find it efficiently [1]. Generally,
the searching for a lost target either located or moved is often a time-
critical issue that is when the target is very important. The prime focus
is to find and search for the cast ways in the smallest possible amount
of time [2]. The problem considered in this paper: the searchers
coordinate their search for a stationary target with the objective of
minimizing [3] the expected time until one searchers (one of them)
detects the target. The meeting point (origin point) is the point where
the searchers check back after each period of searching to find out if the
other searcher has already located the target. Some problems of search
may impose using more than one searcher such as [4]: when we search
for a valuable target (e.g., the two parents searching for a lost child.
The child is equally likely to be anywhere on one of n-disjoint roads),
or search for a serious target (e.g., a car filled with explosives in one of
n-disjoint roads) or search for any enemy or a mine on a battlefront
whose extension may approximated by a straight line, or searching
for a bomb in known region or a life raft on the ocean. This kind of
search problems has recently various applications such as: the search
for missing boats, lost persons on roads, petroleum or gas reservoirs
underground [5] and so on. We aim to minimize the expected value
of the first meeting time between one of the searchers and the target.

In the present paper we take the search region to be the real
lines, with the origin point as the starting and meeting point of the
searchers [6]. We consider target distributions that are symmetric and
unsymmetric about zero, so that we may assume that one searcher
always searches to the right, and the other to the left [7]. They return
to zero after searching successively larger common distances, until the
object is found. The problem is to find the expected the expected value
of the first meeting time between one of the searchers and the target.
There is obviously some similarity between this problem and the well-
known Linear Search Problem which has been studied extensively [8]
and also Abd-Elmoneim and Hamdy [8]. In that problem every two
searchers and start together looking for the target from the origin of
the line Lj, j=1,2,...,n. The target is located according to symmetric
or unsymmetric distribution on every line, our aim is to minimize
the expected value of some function of the time taken to find a target
according to a known distribution on the line [2-4]. An optimizing
searcher [9] goes to successively increasing distances in alternating
directions until the target is found. In our problem, the searchers could

stay together and follow the optimal solution of the Linear Search
Problem [10].

On the other hand, when the target is located on the real line
according to a known probability distribution. Every two searchers on
each line start from the origin to find the target

in minimal expected time, we assume that the speed of each
searchers equal one. The target can be detected only if the searcher
reaches the target. In an earlier work, this problem has been studied
extensively in many variations [11-17]. The coordinated search problem
on an interval when the distribution of the lost target is known, and
unsymmetric about zero has been studied [18]. Also, the coordinated
search problem for a randomly located target on one of two lines and
the target having a certain symmetric distribution around the origin
has been studied [19]. Recently, this technique has been illustrated in
the plane when the target has symmetric or unsymmetric distribution
[20,21]. There is obviously some similarity between this problem and
the well-known linear search problem.

This paper is organized as follows. In this paper we formulate the
problem. The search plan and expected value of the first meeting time
between one of the searchers and the target on a line, we will introduce
two parts: the aim of the first part is to study the coordinated search
problem for a located target on one of n-disjoint lines which has [22]
symmetric distribution, while in the second part we also study the
same problem which has unsymmetric distribution, we will calculate
the expected value of the time of finding the target and existence of an
optimal search path. Also we referred to a special cases when n=1 and
n=2. Finally, the paper concludes with a discussion of the results and
directions for future research [23].

Problem Formulation

The problem under study can be formally described as follows: We
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have two searchers S, | and S, j=1,2,.n, start the searching process
from the origin of the line Lj, j=1,2,...,n, respectively, as in Figure
1. Each searchers S, | and S, of them return to zero after searching
successively common drstances The two searchers S,  and S, would
conduct his search in the following manner: Start together looklng
for the target from the origin O. of the line Lj, j=1,2,...,n. The searcher
S, searches to the( right) of O, and go to a,, and another searcher S,

searches to the (left) of the starting point O, and go to b,, then turn
back to the origin point O, and tell them if they detect the target or not.
Retrace the steps again to the origin point O, to the (right) and the (left)
and go to a, and respectively, then turn back to the origin O, and so on
until one of them detects the target. The target is located according to
symmetric or unsymmetric distribution on every line L.. The searcher
S, searches with speeds go to the (right) and the searcher S, searches

2j-1
with speeds V, go to the (left), where V=V =...=V =1.

Either two searchers S,  and S, detect the target on the line Lj.

On Lj, j=1,2,...,n the searchers Szjr1 and S2j follow the search paths
{a,i=0} and {b ,i20} respectively to search the target. The search path a
of the S, are completely defined by a sequence {a,i>0} and the search
path b, of the S, are completely defined by a sequence{b ,i>0} where i is
a nonnegatlve 1nteger Let the search plan on line L be represented by
D, { a..b. }q) , where @ is the set of all search plans.

Ji? i
Figure 1 gives an illustration of the search plan which the
2n-searchers S, and S,,j=1,2,.n follow it. Moreover, it is to be noted
that is the set of search plans available to S, and S, is the set Qe o,
where @ is the set of all search plans such that:

¢={{a,b}} :...b,<b,<b, <O=b =a,=0<a <a,<a <.}

) oy

Where,

c, = hmb
i—0 J

And
d]. = lijgaﬁ,Vi >0,j=12,...,n

The search plan of the searchers for n- lines represented by
O= (D,D,,...D,)e @ - The first meeting time between one of

the searchers and the target on a line is a random variable. There is
a known probability measure y=y +y,+....+y, on [c,d JU[C.d ]JU...
U[C,.d,] which describes the position of the target, where y,j=1,2,....n
are the probability measure induced by the position of the target on

[C,d] and Z;yj(cj,dj)=1
=

The searchers S, | and S, return to the origin point after searching
successively common distances until one of searchers detects the target.
Our aim is to calculate the first meeting time between one of searchers
and the lost target. Also, we wish to find the optimal search plan which
minimizes the expected value of the time.

We shall study the coordinated search problem when the target
is randomly located on one of n disjoint lines. We will introduce two
cases : the aim of the first case is to study the distribution of the lost
target is symmetric around the origin point on every line of n disjoint
lines, while the second case we also study the distribution of the lost
target which has unsymmetrical about the origin point.

In this problem, let Dzj_l(or Dzj), j=1,2,...,,n be the distances for the
searchers Szj_l(Szj)), respectively, to return to the origin(if V=V ,=...
vV =1), Dzj_l(or DZJ.) represent the time, and let D(¢) be the time for the

searchers to return to the origins after one of them the target.

We assume that the probability of the position of the target at each
point in [c,d] can be calculated from a given distribution function F,
(xj)with a density function £ (Xj) which is symmetric or unsymmetric
about the origin of the line Lj.

Case (1): Symmetric coordinated search for a randomly
located target on the one of n- disjoint lines

In this case we consider the searchers S, | and S, j=1,2,...,n start
together looking for the target from the origin point O, of the line Lj
and the position of the lost target has a know symmetric distribution
on every line Lj, where the symmetric distribution of the target on L,
differs from symmetric distribution of the target on and so on for other
lines because the lost target has difference symmetric distributions on
all lines, every two searchers S, | and S, start together looking for the

SZJ SZJ71

bi,,,

... by by ap =by ay aa
-+ byap bysyr @0 =bo=0 agay 04102+

Figure 1: The search plan ¢ =(¢,,4,,....

.0,) of the searchers S, , and S, j=1,2,...n.
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lost target from the origin O, on the line Lj, they continuously a long in
both directions of the starting point O, on the line Lj. The searcher S, |
searches to the right of O, and goes to a, the searcher S, searches to the
left of the starting point O] and goes to b, , then the searcher S, | and
§,; return to the origin point O; and tell them if they detect the target
or not, in the same time. they start again from the origin point to the
right and the left and they return to the origin point O, and so on until
one of them detects the target. The two searchers S, and S, on the
line Lj move with the same distances according to the probability of
the position of the target, i.e., a, = |b/l|’(b = _a/l_) where a, refers

to the distance which the searcher S, , far from the origin of Lj at the
beginning of the search, and b, refers to the distance which the searcher
S, far from the origin of Lj at the beginning of the search.

In the following theorem we assume that D, =D, according to the
symmetric distribution of the lost target on the line Lj.

Theorem 1

The expected value of the time for the searchers to return the
origins for all lines, until one of them has detects a target is given by:

E(ED(‘D)]:‘@;% [7/’(‘11"“’1)_}71(“1(#1))} (1)
E0(@)]=43 3010 )-F o)) @
Proo A

If the target is detected on the line Lj w:

D, = 2T l1+2|b |=2a, +2a,
If the target lies in [O,ajl], then ~
and so on,
If the target lies in [bjl,O], then Dzj_1= 2aj1.
If the target lies in[bjz,bjl],then D2j71:2aj1+2aj2,
and so on.

Hence, we can calculate E[D(¢)]as follows,
E[D(dh)]=/Zi;2aﬂ[0,aﬂ)+7j(bﬂ,0)
+(2aﬂ+2a/z)[}/ (a,.a,)+7,(b,.b, )}
+(2a, +2a,,+2a,, )] 7, ( a/z,% +7,(bsbys) |+
=2a,7,(c;,d)+2a,, (7, (¢, d,)=7,0,.2,) ]
+2a,[7,(c,,d)=7,(b0a, )] .....

3 {7}(0,11/1)4—;//( 1), )+;/j( Jz,a3)+..l

=> {2a
-’Z‘ : +7/(h/l’0)+7/(b12’b/|)+71(b/3’b ) """

+2a/2 |:7/ (a/l’a/2)+7/ (aJZ’

ay)+
+7/ (bﬂ’b/l)+y/ (bﬂ’b )

+2a/3|:7/1(aﬂ’a‘)+7/( /3’a/4) :|

+y/ (b/3’b/2)+7/ ( 14’

»)
|: r( ) ( i /1)
d)-

zaﬂ[%( }//( j20 4
:Zilznl:a/[ ; -7 b/ ﬂ

(
—ZZZ”“[;Q Fj(aj +Fyby)|
(

:i{2a/1y/(c d, )+2a/

=1

o). ﬂ}

i=1 j=l

_2220/[ IACE / FJ

i=l j=1

a, +F(a )}

variable x. vxlfith a density function fj(xj) and if @ = (q)l,d)

From the properties of the symmetric distribution, we can say that
its cumulative distribution function satisfies

yj(cj,dj)—Fj(x):Fj(—x),XZO
Then

E[D(®)]= 4iiajl[}//.(c/.,d/.)—F/.(aj(H)]

i=l =1

By similar way we can prove equation (2).

Special cases

Case 1: if n=1 from (1) we have:

E[D(®)]=4)a,(-F(a,,))
i=1

Case 2

If the target is located according to a known symmetric distribution
on one of two disjoint lines L, and L, where the distribution of the lost
target is the same on lines L, and L, we can get:

E[D(0)]= 42 a, |:y, (cd)) = F (@ )+ 42 [ 7,(¢0d,) = Fyay ]}
We obtain the same results see [ 19 ].

Definition
Ifo=(0,0,..0)cd
E[D(®)]=inf {E[ D(®):0 D]}
Where @ is the set of all search plan.
Theorem 2

Let F(x) be the distribution function of a continuous random

2o ®,) € @
is an optimal search plan, then:

_;/l(c/.,d/.)—F

j (a/(f*')) i=1,2,..

i (3)
a, = j=L2,..,.n
(i+1) .
' (@)
And
c.,d F.\b,.
by = ( ) /(240) i=12 j=12m 4
7, (by)
Proof
From (1) we have:
E[D(¢)]:4ZZE,, [7(cpd)=F (a)]
:42 {a, |:y, ¢ d)—F( » ”)}m [y (csnd. 7F( " ”}}m [n (ends)]- A (ay.)
[ycd ]+a [yrd) ]+a (7 ()= F(an)]+
7[}/ (er,ds) ]+a [ ]+a [y ) F(aﬁ)]+...+a;,[yl(c;,d;)fﬁ(U)]

+ﬂu[yx(cx-dx)*l'k(an)]ﬂ [7; e5.ds) = Fy(ay ]+

Hence, we can get the following:

OE(D(®))

oa,) :4{71(01"11)_

E (0)—312 f(o)_alz f(all)} =0
Which leads to

7 (Cl’dl)_F; (O)Zalzfl (all)
. fl(all)

Also,
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8E(D(CD)) Hence
Oa, =4 (de])—F](a”)—awf](alz)}—() ?’f(c/’d/)_F/(O)>Vf(c/’d/)_F/(aﬂ)> ..... >7,(cj,dj)—F,(aj(i,l))
7 (cl’dl ) -K (a” ) =a,f (aIZ) N 4 @iy
Thus;
due to
a. = g (cl’dl ) B E (an) Fl(ajl)>f1(a)‘3)>’"'>f;(aj(i+1))’
B Therefore:

fila,)

And so on, we can get

_ N (cj’dj ) - F/ (a.f(i*‘))
J(i+1) f, ( aﬁ)

By similar way we can prove equation (4).

i=1,2,.. j=12.m

a

Theorem 3

If = (0,,0,,..9,) e @ is an optimal search plan, then:
Fla)<sila)  ¥2Lj=120m )
And

Li(buw)<fi(by)  Vi21j=12,n ©)
Proof

We obtain from (3) and further from the definition of the search

7, (Cf’d/)_}(wf<a’("’l))'i23

aj(i+l)

/i (“ﬁ) =
Thus, on the line L, we can get:

e (cladl ) -k (al(i—l))

fila,;)= ;023

]( l) Aiv)

f/(a12)=7I(C]’dl)_E(all);j=1,i=2
a3

And

fj(a”) yl(c]’dl)_Fl(O),J=l,i=l
a;)

But

y,(c,d))-F,(0)>y,(c,d))-F (a,)>.. ..>yl(cl,dl)—Fl(al(i_l));iZ?)

anda <a <..<ag

Hence:

e (Cl’dl)_E(o) S 7 (Cl’dl)_E(all) S 7 (C"d‘)_F( ( '))
a, aj; A1)

Thus,

F/(a,)>f(a,)>...>f/(a,)i>3 and j=1,2,...n

By the same steps, we get the following at the line Lj;
(a,)>f,(a,)>....>f,(a,)i=3,and j=1,2,...n

By the same steps, we get the following at the line L;

yj(cj,dj)-Fj(0)>yj(cj,dj)-Fj(aj1) >, (c d) F(a](l 1>) i>3

Silam)< s (a)

By similar way we can prove equation (6).

Vv, 21,j=12,..n

Theorem 4

IfX; the position of the target on the line L, which have the uniform

distribution with the probability density function:

1 .
fj(xj)zi;—kjéxjﬁkj j=L12,..n
J
Then
E[D(¢)]=2k;

Proof

The searchers S, | and S, start together from the origin of the line L.

Let qajr:(q)]y,q)zV,....’q) )E¢ be a search plans and E[D(¢ )],y 1,2,3, ]

ny

J=1,2,...n.

1. suppose that (l)], , consists of the points {—kj,O,kj}
If 0<xjskj, then Dz;:2k;

If -kj£xj<0, thenDZj_I:Zkj

Hence, the expectation can be obtained as follows:

E[D(CI)/.,)] U 2kdx+j 2k dx = 2k)

2. Suppose that ¢, consists of the points {-k;-a,,0a, .k}
If 0O<x<a_Then D =2a ,
T 2j jt
Ifa <x<k then D_=2a +2k
it 2j i1 j
If -a <x<0,then D =2a
jl j 2j-1 jl

If -k<x<-a_,thenD.  =2a +2k
T j1 2j-1 jl j

Hence, the expectation can be obtained as follows:

E[D(cb/z)]

3. Suppose that ¢,, consists of the points {-k;-a ,-a ,0,a .2k}

151227

U "2a/1dx+J (2a, +zk,)dx)=

If 0<x<a_Then D =2a_,
Tt 2j i1
If aj1<ijaj2, then Dzj:Zaﬂ+2aj2
If a_z<x,£k_ then DZ.:Za.1+2a.2+2k.
]
If —aj, <x<0 thenD =2a "
If—ajZij<—ajl, then DZJ.J:Zajl
If -k<x<-a_then D =2a +2a_+2k
I 2 2j-1 j1 j2 j.

Hence, the expectation can be obtained as follows
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a; k; k;
700 2a,,dx + j (2a,+2a,))dx + j (2a, +2a, + 2k/)dx)
, :

E[D((Dﬂ )] = 25(

9
=2k +2a, | 32

Hence, the optimal search plans are ¢, or ¢ for any 0<a; <k.
Note that-

If kal then we obtain the same results of Diana [22].
Example 1

Let (n=2), then we have two disjoint lines L, and L, and four
searchersS , S .S, and S, each of them start together from the origin.

If X, the position of the target on the line, which has the uniform
distribution with the probability density function

f,(xl)zé;—6£xlﬁ6 where ¢;=-3 and d,=3

And X, the position of the target on the line L,, which has the
uniform distribution with the probability density function
fr(x)=<;-40<x,<4 -2 and d,=2

We have the following search plans ¢ =(¢, .0, )ed, and
E[D(¢)liy=123.

1. suppose that ¢, consists of the points {-3,0,3} and ¢,, consists
of the points {-2,0,2}

where ¢, =

If 0<x,<3, then D,=6

If -3<x,<0, then D =6
If 0<x,22, then D=4

If -2<x,<0 then D,=4

Hence, the expectation can be obtained as follows

E[D(®)]= UO S+ ﬁ%dx] j + 4(]{?%@ + J:%dxzj =5
2. suppose that ¢,, consists of the points{-3,-2,0,2,3}and ¢,,

consists of the points {-2,-1,0,1,2}

If 0<x,<2, then D,=4
If 2< x <3, then D =10
If -22x,<0, then D=4
If -3<x <-2 then D,=10
If 0<x,<1, then D=2
If 1<x,<2, then D=6
If -1<x,<0, then D=2
If -25x,<-1, then D,=6

Hence, the expectation can be obtained as follows:
E[D(®)] =4[

+2_[0§dx2 +6j] g +2L§dx2 +6j:2§dx2 =5

dxl+10I —dx +4j —dxl+10f —dxl

3. suppose that cl)13 consists of the points {-3,-2,-1,0,1,2,3}and cl)23
consists of the points {-2,-1,-0.5,0,0.5,1,2}

If 0<x <1, then D,=2,

Page 5 of 7
If 1<x,<2, then D,=6,
If 2<x,<3, then D,=12
If -1<x,<0, then D=2
If -25x,<-1, then D=6
If -3<x,<-2, then D=12
If 0<x,20.5, then D=1,
If 0.5<x,<1, then D=3
If 1<x,<2, then D =7
If-0.5<x,<0  then D =1
If-1<x,<-0.5, then D,=3
If -2<x,<-1 then D,=7

Hence, the expectation can be obtained as follows
1 1
E[D(®)]=2 j —

+6j —dx +12j —d +2j

j —dx, + 12j L +2 :%dxl

dx2+3j x, =5

+ 7I2 3% +J g +3f %x7 + 7j =6.08333333

Hence, the optimal search plans are ¢, or ¢,,.
Case (2)

Un-symmetric coordinated search for a randomly located target on
the one of n disjoint lines.

This case concerned with the coordinated search that is the position
of the lost target has an un-symmetric distribution, it means that each
searchers S,  and S, of them starts looking for the target from the origin
onlL. They move w1th different distances according to the probability
of the position of the lost target on the line L. The target is the same
randomly located according to a known un- symmetrlc distribution
on all lines with different distances. It means that the distance which
the searchers S, | of the all line are equal, and the distance which the
searchers S, of the all line are equal.

We assume that the time which the searcher S, | equal to D,
and the time which the searcher S, equal to D, on the line L.In the
following theorem, we assume each case when D, <D, or D >D,
according to the un-symmetric distribution of the lost target

Theorem 5

The expected value of the time for the searchers to return to the
origins, until one of them has found a target is given by:

a;; |:1_71 (b/(ifl)’aj(ifl)) 22 z{b/'[ - J’( -8 il))}}:|’i’j21

Proof

1.IfD, >D, in this case we use the greater time D, as the time of
finding the target in the following we find:

If the target lies in [O,aﬂ], then D2j71:2a

jl

If the target lies in [ajl,ajz],then D2171:2[ail+aj2]
If the target lies in [ajz,aﬁ],then,Dzj_1=2[aj1+aj2+aj3]

and so on.
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If the target lies in [bjl,O] then D2j71:2aj1.
If the target lies in [bjz,bjl] then Dzj_1=2[aj1+aj2]
If the target lies in [bj3,bj2] then Dzjrl:Z[ajl+aj2+aj3]
and so on.

2.1 D,>D, , in this case we use the greater time D, as the time of
finding the target in the following we find :
If the target lies in [O,ajl], then D2j>D2j71:-2bﬂ.

=—2[bj1+bjz]
[bj1+bjz+b,-3]

If the target lies in [a. =) ],then D, .>D 5
If the target lies in[a a.a, ], then D, >D
and so on.

If the target lies in [b,,0],then D,>D, =-2b,
If the target lies in [bjz’bjll’ then D2j>D2j—1:-2[bj1+bj2]
If the target lies in [bjz,bj3],then Dzj>D2j,1=‘2[b,»1+bj2+bj3]
and so on.

According to our assumption that the position of the target has an
un-symmetric distribution. Hence,

[ KD)] Z{Zally(() aj,)+2[a],+a :'}/ ( a,, ]2)}

+2[a],+a,.2+aﬂ];/,( a, ﬂ)+ .

+2a,7,(b,. 0) +20a,+a,1y,(b,.0,)

'j229j1

+20a,+a,,+a,1y, (by.b, )+

j327j2

721’/171(061 )7 [ +b/2]7/(11 JZ)
2|:brl+b72+b/‘:|}//( J 13) """
=2b,7,(b;.0)=2[b, +b,, 7, (b0.b),)

=2[[by +byy 4y |7, (Byssby ) = ond

Z{ /( /l)+7/( s ;z)+}’,( 2 ,3)+....\

B s
T (000)+ 7, (Brasby )+ 7, (bysobya) +
+2a;zr//( Jr /2)+7//( ajas ,3)+ }

*7; (bﬂ bll)+ 7 (b/3 bJZ

+2a‘,3|:71(/ 13)+}/J 4j3s /4 }

+y/(bj3 b}z +7/ » /3
o {7 (0.a,)+7, (apa)+7,(a }
7,(8,:0)+7, (b1 b”)+yl(b, bﬂ)
—2b]{ 7 (@) + 7 (anas)+ }
(Bab, )47, (bsbyy )+
—2b, {}’/(a/_z,aﬁ)+% (a.maﬂ)f..
Py (B005,0) 47, (Brashya) +o
s 22,428, [1-7, (b0, ) [+ 22, [1-7, (b2 ) ]+

~20,-2b,[1-7, (ba,) -2, [1-7, (b0a,.) |- |

= 2]2::[2;:{3]‘ |:1 =7 (b/(lfl)’ a/(lfl)):|} - zgg{bﬂ |:1 7 (b/("*l)’a/'("")\):|}

J

Special cases
Case 1

Ifthe targetislocated on oneline and has un-symmetric distribution
around a =b =0 in relation ( 7 ) we find :

o

(b(i—l)’ iy ):| - 22 1b, (1 - 7(17({71)’ Ay ))}

i=l

E[D(®)] =Z":al. [1-7
Case 2 !

If the target is located according to an un symmetric distribution on
one of two disjoint lines L and L, we have four searchers start together
from the origin then we can get :

E[D(® ]Z[

Theorem 6

( i-1)> A1) ):| =7 (b(i—l)7a(i—l))

Let F(xj)be the distribution function of a continuous random
variable X, with a density function fj(xj) and if

D= (G)I ,D,, ..CD,,) e Disan optimal search plan, then

=7 (B ) )
9y = D)

fila;)

_1 —Y; (bj(i—l)ﬂ ) )_

b, = +a,. )
J(i+1) —f. (b ) J(i+1)

Proof AN

From (7) we have:
] Za [ ( ity i 1})+2aj3J[17}/j}(bj2,aiz)+...72bjl
72ij[ 75 (bsan) | =26, [1-7, (b2, ) ]

={2a,+2a,[1-7/(by.a,) | +2a,,[1-7, (by.a,) | +....}
+{2ay+ 28, [ 1=7, (byy.ay ) |+ 28, [1=7, (Brr ) |+ ..}
+ {2+ 2a, [ 1= 73 (b a )+ 205 [1- 7, (bh ) |+
=2b,,=2b,[1-7,(b.a,) |- 2b5[ 1= 7, (By.a,) |-}
—2b2,—2b22[1—72 [by.ay ] =26, [1-7, bzz,azz)ﬂ—...}
—2by, = 2b, [ 17, (by.ay,) | =2 [1= 74 (b, ) | =}

E[D(®

Then

OE(D(®)) _
Oay, -
Which leads to

_2a12f1 (a11)+2b11f1 (a11)= 0

OE(D(®))

=|:1_71 (bman ):I_zalsfl (a12)+2b|3f1 (alz)z 0

due to

|:1 N (bll’all )]
S (alz)

similarly, then

OE(D(®))

Oa,,

a; =

+by,

= [1_71 (bIZ’aIZ )] _2a|4f1 (a|3)+ 2b]4ﬁ (al3) =0

due to
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|:1 - (bj(i—l)’a/(i’l) ):|

7 (aﬁ)

ay =

by similar way we can prove (9).
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