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Abstract

can be easily obtained.

In this paper a sharp upper bound of second Hankel determinant ‘%04 *agz‘ for the functions belonging to
the class M, (4, B) of alpha convex functions is established. The class of alpha convex functions is an extended
version of the classes of starlike functions and convex functions. By giving the particular values to alpha, it is easy
to obtain the results of starlike and convex functions. The class discussed in this paper is an extended version of
the class of alpha convex functions. By giving the particular values to A and B, the result of alpha convex functions
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Introduction

Let A be the class of analytic functions of the form

f(z):Z+Zakzk (1.1)

in the unit disc £ = {Z : |Z| < 1} .
By S we denote the class of functions f(z)e 4 and univalent in E.
Let U be the class of Schwarzian functions
w(z)= Z d.z"'

k=1

which are analytic in the unit disc £ = {z :|z| < 1} and satisfying the
conditions w(0) =0 and [w(z) <1.

Let f and g be two analytic functions in E. Then f is said to be
subordinate to g (symbolically f < g) if there exists a Schwarz
functionw(z)e U, such that f(z)= g(w(z)).

M, (4,B) denote the subclass of functions f(z)e 4 and
satisfying the condition

zf'(z)+az’ f"(z) _1+Az
(1-a)f(z)+azf'(z) 1+Bz

The class »(4,B) is the subclass of alpha-convex functions. The
following observations are obvious:

M, (1,—1) = M(a), the class studied by Singh [1].

,—1<B<A<1,05a<l,ze€E.

M, (1,—1) = S", the class of starlike functions.
M, (1,-1)= K , the class of convex functions.
M, (4,B)=S"(4,B), the subclass of starlike functions studied by

Goel et al. [2].

M, (4,B) = K(4, B), the subclass of convex functions studied by
Goel et al. [2].

For the complex sequence a,,a,.,,4,,, ..., the Hankel matrix,
named after Herman Hankel (1839-1873), is the infinite matrix whose

n+l>

(i,j)" entry @; is defined by

Ay =piivjo (

i,j,;neN).

The g™ Hankel matrix (g € N \ {1} ) is by definition, the following g
X q square sub matrix:

an an+1 an+q71
an+1
an+q—1 an+2q—2

We observe that the Hankel matrix has constant positive slopping
diagonals whose entries also satisfy:
a,=a,_ ., (ieN\{1};jeN).
This also describes the Hankel matrix without reference to a
particular sequence. The determinant of the g Hankel matrix, usually
denoted by

an an+l an+q—l
a
n+l
H,(n)= :
an+q—l an+2q—2

is called the q* Hankel determinant. In the particular cases

g=2,n=la =land g=2,n=2,
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the Hankel determinant simplifies respectively to
H,(1)= ‘aS —aj‘ and H,(2)= ‘a2a4 - a?‘.

We refer to H,(2) as the second Hankel determinant. In 1976,

Noonan et al., [3] stated the qth Hankel determinant of S/ (Z) for g > 1
and n > 1. After that Janteng et al. [4-6] Mehrok et al. [7], Singh [1,8]
and many others have obtained sharp upper bounds of H, (2) for the
classes of starlike functions, convex functions, alpha convex functions,
starlike functions with respect to symmetric points, convex functions
with respect to symmetric points etc.

For our discussion in this paper, we consider the second Hankel
determinant and obtain an upper bound to the functional H, (2) for
functions in the class M, (4,B). Results due to Singh [1], Janteng et al.
[5] and Singh and Singh [9] follows as special cases.

Preliminary Results

Let P be the family of all functions p analytic in E for which
Re(p(z))>0and

p(z)=l+plz+pzz2 +...
for ;e E.
Lemma 2.1.[9] If 7 € P, then |p,| < 2(k =123,...).
Lemma 2.2.[5,6] If p € P, then
2p, = pi+(4-pih.
apy=pi +2p,a-pi Je—p 4= p2 ) +20a- pi -1 .

<1 and p, €[0.2].

for some x and z satisfying ‘x‘ <1z

Main Result
Theorem 3.11If f € M (4, B), then

|a,a, —a2| < (A=B) {(Q(a))z +48(1+a)(1+3a)}, (3.1)

T192(1+a)(1+2a) (1+3a)| 4P(a)

where

P(n)zf‘{fz(lérza)z+3(l+a)(l+3a)}A'+{7IZ(1+2n)l+12(l+a)(]+3a)}8‘+{712(1+u)(l+3n)+10(l+2(z)1}AB‘

(3.2)

+‘{6(1+2a}l—6(1+a)(1+3a)}A+{—14(1+2a)‘ +12(1+a)(1+3a)}5‘+{4(1+2(1)2 -3(1+a)(1+3a)}
and

Q(a)=4‘{6(1+2a)2—6(1+a)(1+3a)}A+{—14(1+2a)2+12(1+a)(1+3a)}3‘ (33)
+4{—3(1+a)(1+3a)+4(1+2a)2}—12(1+a)(1+3a).
Proof. If f(z)e M, (4,B), then there exists a Schwarz function
w(z) €U such that

2f'(z)+ ez f"(2)
(-a)fG)rear (z) ~ 90D

(3.4)
where
(z)= i:‘gz ~1+(A-B)z—B(A—B)z*+B*(A—B)z*+...
=1+Bz+B,z> + Bz’ +... (3.5

Define the function p, (z) by

pl( )_ 1+w(z)

7)==

1- w(z)

Since W(z) is a Schwarz function, we see that Re( P, (Z)) >0 and
p,(0) =1. Define the function /(z) by

_ S)ra’ ()
M) el e aar )

In view of the equations (3.4), (3.6) and (3.7), we have

=l+cz+c,z" +¢,2° +... (3.6)

=1+bz+byz” +bz’ +... (3.7)

Cz+Cyz +eyz + J

_ pl(z)_l _
h(Z)_ ¢(p1(2)+1J - ¢[2+Clz+6222 +eyz +

2 3
= ¢[;C1Z+;[Cz —CZIJZZ +;[c3 —C\C, +c‘1j23 +J

Thus,
b = Bie, ;b, B c, _a|y Byc, and
2 2 2
B c? B,c c? B}
b _ 71 — +71 +A _ +#.
3 P (C:s €16y 4J P (Cz D) ] 3 (3.8)

Using (3.5) and (3.7) in (3.8), we obtain

_(A-B)q
%= 2(1+a)’
A-B ,

zzﬁ[Zchr(AfZBfl)c‘], - (3.9)
a,= 42312)[&3 +(6A-14B-8)c.c, +(A*+6B ~5AB-34+7B+2)c |
(3.9) yields,
a,a, —a; = %{Lcl (4c3)+ Mc} (2c2 ) +Nc}! — R(4c§ )} (3.10)

o

where  C(a)=192(1 + )1 +2a ) (1+3a),

L=4(1+2a),
M:{s(1+2a)z—6(1+¢z)(1+3¢z)}A+[12(1+rx)(1+3{1)—14(1+2;1)1]B+[6(1+a)(1+3(1)—8(1+2{1)1}
N:{2(1+2a)1—3(1+a)(1+3a)}A1+[12(1+2¢Z)1—12(1+o{)(1+3a)JB:+|:12(1+a)(1+3a)—10(1+2a)1:|AB
+{—6(1+2a)l+6(1+a)(1+3a)}A+|:l4(l+2a)z—12(1+a)(1+3a)j|13+|:4(1+2a)1—3(1+a)(1+3a):|

and

R=3(1+3a)l+a)

Using Lemma 2.1 and Lemma 2.2 in (3.10), we obtain

[2(1+2a) =31+ a)(1+30) A4* + {12(1420) —12(1+ @)1+ 3} B |

+{12(1+a)(l+3a)—10(l+2a)2}AB

|a.a, ~al| = (ZE:))Z +R5(1+m)1 =6(1+a)(1+3a)} A+ {-14(1+20) +12(1+a)(1+3a)}BJc3x(4—cf) .
7[12(1+a)(1+3a)+{4(1+2a)2 —3(l+a)(l+3a)}cf}x2(4fcf)

-*-8(1-%—20:)Z c (4—6,2)(1 —MZ)Z

Assume that ¢, =¢ and ce [0,2], using triangular inequality and

‘Z‘ <1, we have
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{72(1+2a]1 +3(1+a)(1+3a)}A1 +{712(1+2a)1 +12(1+a)(1+3o()} Bl

+{—12(1+r1)(1+341)+10(l+2(1)Z}AB

<A B a4
oo < B (20 c(a-0)
+H6(1+2(1)2—6(1+a)(1+3(x)}/\+{—14(1+2a)2+12(l+a)(1+3a)}3

+[|:]2(1+a)(]+3a)+{4(1+2a)1 —3(]+a)(1+3a)}c2]78(1+2a)lc(4fc‘)}51

c(4-c)s

2
== =F(0). where 6= ‘x‘ <1and

{—2(1+20:)Z +3(1+a)(1+30:)}A2 +{—12(1+2o¢)Z +12(l+a)(1+30:)}32 3
F@)= +{—12(1+a)(1+3a)+10(1+2a)z}AB ¢

+8(1+2a)lL’(4—L’2)+H6(1+2a)2 —6(1+o()(l+3a)}A+{—l4(l+2a)2 +12(1+a)(1+3a)}3 c(a-c*)s

+[|:12(1+a)(1+3a)+{4(1+2a)1 —3(1+o¢)(1+3¢:z)}cl]—zs(1+2a)lc(zl—cl)}i2

is an increasing function. Therefore Max.F(5)=F(1)

Consequently

2
a,a, —a;

3

MBF Gy

C((x) (3.11)

where
Glc)=F(1).
So G(c)=-P(a)c*+Q(a)c +48(1+a)(1+3a),
where P(a) and Q(a ) are defined in (3.2) and (3.3) respectively.
Now G'(c)=-4P(a)’ +20(a)e
and G"(c)=-12P(a)c’ +2Q(a).
G'(c)=0 gives
cf-4P(a)e” +20(a)}=0.

G"(c) is negative at c= 22 =¢

So Max.G(c)=G(c")

Hence from (3.11), we obtain (3.1).

The result is sharp for ¢, =¢’, ¢, =¢{ -2 and ¢; =¢, (clz —3)

For A=1 and B=-1, Theorem 3.1 gives the following result due
to Singh [1].

Corollary 3.1.1 If f(z)e M(a), then
‘a a —az‘S;.
T v a)1+ 3a)

For ¢ =(), Theorem 3.1 gives the following result due to Singh et
al. [9].

Corollary 3.1.2 If f(z)eS*(4,B), then
(4-B)
YR

For o =1, Theorem 3.1 gives the following result due to Singh et
al. [9].

Corollary 3.1.3 If f € K(4,B), then

2
‘a2a4 —a; ‘ <

| i< (A-BY {16—A2 +2B”+ AB|—|A—5B|" —12|A-5B|-36
aa, — 43| = -

576 ‘—A2+2B2+AB‘—‘A—SB‘—2

Putting @ =0,4=1 and B=-1 in Theorem 3.1, we obtain the
following result due to Janteng et al. [5].

Corollary 3.1.4 If f(z)eS”, then

2
‘a2a4—a3‘ﬁl.

Putting @ =1,4=1 and B=-1 in Theorem 3.1, we obtain the
following result due to Janteng et al. [5].

Corollary 3.1.5 If f(z)e K, then

2
‘a a, —a ‘Sf.
2%4 3
8

Conclusion

The results obtained in this paper are very useful as many results
already proved by various authors can be easily obtained from these
results by giving particular values to A and B as shown in above
corollaries. Also these results can provide some new ideas to future
researchers for further study of this topic.
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