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Abstract

Symmetries of the canonical geodesic equations of indecomposable nilpotent Lie groups of dimension five are constructed. For each case, the associated system of geodesics
is provided. In addition, a basis for the associated Lie algebra of symmetries as well as the corresponding non-zero Lie brackets are listed and classified.
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Introduction

Any Lie group comes equipped with a natural linear torsion-free connection.
This connection was originally introduced in 1926 by Cartan and Schouten
[1]. A summary of the salient features of this connection may be found in [2].
Recently, two of the current authors have studied the Lie symmetry algebras of
the canonical geodesic equations for Lie groups in low dimensions. In [2] and
[3], we investigated the Lie symmetries of the canonical geodesic system of
indecomposable Lie groups in dimensions two, three, and four. Such a system
of ODE’s has also recently been encountered in the context of the inverse
problem of Lagrangian mechanics [4-6].

The aim of the present paper is to investigate the Lie symmetry properties
of the geodesic systems of five-dimensional indecomposable nilpotent Lie
groups whose associated Lie algebras are listed in [7]. It turns out that there
are six such Lie algebras that are mutually not isomorphic and furthermore,
unlike many of the low-dimensional solvable Lie algebras, are “atomic", in the
sense that they do belong to continuous families that depend on parameters.

The corresponding geodesic systems of equations for each of the nilpotent
Lie groups were constructed in [6]. Investigation of Lie symmetries in each of
these six cases is an extremely labor-intensive process, the details of which
would run to many pages if presented in full and in any case the calculations
are performed using MAPLE. As a consequence, we completely forgo the basic
computations and are content to render compactly the conclusions. In each of
these cases, we methodically provide the non-zero brackets of the original
Lie algebra, the associated system of geodesics, a basis for the associated
Lie algebra of symmetries and the corresponding non-vanishing Lie brackets.

It turns out that of the six nilpotent Lie algebras that are considered, two
have flat canonical connections. Indeed, in both cases we provide a change
of coordinates so that the geodesic equations describe the motion of a “free
particle". However, it is to be emphasized that such a change of coordinates
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is not compatible with the Lie algebra structure. Nonetheless, it follows that in
these two cases the Lie symmetry algebra must be s((7,RR) .

One final qualitative remark is in order. We observe that, roughly speaking,
the dimension of the Lie symmetry algebras of nilpotent Lie groups seems to
be larger than that of comparable solvable algebras. Indeed, we have already
observed that two cases lead to flat connections and so provide symmetry
algebras of maximal dimension. We believe that there may be two underlying
reasons that help to explain this phenomenon. First of all, the nilpotent
algebras, at least in dimension five do not depend on parameters. Secondly,
it appears as though the geodesic systems for nilpotent Lie algebras, always
contain several trivial geodesic equations, that is, where the right hand side is
zero. We believe that this circumstance deserves to be further investigated.

Free Particle Systems

In this Section, we shall review the Lie symmetries of a free particle
system, being the most extreme case of a flat connection. However, this case
of course transcends issues of any Lie group structure. The same results have
been rediscovered many times, but we shall refer to [8] as one source. The
geodesic equations will be written as

i =0, M
where (x) are a system of local coordinates on some manifold M. It will be
helpful to define the dilation vector field A on M by

A=tD+xD, @

where D, denotes the partial derivative operator with respect to x and there is a
sum over i from 1 to n, the latter being the dimension of M. Then the following
vector fields comprise a basis for the space of Lie symmetries of eqn. (1):

D, D,tD t,x’D[,tDi,xiDj,tA,xiA. (3)

Adding up, we obtain a space of dimension n*+4n+3=(n+2)>-1 and indeed
we obtain a representation of the simple Lie algebra si(n + 2,R) .

5-Dimensional Nilpotent Lie Algebras,
Geodesics, and Symmetry Algebras

A5’1 2[63,65] = el,[€4,€5] = @2.
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System of geodesic equations:

G =y,
i =i,
j}:o,
£=0,
W =0.

We make a change of variable to equations ¢ and X so the system can
be written as the free particle system. Thus,

1 RLN
q:q—gyw:w =0,
and

x=x—lzw:§=0.
2

Hence, the geodesic equations become

-
x=0,
y=0,
z=0,
w=0

The symmetry Lie algebrais s[(7,IR) as was explained in Section 2.
@ : [ez,es] = el,[e3,e5] = ez,[e4,es] =e

System of geodesic equations:

§ =,
i=w,
=2,
£=0,
W= 0.

Symmetry algebra basis and non-vanishing brackets are, respectively:

xD, +yD_+zD
_ _ _ _ _ _ _ 4 x y
e=D, el—th, 63—Dq, 64—Dy, e=D,e=D,e =Dw+—L—> 2,

2
es:th, egzqu, e,= WDq, e“:wD[, e1z:qu+sz> 613:tWDq+2th’
1
e, szqu +wD, > €,;=wzD +2zD,, e, ~(zw-2y)D,
1
e, =—wD, +=w'D, +wD,e=—w'D, +lw3Dr +lw2D, +wD,
4 ; Y 24 6 T2

—(yw—gzw )D, +(2y—zW)D,» €, = tD; €, qu +xD +yD +zD,
¢y = (W'D, +4w'D, +12wD, + 24D, ) e,, = %(20 +wD,),
=(wz—3wy+6wx—12q) (wz—2y)

€y q
.
w X W W
e =(——+ 4
24 2 6

lepe,]=e,lese ]=e +2¢,[e, 20] el,[ez,es]=-eg,[ez,es]=-e9,[e2,e8]=-e9,[ez,e“]

(2D +wD ),

€ [62’816]22612_615’[ €8y ]__e [e 2’621]262’[62’622]:262 le €€ ]__e

leye,sl=-¢€, [ese, ]=e,le,e,,]=2¢ e e, ]=-¢€,le,e,]=2e,
[64,67] = %) ,[84,812]263,[64,616]2-261,[64,619] :elo+285’[84’821]:e4’

e, e, _ e
[e‘,,en]:—g,[e“en]:f%, [64’624] € 4,[6 25]__617_266’[65’67]:53’

e
[es’ezl]:es’ [es>ezz]:%+zes [5,8 I= €y [65’624]:e10+es’ [65’625]2614’
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es.e, ]73 leqe]=eleqe]=e,leqe )= [e e ]=e +2e,[e.e ]=€,

lepe,sl=-e€ e, )€ e, e, ] =

|:66’625] 2618’ [67’610] :e3’[e7’ell] :el’

e _
777[e(,7e23] =e+ %’ [66’624]_el7+66’

e
e +—L,
2

€ €,
le;,e]=est =0 [e e ] =e+ = [e; 6] =
lee,,]=e,, [epe ]=¢ , [ee J=-€ .leqe,]=e, [epe, =€, [eye, ]=-€,
lepe,s]="¢€,
[69’618]:'810’ [69’922]:269’ [69 €y

[elo’ezz]:e

]:'289’ [69’625]:2812'2615’ [810’621]2610’

10°
[610’624] € [610’625]__2614’ [ell’els]zzew [en’ezolzen’ [611’622]:_611’
[612’617]=_610

[312,618]:—614, [e 12’622] 2812’ [els’els] 2619’ e 1%’620]:'813’ [e €36, 1= €
[613,622]22313,

lepe,)=2¢e, [e e l=e, [e e, l=¢,
[614’624]:el4>[615)618]:-2€14,

le,se,,]1=2¢

[614’622] :el4 [814’823] :el(]’

15 [815’623]:289’ [ 15’e25] 2619’ [ 15’817] 2611’ [ 15’e20] e

[616’821]:_616’
e 16’623] 26 [615’624] = e, e

617’[617’624]:'817’ [617’625]:-2618’

[617’619]:2614’ 17’ Zl] 617’ [617’622 =

|:618’621:| els’ |:618’622]__618’ [618’623] el7’ [618’624] elS’[ 19

2e ,-2e e, ]=2e,,|

e,]=2e [e

19 23]

15 e €y z%’ez4] '2623’ [619’625]:_ o [624’625]:_2625'

We observe thatthe symmetry algebrais a 25-dimensionalindecomposable
algebra which has a non-trivial Levi decomposition s((2, R)x (R* xR") . The
radical comprises a non-abelian nilradical spanned by e e,e,e,.€,€,e,.e,
4:,016111€11612,6,,,,5:6,0,€,,6,,,€,, and the complement to the nilradical is

1077117127713 1477157718 17 18’
abellan and spannedbye, e The sl(2,R) partis spannedbye, e

20€018 53:€€
ﬁ : [63,64] = ez,[e3,es] = el,[e4,es] =e;.

System of geodesic equations:

i =2z,
i=2jw,
3= 2w,
£=0,

W= 0.

Symmetry algebra basis and non-vanishing brackets are, respectively:
elth,ezzth,eaqu,e 4=th,e5=Dx,e7=DW,eS:zD[,eQ:qu,emzqu,el1=z

zD
= = — y = =-
elz—wa,ew—wD[, e,=yD, + > €, zWDX+sz,e1 . zqu+Dz,
2
wD_ wD, zw 2
=D L Y o = (y— w’D, wD,
e, 2 + 5 e =(y > )D,, ey == +T’em (y— S )D,,,
' aw? gw? w w?
[ +——————gw)D, + —+w‘c———2 D, + —ww)D, +(zw—2y)Dz.
Ry )D, +( > q9) ( yw)D, +( »)
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[622’623]:'2621’ [624,624]22625, [e24’626]:_2626’ [625’626]2624'

= (y— ”)Dy,ezo gD, +2xD, +yD, +wD,,
It is a 26-dimensional indecomposable Lie algebra with a non-trivial Levi

2
L, =D, —(yw—%)Dx—(y—T)Dy,ezz =twD, +1D,,e,; = (zw=2y)D,, decomposition. The semi-simple part has two copies of s/(2,R) spanned by
, R €,,,6,,8,, and e,,.e,..e,.. The solvable part comprises a 20-dimensional where
w=qD, = wD, —xD, +zD_e,; = zD, — z ;)q Wz D, + Oz —%)Dx, the non-abelian nllradlcal spanned by e,,6,,6,,6,,6,,6,,6,,6,,€4,6,1,€,,,€,,,€.,,€ ,
. , 18,5:616:€17,6,,2Nd abelian complement spanned by em,
w N
€ =(2J’W—2X—WZZ)D4 + 3 ~+ 2 +wD,. @ : [62,64] = ela[esaes] =&
lepe,]=e, e e ]=e, e e l=e e, e, =€, e, e, ]=e te[e,e]=-¢, System of geodesic equations:
_ _ _ i =i+ iz,
lepe]=-e,le, e ]l=-¢,[ee,]=3e,[e,e, 1=-¢,[e,e,]=2¢ [e,e,]=€,
. i=0,
[62,625] =——> [63’620] =3e, [63’624] =€y [63,625] ==, [64’68] =" B
2 $=0,
e lepe, =€, s-0,
lepe =€, leye,]=3e, [epe,]=-¢, [e,e,]=2e e, [eye,]= Ww=0.

lepe,l=-2e, L= .
eolepe,l=-2¢, Setting g =¢ —%( yw+xz)= g =0, the system becomes

lepe,]=3e, [ese,]=-e, leyel=2e, [ee l=e, [ee,l=e, =0,
leqe]=e te, $20,
le €850 ]=- 2elz’ [66’621]:"312_66’ [66’623]:_261’ [ea’ezs]:eu’ le €56 I= Ze =
[e,e,]=e, =
e €€, 1= €5 [67)613]:61’ [67’615]:611’ [67’615]:_610’ =0.
[e,.e,]=e,+ e—"’,[e7,e18] = —iz(’, The symmetry Lie algebrais s((7,R) .
leqe l=e e le.e ]=2e.-2¢ +e, [e.e ]=-¢, +e. [e.e,]=e, ﬁ{%a@]:en[ezaes]:eu[ewes]:ez
e e ;]=e, System of geodesic equations:
lese,]=-¢€, [e e, ]=2e +e +2¢ , [eye ]=-¢, [e,e ]=e, [e e, ]=-¢€, 4=xw+yz,
[e € 21] =€y X=yw,
[es’ezz]:els’ [68’624]:_68’ [68,626]2—613, le €550 1= 2e [69’624]: _269’ ¥=0,
[eq’ezs]:_elo_%s z=0,
[elo’elé]:_efl’ [610,620]=2€10, [610,825] = —ﬁ, [610,626]:—69, [en’ele]:_es’ w=0.
le,e]=2e,, ? Symmetry algebra basis and non-vanishing brackets are, respectively:
[611’624] € [eu’ 26] —2610—8, e 12’620] 2612’ e 12’625]:_611’ [elz’ 26] _269’ €1=Dy, ezth, 63:Dx’ e4zth, esqu’ eézDZ’ e7:Dw’ 38:WD,> egzpr e,
le,pe ]=e,, [epe, )=, [e e, ]=e, [ee,]=2e., [ee,l=e, =ZDq,e :qu, e =qu,

[el 3’625] =" eS’ szq yzD‘/ wyD, wyD, wy
o =D ey =T 0D e = 4D e = D 6, = (=D,

— e e [
[61_4,615] :—611’ [614,316]:_?6;[6149617]:_f,[elwelg]: ;’0 ? 7w(wz+32)Dq w'D, D - yzD, D w(wy —2x)D, Wy
[614,619]—-614+€15—-€11, ey s +—2 +wD, e, = ,+—2 +:zD. — +(x_7) N
D, ? D,
e, 06,,)=3e,,-2e . [e, o6, |=¢, € . [e, pe, | =-¢,: [e, ve, ] =-e,, [e, e, ] =€ —(mf%w)DﬁW}T‘waez, = (=T 20D, + WD, + 7
[814’826]_ €, 2e, [e 15’616]: €6 [e 15’618]2610’ [615’619]2615’ [615’620]2_615’ e =D, +% (x W)D 2o =200y = tyf” +1D,, 05 = qu +D,,
_ _ €, 2y —2xw )
[615’621]__615’ [615’623]__263’ [e 24] €5 [els’ 26] _2617’ [616’618] = _Eg > e, =(wy—2x)D,,e,, = wzqu +2zD, e = yZZD" +2zD, +M—(X— H;} )D,,
[616’619]:_617’ W
:(H—xy)D +(wy—-2x)D..
[els’ezo]:els+2617’ [616’621]:617’ [ €166 ] =€y [ €166 ] =€p [ema@zs]:(is*em’ ’ “ e e
: | . 2 [el,eg]:ez,[el,en]:e lepe J=e, tesle es]=e+ 2 2 [e,0,]= 21 ,[el,e”]:—f
el =
2 € é; &
€ [e],ew] - T [e,,ezo]fel 7’[31’92|]:7910 [elaeaz] [epeu] >
[617’619]_617’ [el7 20]=_617’ [617’623]=_el3’ [617’624]=617’ [617’625] = _7’ 2 2 e gz ’
le,pe]=-€p [€,08,,]=3€,0 lepe,]=es  [e,,ex] =é“+§,[e,,e29] =e16—e17,[ez,e4] =e,, [ey€,]=e,
[els’ezl]zels’ [618,622]2—62, [818’624]:e18’ [elg,ezs] :—%+% e zl’ezz] 26 [62’822]262’
[e N ]:-23 5 e e e, e,
s 3 [ez’eu]=36+§’[ez’ezs]=es+§’[337617]=es’[33’ew]=es*%a[es’ezo]=’i’
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[63’621] = 76; ’[C)Jsezz] = 7i227€3=[33’eze] = 7232’[“'3’623] = 7%7 e,u[es’ezx] =€, —2e>
[84’83] :'elz, [64’623]:'610’ [e €y 26] 2617’ [65,621]2265, [eé’elo]:eS’
€
[86’618] [es’ezx] €+ 2] ?

e e,
[67,68]262, leqe,)=e., [e.e]=e +e, [e7,e15]=%,[e7,e16] e+ ;,
e, e
[87’617] = _Js[ewels] =e3te +%
[eren]=~ % @ Lo eolfgls_617 e ez\]*“?*'c +8s Jeren]= *" ”,[27,625]:%4
—3*&, [67’629]2614’[68’619]268’

e, —
[e”gzs]:eg’[e”en]:%, [6755’28] ) 2
lepe, ]=-¢, [ege,,]=e, [epe  ]=-¢,

[89’819]269’ [99’ezo]:'89’[99’622]269’[69’624]2814’[69’824]2614,[69’625]:els’[el

0’614] =€ [elo’els] =€ [610’619] =€y

[610’620]2610’[610’621]22610’[‘210’624]:_64’[610’823]:_

elO’[eIO’e ] 2617’[ 11’613]:_612’[ 11’e ] 2611’[ 12’620]2612’ [elz’ezl]:elz’

[613’6 ]:e [613’619]2613’ [613’621]:'613’ [613’822]:'813’ [613’626]:-288’

[613’628] € [613’629]=_2616’ [614’618]=_616’

[614’619]:814’ [614’620]:_814’ [614’823]269’ [614,627]2615, [14’e28] e

[615’617]2611’ [els’els] s [eIS’e I= =€ [615,620]2—615,

[615’622]:_615’ [615’625]:'269’ [615,628]2—615, [615’629]2_2614’ [els’elg]:els’

[616’621]:_616’ [616’823]268’ [816’627]:613’ [els’ezs]:els’

[617’619]:_617’ [617’620]:617’ |:617’621]:2617’ [617’62212617’ [617’625]:_64

[617,627] 10’ [617’8 ] e17’ [els’ezo]:els’

[618’621]:_618’ [622,62312—6 4 [822’624]:624[ zz’ezs] 2625’[ zz’ezs] _2626’

|:622’627]2627’ [622’629] 29’ [623’6 ]__622+628’

[823’625]2827’ [ 23’828]_ e [823’629]: e [624’826]:-829’ [624,627]2625,

[624’628]2624’ [625,626]:-2622, [625,628]2—825,

[625’629] 2624’ le 26’627] 2623’ le 25’623]:_2627, [627’629]:_2628, [628,629]2—

2e,,.
The symmetry algebra is 29-dimensional with a non-trivial Levi
decomposition. The semi-simple part is s[(3,R) with basis e,,e,e,,
8,5:6,08,1:6,0,6,.. The radical is 21-dimensional with an 18-dimensional
nilradical spanned by €,,6,:6,6,.6,,6,,6,,6,,6,,6,1,€,,,6,,,6,0,6,,,6,,,6,.,,.,6.c
and abelian complement spanned by elg,ezo,e
ﬂ:[epezt]:el,[ez,es]:el,[e3,e5]:ez,[e4,es]:e3.
System of geodesic equations:

G =2xw—zZw,

$=
3=z,
£=0,
W=0.

Symmetry algebra basis and non-vanishing brackets are, respectively:

el:Df,ez:Dx,e3:Dy,e4:th,eS:Dq,eG:Dw,e7:qu,eszqu,eQ:wD e —zD

£710
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e, =twD +tD e ,=w,D +wD ,e ,=2xD +yD +zD e, =wzD +zD,,

3 2

e, .=(zw-2y)D , e, :(_TWZer)Dq,elx :W?Dq +W7DI+WD},,

elgz(wzz—2wy+4x)Dq+zwa+22Dy,

2 w w w?
+yw+—=-2x)D +—=+—=
TR

zw
€y =( 5

+wD_,e,, =tD,

(x

3 2
= (% — W+ 2xw+ @)D, +wD, + (% -wy+2x)D +(wz-y)D,,

3 2 2
Zw YW w'z  wy wz
ey =(——+—-xw+2q)D, +(——+—+x)D_+QQy-——)D, +zD..
s = ( 6 B q) i ( 2 > )D, +(2y 2) Y 2

[61’64]265’ [el’ell]:es+es’ [61’621]:‘31 [ z’e ] 2e [ 2’619]:465’ [ez’ezo]:_
2e,, [ez,ezz]:Zez+268,
e, [ese )= e, lepe ]= -2e,

[62’6231262' [63’615]: _261’ [63’617]: €

[3,6 1= €y [63’622]2_612_63’

€ — — —
[e;.e,5]= ]72 +2e,, [e4’e9]__ea’ [64’610]__67 le € I= =2e,, [64’621]__64’

[64,622]=e4, [64’623]:264’

leqe,]=e, [ e,,]=2¢, [e e ]=e., [ee,]=¢,, [e e, |=¢, [eqe,,]=e,+2¢,

— e
[66,614]—67, [66,615] = _37,

lege,l=e,y lege,sl=e,2e,,

b}

e. —
[66,617] = —57 [es’em]_elz+es’

leqe,]=et et e, [eqe,]=e,-e. te,

[eﬁ,eﬂ]:izﬁ_@’[e7,e15]=-e5, leje,)=-¢, leye,l=e, [e.e,]=e,
lege,,1=2e,, [ene, ]=¢,,, [ese, ]=€,,

[69’622]:_ [610’611]261 [610’615]:_61 [610’620]2_69’ [610’621]2610’
[810’623] 10’ [en’e ]:264’ [811’615]:2613_619’

e €€y 1= 46 [ell’ezo]:_zeq’ [611’621]:_611’ [11’e 1= 2en’ [611’623]:611’

[612,613]2268, [612’619]:468’ [612,620]2—268,

122 [612,823]2612, [ela’e ]:-Ze, [613’815]:'83’ [613’616]:-2610’

L 1€,58,,]=-2¢e, tde

[elz’ezz]:e
[613’617]267’ [613’618]:_6

[613’620]:'2617_613’ [els’e I= 36 2619’[ 13’623]:_613+el9’ [614’815]:_82_68’

[614’619] :487’ [614’8201 :'812'267’ [614’622] :2814’

e _ - -
le,gel= 9’[%5)%7]“58: lepesl=te,y lege,l=e, lepeyl=e

[e 16’623]_ 2e, e 17’618]:-68’ [617’619]:'287’

e €176 I= 2617’[ 18’622]=_2618’[ 18623 1= 2618’[ 19’620]=_2618’ [619’ezz]=_el9’

[619,623]2819, [820,622]2-620, [ezo’eza]zezo'

The symmetry algebra is 23-dimensional solvable. The nilradical is

20-dimensional spanned by e,,6,,6,6,:6.,6,6,6,64,,E11€1€12€11,81€10E17:€ 100

€,,,6,, and abelian complement spanned by e, e,,.€,,.
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