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Introduction

There is a long history and an extended study of the automorphism
groups of algebras. Determining the full automorphism group of an
algebra is generally an immensely difficult problem. For instance, the
automorphism group of the polynomial ring of three variables is not
yet understood, and a result in this direction is given by Shestakov
and Umirbaev [1]. Since 1990, many researchers have successfully
computed the automorphism groups of interesting infinite-dimensional
noncommutative algebras, including certain quantum groups,
generalized quantum Weyl algebras, skew polynomial rings and many
more, the results are given [2-7], which is only a partial list. Recently,
by using a rigidity theorem for quantum tori, Yakimov has proved
the Andruskiewitsch-Dumas conjecture and the Launois-Lenagan
conjecture [8,9]. A uniform approach to both the Andruskiewitsch-
Dumas conjecture and the Launois-Lenagan conjecture is provided
in a preprint by Goodearl and Yakimov [10]. Authors [11] use
the discriminant to determine the automorphism groups of some
noncommutative algebras. Note that most of the results above are
obtained for algebras over the fields of real or complex numbers. The
study of the automorphism groups and derivation algebras is of a big
interest due to the importance of them in the study of structure of
algebras. This is one of the motivations to describe the automorphism
groups and derivation algebras of all 2-dimensional algebras over any
algebraically closed field.

Authors [12] have presented a complete list of isomorphism classes
of two-dimensional algebras over algebraically closed fields, providing
a list of canonical representatives of their structure constant’s matrices.
In the present paper we describe the groups of automorphisms and
derivation algebras of all those listed algebras.

In fact, the automorphism groups of all 2-dimensional algebras
have been given earlier [13]. In contrast to that we provide an explicit
realization of the automorphism groups for the all listed canonical
algebras [12].

The first part of this paper (Sections 2 and 3) is devoted to the
description of the groups of automorphisms and the second part
(Section 4) deals with the derivation algebras. In each case we consider
problems over algebraically closed fields of characteristic not 2,3,
characteristic 2 and characteristic 3 separately according to the
classification results given [12].

Preliminaries

Let F be any field, for matrices A:(alj), B over F, as usual A®B
stand for the block-matrix with blocks (aUB).

Definition 2.1

A vector space A over F with multiplication -: A® A — A given
by (u,v) —u-v such that:

(cu+pv)-w=a(u-w)+ p(v-w), w-(au+ pv)=a(w-u)+ p(w-v)-
whenever w,v,we A and a,fe F, is said to be an algebra.
Definition 2.2

Two algebras A and B are called isomorphic if there is an invertible
linear map f: A—B such that:

f(u-, v)=f(w)-, £(v)

whenever u,ve A.
Definition 2.3
An invertible linear map f: A—A is said to be an automorphism if:
f(u-v)=~£f(u)-f(v)

whenever u,ve A.
Definition 2.4
A linear map d: A—A is said to be a derivation if:
d(u-v)=d(u)-v+u-d(v)

whenever u,ve A.

Let A be m-dimensional algebra over F and e=( €', é..,,
e") its basis. Then the bilinear map is represented by a matrix
A=(A4)e M(mxm’;F) as follows:
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u-v=eAlu®v),

for u=eu, v=ev, where u:(ul,uz,. . .,um)T, and V:(vl,vz,. . .,vm)T are column
coordinate vectors of u and v, respectively. The matrix Ae M(mxm*F)
defined above is called the matrix of structural constants (MSC) of A
with respect to the basis e. Further we assume that a basis e is fixed and
we do not make a difference between the algebra A and its MSC A.

An automorphism g A—A as an invertible linear map is
represented by an invertible matrix ge GL(m;[F): g(u)=g(eu)=egu. Due
to:

g(u-v) =gled(u ®v) = eg(A(u ®v)) = e(gA)(u ®v),

and

g(w)-g(v) = (egu) - (egv) = ed(gu ® gv) = eAg™ (u ®v)
the property g(u-v)=g(u)-g(v) is equivalent to:
gA=Ag". (1)

An derivation d: A—A as a linear map is represented by a matrix
de M(m;F) as follows d(u)=d(eu)=edu. Due to:

d(u-v)=d(ed(u ®v))=ed(A(u®v))=e(dA)(u ®v)
and

d(u)-v+u-d(v) = (edu)-(ev) + (eu) - (edv) = eA(du ®v) + eA(u ® dv) =
e(AdODNu®V)+ AU ®d)u®v)) =eA(d )+ (I ®d))(u®v)

the property d(u-v)=d(u)-v+u-d(v) is equivalent to:
dA=A(d®I+I®d), @)
where I stands for the identity matrix.

If &=(",e”..,e") is another basis of A, e'g=e with
geG=GL(m;IF), and A’ is MSC of A with respect to e’ then it is known
that:

A'=gA(g")® (3)

is valid. Thus, the isomorphism of algebras A and B over [ given
above now can be rewritten as follows.

Definition 2.5

Two m-dimensional algebras A, B over F, given by their matrices
of structure constants A, B, are said to be isomorphic if B=gA(g")* holds
true for some ge=GL(m;F).

Further we consider only the case m=2 and for the simplicity we
use:

Y [al a, a a4)
B B B B
for MSC, where a,,a,,a,,,,83,,,,8,,8, stand for any elements of F.
Due to [1] we have the following classification theorems according
to Char(IF)#2,3, Char(IF)=2 and Char(IF)=3 cases, respectively.
Theorem 2.6

Over an algebraically closed field F (Char(F)#2 and 3), any non-
trivial 2-dimensional algebra is isomorphic to only one of the following
algebras listed by their matrices of structure constants:

a a, o+l a N
, where ¢ = (a,a,,a,, )T,
B —a -+l -a,

a 0 0 1J (al 0 0 IJ \ (. f f) e F
o~ , where ¢ = (a, D, p,) el

ﬂ| ﬁz 17a| 0 7ﬁ1 ﬂz lfdl 0 paer

0 1 1

ﬂl ﬂz 1

@ 0 0 0], where ¢ = (o, B,) € F?,
0 B l-a 0

a, 0 0

I 20-1 1-¢

a 0 0 1] N [ a, 0 0
ﬂl 1- o o 0) _ﬂl 1- o -
0

110
, where ¢= f3 € F,
B 10 -1
Q 0 0
0 l1-a -g

0
J, where c=(ﬂ,,ﬁz)e]FZ,

0
0], where e =a, €,

1
0], where ¢ = (e, ) € F?,

0
], where ¢=a, €T,
0

% 0 0 0
4= ,
1 2Ly
303
011 0
4y = >
000 -1
011 0
AH:I >
00 -1
0000
4y, = .
1000
Theorem 2.7

Over an algebraically closed field F (Char(F)=2), any non-trivial
2-dimensional algebra is isomorphic to only one of the following
algebras listed by their matrices of structure constants:

Al,z (c)= [

o a

ﬁ1 —

a,+1  a, 4
, where ¢ = (a,,a,,a,, ) €F",
-a,+1 -a,

a0 0 where e= (@, ) <
L, ()= , where ¢ = (o, B, 3,) € F°,
22 ,B1 ﬁz 17“1 0 preeE

0 1 10 )
R P N L

1 2

a 0 0 0 )
A4,,(0)= 0 B 1-a 0 , where ¢ =(a,, 3,) e F~,

2 1
© a 0 0 0 here ¢ F
= , where c=a, €T,
4 1 1 1-a 0 !
apo=4 O N e = (@, )
= , where ¢=(a,, 5) € F*,

2 B l-a, -a, 0 1> P

a, 1 r 0
4,,(c)= , where c=a, €T,
- 0 1-a -a -1

a 0 0 0
4 ,(c)= , where ¢=a, €T,
’ l-a, -a, 0

) (11 1 0
2o -1 -1 -1)
Y 0000
21 0 0 0)
Theorem 2.8

Over an algebraically closed field F (Char(F)=3), any non-trivial
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2-dimensional algebra is isomorphic to only one of the following
algebras listed by their matrices of structure constant matrices:

a, a,+1 «
A 5(c) = N : ‘|, where ¢ = (a,,a,,a,, ) € F*,
ﬂl o —a+l -,

@ 0 0 1 4 0 0 1 @B e P
~ , where ¢ = (a,, f,, e,
B B 1-ey 0) (=B B l-a 0 nrn

0 1 10 .
MO =]y | here e= (BB €
(s
@ 0 0 0 N
@=Ly o) Where o= (@ p) e
3 |
a 0 0

Cea 1-g gj,where c=q €l
00 1J:[“' o0 1], where ¢ = (a,, ) € F*,
B l-a - 0) =B 1-a -a 0
0 11

B 10
a 0 0

0
J, where ¢ = f, € T,

0
, where ¢ =a, €,
l-ay -o

0
(0110
A“‘{l 00 4]’

10
00 71]’
(] 0 0 OJ
AH!: i)
! 1 -1 -1 0
[0 00 0]
Al21: N
} 1000
The Groups of Automorphisms of 2-Dimensional
Algebras

S
—
o o

Due to eqn. (1) for the group of automorphisms of an algebra A
given by MSC A e M(2x4; F) one has:

Aut(4) = {g € GL(2;F): g~ A(g ® g) = 0}. )

Therefore further we look only for nonsingular solutions

g= (a 2] of the equation gA—A(g®g)=0. We consider this equation
c

for each MSC A from the theorems stated above separately and to avoid
reparations we discuss only a few cases in details, the others can be
understood easily from the discussions made. We use A for det(g)=ad—
be.

Theorem 3.1

The automorphism groups of the algebras listed in Theorem 2.6 are
given as follows:
Aut(4 (05,0, 5) =T}

AU B B =T i 0. At 0,0, ) = {1[(1) f’]}
A B = U,
Aut(4, (e, f,)) = {(0 3) d¢0} if B, #2a, -1

Aut(4, (e, 20 ~ 1)) = {[i 2]:(5 F,d ¢0},

10
Aut(4y () :{[ l]:CEF}’

A @ SN =1} i 70, Am(A(,(am»:{l,[(‘) f)lj}
w4, (B = 1.

Aut *lo'dO' lAtI*lo"]FzIO
wih@) = Jrd#orir @z AnaGn =il JreeFd oy,
10
Aut(4,) = {[c l] ce]F}
a 0
Aut(4,) = ( 1] a%O}

=)

a a,+1 «a
Proof. Let A= A(a,,a,,a,,5,)= (ﬂ P “]
1

-a, -+l -a,

Due to eqn. (4) one has the system of equations:

—ac +aa, —a’a, - 2aca, — o, + b, =0,

—bc —ba, —aba, + aa, —bca, —ada, —cda, =0,
a+b—-ad—-ba, —aba, +ac, —bca, —ada, —cda, =0,

-bd —b’a, —ba, - 2bda, + aa, — d’a, =0, )
—ac +ca, +2aca, + o, —a’ B +dp, =0,
—bc+beca, —da, +ada, + ca, + cda, —abf, =0,
c+d—ad+bca,—da, +ada, +ca, +cdo, —abf, =0,

~bd +2bda, —da, +d’a, +ca, — b’ B, =0,

The eqns. (2) and (3), of the system (5) imply a+b—ad+bc=0, i.e.,
b=A—a. Similarly the eqns. (6) and (7), of the system (5) imply c+d—
ad+bc=0, i.e., d=A—c.

Therefore, A=a(A—c)—c(A—a), and this implies:

A(1—a+c)=0.
Since A#0 we have c=a—1. The similar observation implies d=b+1.

b .
Therefore we get g :[ “ ] , with A=a+b#0.
a-1 b+l

As a result the system (5) can be rewritten as follows:

a(l+a, +2a, +a,)—a(l+a, +2a, +2a,) +, =0,
a(a—1) =0, (6)

a(1-2a,-a,+ B)+a(-1+a, +2a,)—a, +o, - B =0,

(o, +2a,)(a-1) =0.

Note that if (a,b) is a solution to the system and b=0 then a=0 or
a=1. Indeed, the substitution 0 for b in the system gives:

& (l+a +2a, +a,)—a(l+a, +2a, +2a,) +a, =0,
a,(a—1) =0,

a(1-2a,—a,+ B)+a(-1+a,+2a,)—a, +a,— f, =0,
(o, +2a,)(a-1) =0.

Due to the first two equalities one has a(1+a,+2a,)(a—1)=0, and
therefore a(a—1)=0. In a=0 case g is singular, and it is out of the
consideration, but if a=1 then g is the identity matrix. Therefore further
it is assumed that b(a+b)=0.

The eqns. (2) and (5) of the system of eqn. (6) imply;

Ba, +3a, +a, - Bab+(a, +2a, + a,)a— (&, + 2a, +a,)b— (e, +2a, + a,) =0, (7)
the eqns. (3) and (6) imply b(b3e, +3a, +a, - B)+2(e, +2a, +,)) =0, i.e.,

b(Ba, +3a, +a, —

L)+ 2a +2a, +a,)=0. (8)

The eqns. (2) and (3) imply b +a)(1+a, +2a, +a,) +b(e, +2a, +a,) =0,
ie.,

(b+a)(1+a, +2a, +a,) +(a, +2a, +a,) =b+a+(b+a+1)a +2a,+a,)=0. (9)
But eqns. (7) and (8) imply:

(b+a+1)a, +2a, +a,)=0

|
LBy (L By B B
At )= 1 -1 0 2 2|2 2|2 2|2 2 and therefore due to eqn. (9) one has a+b=0, which is a contradiction.
ﬁ L D O R U A R R Therefore:
2 2 2 2 2 2)\2 2 :
()= { MCEF}, Aut(4,(a,,ay,2,,3)) = {1} (10)
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Note that the proof of eqn. (10) does not depend on characteristics
of IF.

e (e, 0 0 1
Let A= z(al’ﬁl’ﬂz)_ ﬁl ﬁz 1—051 ol

Due to eqn. (4) one has the system of equations:

—c* +aa, —a’a, +bp, =0,
—cd —aba, +bf, =0,
b—cd —ba, —abe, =0,
a-d’-ba, -0,

(1m

—ac+ca, +aca,—a’* B, +dp —acB, =0,
—bc+bca, —abf +df, —adp, =0,
d—ad—da, +ado, —abf, —bcp, =0,
c—bd +bda, — b’ B, —bd f3, =0.

From the eqns. (2) and (3) of the system (11) we get b(1-f3,~a )=0.
The following cases occur:

Case 1: 1-a,—f3,#0. Then b=0 and one gets c=0, so aa,(1-a)=0 and
d(1-a)(1-a,)=0 due to the eqns. (1) and (7), respectively. Thus a=1.
The eqn. (4) implies d’=1 and ,(d-a*)=0 due to the eqn. (5). We get
two cases:

1 0

Case 1.1. §,=0. Then d==1, therefore g is (0 +1]

Case 1.2. §,0. Then d=1, so g=I. -

Case 2: B,=1-a,. If b=0 it is easy to see that g equals ((1) fJ if

/31:0, and g=I ifﬂ];éo. Now one can assume that b0, so due to the eqns.
a-d? 7czb2—a2+ad2+a3—a2d2
77 ﬂl - b3 B}
respectively. The substitution them into eqn. (11) results the following
system of equations:
—a—a*+b* —bed +d* +ad? =0,
a* —a’ + abc +2a’bc — 2ab’c — a’b*c* —a*d + a’d
+b°c*d —a*d* + a*d* —bed® —2abed® + ad® —a*d® =0,
@ —a* +abc —b’c—ab*c* —ad + a*d + b*d — ab*d
—a*d* +a*d* —bed® + d° - ad® =0,
a* —a’ +be-b*c* +2ad -2b*d —ad® + a*d* -2d° =0.

(4) and (1) we have o, =

(12)

Now we make use the eqns. (2) and (4) to get:

abc + a*be — 2ab’c — a*d — a*d + 2a*b*d + b*c*d — bed? — 2abed® + ad® + a*d’> =0
that is:

be(a+a* +bed —d* —ad?) - ad(a + a* + bed — d* — ad*) — 2ab’c + 2a*b*d = 0.
Then the eqn. (1) of the system gives:

b’c—adb® —2ab’c +2a*h*d =0,

b*e(1-2a)—adb*(1-2a) = b*(1 - 2a)(bc — ad) = 0.

1
This implies ¢ = 5 The substitution it into the system (12) yields:

~3+4b* —4bcd +6d° =0,

1+ 32bc —32b% —8b°C* — 4d +32b°c*d — 2d° — 64bcd” +8d° =0, (13)
1+8bc—16b°c —8b°c* —4d +8b°d — 2d> —16bed” +8d° =0,
1+8bc —8b°c* +8d —16b*d — 2d* —16d° =0.

Due to the eqns. (1) and (2) of the system of eqn. (13) one gets:
1+ 8bc —8b*c* —4d —2d* —18bcd* +8d° =0

and therefore taking into account the eqn. (3), one has

8b% — 4bd = 4b(2be — d) = 0, 1.€.,d=2bc. Thisimplies A = ad —bc=bc—bc =0,
i.e., g is singular. Therefore:

Aut(4, (e, B, B)) =1}, if B #0

and 1 0

Aut(AZ(alaoaﬂz)): [a 0 -1

[0 1 1 0]
Let 4= A4,(5,.p,) = :

BB 1 -l
Due to eqn. (4) one has the system of equations:
—2ac+bp, =0,
a—bc—ad+bp, =0,
a+b-bc—ad =0,
—b—2bd =0, (14)

—ac+c*—a’B +dp —ach, =0,
c—bc+cd—abf +dp,—adp, =0,
c+d—ad+cd—abf —bcf, =0,
—-d—bd+d> b’ B, —bdp, =0

The eqns. (2) and (3) imply b(1-,)=0. The following cases may

occur:

Case 1: ﬁzl. In this case b=0, c=0 and a(1-d)=0, i.e., d=1. Therefore
a=1and g=I.

Case 2: 3,=1. If b=0 it is easy to see that g=I. If b=0 then the eqn. (4)

implies 4 = —%, hence eqn. (14) becomes:

—2ac+bp, =0,
3—a+b—bc =0,
2

—2ac+c’ —ﬁ—azﬁl =0,
2 (15)

1 a ¢
——+—+——bc—abf, =0,
2 2 2 A

% +b-b’p, =0.
2
The eqn. (2) of the system (15) implies @ = g(—b +bc) and since

2ac
b#0 one gets B, =—— Therefore, the system of eqn. (15) becomes:

b
2c 4bc 16b'c ' dbc® 16b°c’ 16b%c’ 16b%ct
3 3 27 3 3 9 9 27
_l_é+£_27bc_ 8b*c 16b*c? B 8h*c? -0
232 3 9 9 9 ’
2 2
§+b 4bL74bL -0
4 3 3
The identity:
1 b ¢ 2bc 8bc 16b°c* 8bc (3 4b*c  4b*c? (2 2] b(1-4c)
—t—————t—— ———=| 4+ b+ —— —c—=|+—
2 3 2 3 9 9 9 4 3 3 N3 3 3
b(1-4c)

shows that g may be only singular as far as in this case A = 3

a 0 0 0
Let A=A,(e,,3,) =

0 B l-a 0f

Owing to eqn. (4) one has the system of equations:
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e = 0 0 0
ao —a'o 0, Let 4= Ag(a,):[a‘ j Then:
—aba, + b, =0, 0 l-a -a 0
b—-ba, —aba, =0, o Ao :[ ag, -d’a, b-ba, - aba, —ba, - aba, -ba, j
_bzal — 0’ —ac+ca, +2aca, d-—ad+bca,—da, +ada, —bc+bca,—da, +ada, —bd +2bda,
—ac+cae, +acey —acf, =0, According to eqn. (4) one gets b=0, d(1-a)=0, that is a=1, —
—bc+beay +df,—adp, =0, c+3ca,=0. Again we consider two cases:
d—ad—da,+ada, —bcf, =0, 1 (10
—bd +bda, —bd B, =0. Casel: ;= 3 Weget §=| =, where d#0.

It is easy to see that for this system b=0 (so a#0, d#0 due to A=0),
aa,(1-a)=0, df,(1-a)=0, and d(1-a)(1-a )=0 hence a=1. Therefore,
c(=1+2a,—f,)=0 by the eqn. (5).

0
Case 1: =20 ~1. We get & = [c d}’ where d=0.

Case 2: B,2a, ~1.In this case c=0 and we obtain g = (0

@ 0 0 0
bt A=4@)= | ), | 1_a of
1 1

From eqn. (4) we have the system of equations:

] , where
d+#0 d

b+aa, -ad’e, =0,

—b+2ba, — aba, =0,
b—ba, —aba, =0,
-ba, =0,

-a’ +d +ca, —aca, =0,
—ab—bc—d+ad +bca, +2da, —2ada;, =0,
—ab+bc+d—ad -2bca, —da, +ada;, =0,

-b* - bda, =0.

10
Here immediately we get =0, a=1,d=1and g = [ J,
c
a 0 0 lj
/Bl 1- Q, .

Then eqn. (4) gives the system of equations:

Let 4 (a,,f) =[

-a, 0

—* +aa,—d’a, +bp, =0,
b—cd —ba, —aba, =0,

—cd —ba, —aba, =0,
a-d’-ba, =0,
—ac+ca, +2aca, —a’ B +dp =0,

d —ad +bca, —da, +ada, —abf, =0,
—bc+bca, —da, +ada, —abf, =0,
c—bd +2bda, - b B, =0

It is easy to see from the system that ¢=0, b=0 and a=1. The eqns.
(4) and (5), imply d’=1, f8,(d-1)=0, therefore we have to consider the
following two cases:

Case 1: =0. We getd=+land g = [(1) 4(-)1]

Case 2: 3,0. We obtain d=1 and g=1I.

A(B) 0 1 1 0 -
Let 4,(p) = . 'Then:
B 10 -1
ot | 200D a+b-bc-ad a-be-ad —b-2bd
B hEOD= L g idp crd—adecd—abB, c—be+cd—abf, ~d—bd+d—bB,)

Thank to eqn. (4) we get b=0, d=1, c=0 and a=1, which implies g=I.

1 1 0
Case2: o, # g Thenc=0and & = [ d} where d#0. Therefore,

0
| 1 0
AU{AX[ED: c d|:d#0;.
. 1 0
Aut(Ag(3]]= c d|:d#0;.
1 0 0 0
Let A=A, =|> , | | e
1 = — 0
3 3
a 2 2b  ab b ab b*
33t 373 EREY Y
&4, -4, (g®g)= .
88 g gy be 24 2ed ) 2be dad g, b
33 33 3 33 3
1 0
Owing to eqn. (4) one has b=0, a=1,d=1and & = e 1/
011 0
Let A=4,= . Then:
00 0 -1
4 4 (g®g)= —2ac a—bc—ad a—-bc—ad -b-2bd
B~ #0lETE c? c+ed c+ed —-d+d* )

Due to eqn. (4) it is easy to see that ¢=0, d=1 and b=0 i.e,

g= [a Oj. where a=0.
d

0
4= = o1 1 0 -
Let " 100 -1/ en:
b—2ac a—bc—ad a-bc—ad

—b—2bd
g4, —4,(g®g)= .

-a*+c’+d -ab+c+cd -ab+c+cd -b'-d+d’

The eqn. (4) gives b(1+2d)=0. The following cases may occur:

+1 0
Case 1: b=0. Then one has c=0, d=1,a=t1and g = [ 0 J-

_ 1 . 3 1
Case2: d =——. Inthiscase b=+—, a=*— and c=—.
2 2 2
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i L 5
3 S, e
Case 2.1. a=l, Then ¢=f— and g= 2 2
2 2 NE) 1
+¥X -
2 2
1oy

—_ N‘&

Case 2.2. a:—%. Then c=$—3 and g =
2

0|

0000

A=A, =
Let 474, (1 000

]- Then:

A0~ 0 0 0
8B 2y —ab —ab b

1 0
Due to eqn. (4) one has & = (C az] , where a=0.

Here are the corresponding results in the cases of characteristic 2
and 3. The proof is similar to that of the case of characteristic not 2
and 3.

Theorem 3.2

The automorphism groups of the algebras listed in Theorem 2.7 are
given as follows:

Aut(4, , (e, 0,04, ) =1},
Aut(4y (e, 5, 5,) = U},

Aut(4 =<1 ! 0
ut( 3,z(ﬁwﬁz))* s 145, 1

{(1 0
Aut(4,,(a, 5,)) =

0 d]:d¢0} if py=1,

Aut(4,,(a,,1)) = {(1 SJ celF,d# 0},

¢
10
Aut(4, (o)) = { 1] ‘ce F},

Aut(Ao.z(al’ﬂ| ) =141},

c
{
(o 3}
Aut(4, () =11, >
’ I+a, 1

Aut(4, () = {[é 2) td # 0} if a #1,Aut(4,(1)) = {(i 2] icelF,d# 0},

{(1 0
Aut(4,,) = . IJZCEF,
a 0
Aut(4,) = {(0 lj ta# 0},
Aut(A _l; 0 1)(0 1)(1 0)(1 1 11
Ul 2) = ’[1 0}’[1 1]’[1 1]’[1 0]’ 0 1]’
(RS
Aut(4,,) = ,|lra#0,celF;.
c a

Theorem 3.3

The automorphism groups of the algebras listed in Theorem 2.8 are
given as follows:

AU, @, ) = U,

AUy (@0 BB = 0} 0, Aty (.0, ) = {1[(1) _Olj}
AU (o B) = 1),

Aut(4, (. 3,)) = {[(1) 2] id # 0} if B, #2a, -1,

10
Aut(A4.3(a1,2a,_l))_|[l gj[c d}:ceEdiO],
c
(¢ eerd
Aut(4s5(a))) = cel,¢,
) c 1

1 0
Aut(4gy (@, ) = U3 if B # 0, Aut(4,(e,,0)) = {1,(0 _1]},

Aut(4;5(8)) = {1},
Aut, e d#0
utldys(@) =g o [rd# 0y
(V=)
Aut(4,,) = cely,
: c 1
a 0
Aut(4,;) = { IJ a# 0}:

(
a1 O)ect].
[

a 0
Aut(4,,) = ,|ra#0,ceFr.
c a

Another interpretation of Theorem 3.1 (Theorem 3.2, Theorem 3.3)
is the description of stabilizers of the matrices listed in Theorem 2.6
(respectively, Theorem 2.7, Theorem 2.8), with respect to the action (3).

- o

Remark 3.4

Derivations of 2-dimensional Algebras

If A is an algebra given by MSC A then, due to eqn. (2) the algebra
of its derivations Der(A) is represented as follows:

Der(A4)={D e M(2;F): AD®I+1® D)—DA=0}. (16)

b
Further we use the notation D = [a d]'
c

One of the main results of this section is given in the following
theorem.

Theorem 4.1

The derivations of all algebra structures on 2-dimensional vector
space over an algebraically closed field F of characteristic not 2,3 are
given as follows.

Der(4(, @y, @, ) = Der(4y (e, i, B,)) = Der(4(f,, 4,)) = {0},

Der(AAal,ﬂ:»:{[g g]mf eF} i B #2a 1,

0 0
Der(4,(a,,2a, —1)):{[ dj:c,deﬂ"},
c

00
Der(4(a))) = {[c 0] ice IF},

Der(4g(a;, ) = Der(4,(5,)) = {0},
00

Der(4(a))) = {(O d] :de ]F} if a# %Der(Ax(%)) = {[2 gj:c, de ]F},
Der(4,) = {(2 g] ce ]F},

a 0
Der(4,,) = {[0 Oj tae ]F},

Der(4,) = {0},
Oj }
ca,ceFp.
2a

{[0
Der(4,,) =
c
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a « a,+l «
Proof. Let A=A(a,a,,a,,5)= : ’ ’ t
B —a -+l -a,

Then the equality 4/(a,a,,a,,8)(D®1+1®D)-DA(a,a,,0,,5)=0
is equivalent to the following system of equations:

c+aa, +2ca, —bp, =0,
c—3ca, +2af —dp, =0,
2ba, +da, +ca, =0,
—aa, —2ca, +bp, =0,
—b+d+2ba, +do, +ca, =0,
a—c—aa, —2ca,+bf, =0,
b+3ba, —aa, +2da, =0,
b-2ba, —da, —ca, =0.

The eqns. (3) and (8) of the system of equations above imply b=0,
the eqns. (1) and (6) imply a=0, the eqns. (3) and (5) imply d=0 and the
eqns. (1) and (4) imply ¢=0, therefore we get D=0.

[al 0 0 l]
Let A= A,(e, B, 5,) = .

g p l-a O

Then the eqn. (16) is equivalent to the system of equations:
ao, —bp, =0,
c—2cay+2apf —dp +cf, =0,
c+ba, —bp, =0,
bp, +ap, =0,
—b+c+2ba, =0,
a—aa, +bp, =0,
—-a+2d =0,
b—c—ba,+bp, =0.

The eqns. (1) and (6) imply a=0, then the eqn. (7) gives d=0, the
eqns. (3) and (8) imply b=0 and then due to the eqn. (3) one gets ¢=0,
therefore one has D=0.

0 1 10
Let AA;(ﬂl,ﬁz)[ ]

s B 1 -1

Then due to eqn. (16) one has the system of equations:
2c-bp, =0,
c+2af —dp +cp, =0,
d~bB, ~0,
—2c+bp +ap, =0,
-b+d =0,
a—-2c+bp, =0,
3b =0,
b-d+bp, =0.

The eqns. (5) and (7) imply b=d=0, the eqn. (1) gives c=0, the eqn.
(6) implies a=0, hence D=0.

0 B l-g 0

Then the eqn. (16) is equivalent to the system of equations:

a 0 0 0
Let A=A4(051,[32)= .

Page 7 of 9
aq, =0,
c—2co +cp, =0,
bo, —bp, =0,
ap, =Y
-b+2be, =0,
a—aa, =0,

b-ba, +bp, =0.
The eqns. (3) and (7) imply b=0, the eqns. (1) and (6) imply a=0.

Therefore, c(1-2a +f3,)=0.If 8,20 —1 one gets D = [0 Oj’ if f,=2a,~1
, 00
we obtain D = .
c d
Let A=A )= o0
: l-a, 0/

Then due to eqn. (16) one has the system of equations:

0
1 2a,-1

b+ aa, =0
2a—-d =0
b-ba, =0,
—a+b+2aa, =0,
=0

=0

=0

gl

>

il

—b+2be,
a+b-aq,

>

ba,

The eqns. (3) and (7) imply b=0, the eqns. (1) and (6) give a=0, then

00
according to the eqn. (2) we have d=0. Therefore, D = ( j

c 0

Let A (a.f) a, 0 0 1

e a,B)= .
e B l-a —-a 0

Then due to eqn. (16) one has the system of equations:

ao, —bp, =0,
c—3ca, +2ap —-dp, =0,
—b+c+2ba, =0,
a—aa, +bp, =0,
c+2be, =0,

—aa, +bp, =0,
—a+2d =0,
b—c—-2ba, =0.

The eqns. (1) and (4) imply a=0, the eqn. (7) yields d=0, the eqns.
(3) and (5), imply b=0, therefore c=0. Hence, D=0.

Let A7(ﬂl)=[0 bl OJ, In this case the eqn. (16) is
p 1 0 -1
equivalent to the system of equations:

2c-bp, =0,
c+2apf —-dp =0,
-b+d =0,
a-2c+bp =0,
d =0,
—2c+bp, =0,
3b =0,
b-d =0.
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We get b=d=c=a=0 and therefore, D=0.
a 0 0 0
0 1-a, —¢ 0
aa,  —b+2ba, 2ba, 0 ]

c—3ca,

Let AAg(al)[ j Then:

Ax(al)(D®1+I®D)—DAS(al)=( e
1 1 1

We rewrite the eqn. (16) in form of the system of equations as
follows:

aua, R

: =0
c=3ca, =0
-b+2ba;, =0
a-aa, =0,
=0
=0

)

)

2ba

—aq,
b-2ba, =0,

The eqns. (1) and (4) imply a=0, the eqns. (3) and (5) imply b=0

1 B

>

1 00
and then ¢(1-3a,)=0. If @, # 3 one gets D =[ d} if o, = %, one

has D= .
c d

0 0 0
Let 4= 4, = 3 5 | . Then:
12 =0
303
a_, b 2
A(D®I+1®D)—Ddy=| > , 3 3 ,
2a-d Zip -L4p 2
3 3 3

00
Due to eqn. (16) one has a=b=d=0 and D = [ Oj'
c

011 0

A=4,=
Let 47 4 [0 00 -1

j. Then:

2 d d 3
Ay(D®1+1® D)~ DAy, =

0 —2¢ -2¢ —-d)

0
Due to eqn. (16) one has c=d=b=0and D = [g 0].

011 0

A=4, =
bet A=A [1 00 -1

J. Then:

—b+2¢c d d 3b
A(D®I+1®D)—DA, = =0.

2a—-d b-2c b-2c -d

From the eqn. (16) it is immediate that D=0.

Finally, for 4= 4, = 0000 . Then:
1 000
-b 0 0 0
A,(D®I+1®D)—-DA, = =, theeqn. (16)
2a-d b b 0

gives D=(a O],
c 2a

Now we present the corresponding results for characteristic 2 and
3 cases without any justifications as far as they are similar to that of the
proofs in Char(IF)#2,3 case above.

Theorem 4.2

The derivations of all the algebras on 2-dimensional vector space
over an algebraically closed field F of characteristic 2 are given as
follows.

Der(Al.Z(al’aZ’a4’ﬂl)) = {0},

Der(Az,z(ahﬂwpz)) =10} if ﬂ| #0, Der(Az,z(alao’ﬂz)) = {{g 3) d e ]F}a

00
Der(4;,(f,,)) = {0} if B, # 1, Der(4;,(B,1)) = {[C O] ice F},

g Sj:deF}ifﬂz¢l,

Der(4,,(a,-1)) = c d cc,deFy,
{[0 0
Der(4;,(e)) = . 0 celFy,

Der(d, (e, A) = 10} if f, #0, Der(Ae.xa,,onz{[g 2J:dem},

Der(4, (e, 5,)) = {[

Der(4, (@) = {0} if &, #1, Der(4, (1)) = {(0 g] ‘ce F},
c

0 0 o 00
Der(Am(al)):{(O dj:delﬁ'} if a ;tl,Der(Am(l)):{[c dj:c,de[F},

00 a 0
Der(4,,) = {[c Oj ‘ce ]F}, Der(4,,,) = {[c OJ ta,ce ]F},

a 0
Der(4,,,) = {0}, Der(4,,,) = {(C OJ ta,ce ]F}.

Theorem 4.3

The derivation of all the algebras on 2-dimensional vector space
over an algebraically closed field F of characteristic 3 are given as
follows.

Der(Al,z(awaz’awﬂl )) = Der(4, 5(a,, B, B,)) = Der(4, ,(5,, 5,)) =10},

Der(A4,3(a1:ﬂz)):{(g Z]3dEF} if B, #2a -1,

00 00
Der(A‘,‘S(a],Za,—l)):{(c d]:c,deF},Der(A”(a,)):{[c Oj:ce]F},

0 0
Der(45(a;, 5)) = Der(4; 5(f)) = {0}, Der( 4 5() = {[0 dj de F},

Der(4, )7{(0 ZCJ'CEF} Der(4 )f{[“ b]'a beF}
'3_00' > 10.3_00" >
00 a 0
Der(4,,5)= {[c OJZCE]F}, Der(4,,5) :{[c 20]:0, CEF}.

Remark 4.4
The sets of the algebras of types
A(ay, 0,04, 8), Al,z(alaazaawﬁl): A],g(al,az,a‘;,ﬂ,) are open, dense

subsets of V=M(mm?*F) and therefore due to the results presented we
can conclude that the majority of 2-dimensional algebras have only
trivial automorphism groups and derivation algebras.

Conclusion

The automorphism groups and derivation algebras of all two-
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dimensional algebras over algebraically closed fields are described
through the all theorems and proofs.
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