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Abstract
Let M be a N-dimensional smooth differentiable manifold. Here, we are going to analyze (m>1)-derivations of 

Lie algebras relative to an involutive distribution on subrings of real smooth functions on M. First, we prove that any 
(m>1)-derivations of a distribution Ω on the ring of real functions on M as well as those of the normalizer of Ω are 
Lie derivatives with respect to one and only one element of this normalizer, if Ω doesn’t vanish everywhere. Next, 
suppose that N = n + q such that n>0, and let S be a system of q mutually commuting vector fields. The Lie algebra 
of vector fields SA on M which commutes with S, is a distribution over the ring ( )0 MF of constant real functions on 
the leaves generated by S. We find that m-derivations of SA is local if and only if its derivative ideal coincides with 

SA itself. Then, we characterize all non local m-derivation of SA . We prove that all m-derivations of SA  and the 
normalizer of SA  are derivations. We will make these derivations and those of the centralizer of SA  more explicit.

AMS Subject Classification: Primary 17B66, 17B40, Secondary 53C12, 53B15, 47B47, 53B40.

Keywords: m-derivations; Vector fields lie algebras; Distributions;
Commuting vector fields; Generalized foliations; Compactly supported 
vector fields; µ-projected vector fields; Nullity space of curvature

Introduction and Preliminary 
Let m be a natural integer greater than or equal to 2. We recall that 

a m-derivation D of a Lie 


-algebra A is an endomorphism ofA , such 
that for all 1 2, , , mX X X… ∈A

[ ] ( ) [ ]1 2 1 1 2 1, , , , , , ,m m m mD X X X X D X X X X− −      … … = … … +      

( ) [ ]1 2 1, , , ,m mX D X X X−  + … … +…+  

( )1 2 1, , , ,m mX X D X X−
  + … … +    

( )1 2 1, , , , .m mX X X D X−
  + … …    

This map is inner with respect to Lie algebra B if D equals to a Lie 
derivative with respect to X ∈B ; if X ∈A , it is an inner m-derivation. 
A standard m-derivation D is a sum of derivations of A and 


-linear 

maps of A into the center of A such that [ ], , ,[ , {0}.D   … … =  A A A A

Is it sufficient to study derivation of Lie algebras? What is the 
reason for studying the more general notion:” (m>2)-derivation”? 
In other words, can we find (m>2)-derivations of a vector fields Lie 
algebra which are not derivations? In [1], we found m-derivations all 
polynomial vector fields Lie algebras P on n



, where P contains Euler 
vector fields E and all constant vector fields. We remark that all these 
m-derivations are derivations when m is even. If m is an odd number,
m-derivations are generally sum of derivations and m-derivations with 
homogeneous degree -2. Over 3


, we can take a simple example where 

the Lie  -algebra is spanned by 2, , , , , ( )E z z
x y z x x
∂ ∂ ∂ ∂ ∂
∂ ∂ ∂ ∂ ∂

and the 

linear map D is defined by 2( )D z
x x
∂ ∂  = ∂ ∂ 

and vanishing otherwise. It

is a 3-derivation, but not a derivation. In [2], some graded Lie algebra 
m-derivations are discussed. Here, we are interested in m-derivations
of distribution Lie algebra on a N-smooth manifold M over an M-real
functions ring. We know that all smooth vector fields can be locally
approximated to polynomial vector fields, so we think that all results in 
[1] are naturally true in the case of distributions. But, the results which 

follow are different. The differential operator theory see [3] is the main 
tool throughout our proofs.

We denote by F(M) the ring of all real functions on M, (M)χ
( . (TM))resp χ the vector fields Lie algebras over M(resp. over the 
tangent bundle TM).

At first, we consider an involutive distribution Ω over F(M). That 
is to say, Ω is a F(M)-sub-module of the module of all vector fields on 
M. Assuming that the open set { }M / ( ) {0}O x xΩ = ∈ Ω ≠ equals M, we 
are looking for characteristics of m-derivations of Lie algebras relative 
to Ω and applications of the obtained results on some remarkable 
distributions. We propose to prove that each m-derivation of Ω (resp. 
of the normalizer in ( )Mχ of Ω) is simply a Lie derivative with respect 
to one and only one normalizer’s vector fields (resp. is inner). These 
theorems can be extended where OΩ is dense over M.

Secondly, let be N=n+q with n ≥ 1 and q>0, S a system of q non-
vanishing vector fields which commute mutually. We know by 
results in [4] that S yields a generalized foliation on M. We assume 
that all leaves are regular and we notice that ( )0 MF , the ring of real 
smooth functions which are constant on the leaves over M. Let U 
be a p-dimensional adapted chart domain relative to the foliation 

and ( ),a ix y  (resp. ( ), aU x ), where 1 ,1a n q p i p£ £ + - £ £

if 1p ³ (resp. where 1 a n q£ £ + if p=0). Then, there are two 

modules over ( )0F U , ( )1
SA U  spanned by 

1
a

a n q px £ £ + -

æ ö¶ ÷ç ÷ç ÷çè ø¶  and ( )2
S UA

generated by
1

i
i py £ £

æ ö¶ ÷ç ÷ç ÷ç ÷ç¶è ø
. These previous modules are Lie algebras such 
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that ( )S UA is equal to the semi-direct product of these two algebras: 
( ) ( ) ( )1 2

S S SU U U= ÅA A A  for all distinguished U. We can say that SA
is a smooth distribution of M over ( )0 MF . Throughout this paper, 
we assume that this chart is ( 0)p> -dimensional in the sense of 
the foliation, unless expressly stated. Our aims are to characterize all 
m-derivations of SA , of the normalizer of SA  and of the centralizer of 

SA  in ( )Mc . The corresponding work where {0}S = has been done 
in the previous section. Because of SA ’s lower central series constancy, 
which coincides with module direct sum of 1 1 2,S S S

é ùÅ ê úë ûA A A , our work on 
these m-derivations is non-trivial. The main results of this section are: 
all m-derivation is local iff the derivative ideal of SA is SA itself, which 
is equivalent to the fact that ( )( )1

0 MS FA has non-vanishing elements 
over the whole M. Moreover, all m-derivations of SA or of the 
normalizer N  of SA are sums of a Lie derivative with respect to one 
N ’s element, of one local m-derivation which takes its value in 2

SA
depending on two non-vanishing 1-differential forms over SA , and 
of a non-local m-derivation of SA . We give some recommendations 
for constructing all these non local m-derivations. In addition, all 



-linear maps of S the centralizer of SA  into itself are m-derivations. 
We characterize all local 


-endomorphisms of S in the case where 

all elements of S are densely supported or S is spanned by singleton, 
and those which are non local. It is well known that the open set of 
all foliation regular points is dense in M, then one can extend these 
results where the foliation is singular and if the above 1-forms prolongs 
smoothly on M.

Several applications of our results about Lie algebras relative to: 
all vector fields, all compactly supported vector fields, generalized 
foliations,m -projected vector fields cf. [5], k-nullity space of 
connection curvature, and vector fields Lie algebras on TM commuting 
with Liouville vector fields cf. [6]; are given at the end of this paper.

Throughout this article, the Lie derivative with respect to (M)X cÎ
is denoted Lx. We adopt the Einstein index summation and suppose 
that all considered objects are smooth.

The m-derivations of Lie algebras attached to Ω
According the hypothesis about Ω, we can affirm that Ω is a Lie 

sub-algebra of ( )Mc . A generalization of [7,8]’s theorems in the sense 
of derivation or triple derivation can be stated as follows:

Theorem 2.1. All m-derivations of Ω (resp. of the normalizer of in
( )Mc ) are Lie derivative with respect to one and only one vector field of 

the normalizer of Ω (resp. is inner).

Proof. Assume that Mx Î , X$ ÎW  such that ( ) 0X x ¹ . By 
Frobenius theorem, we find one chart ( ),x xU j which contains x  

and local coordinate system 1 1( ,..., , )nx x y-  where 
xU

X
y
¶

=
¶

. Letting D 

be an m-derivation of Ω, we know that the Lie algebra spanned by 
brackets of all elements in Ω is the derivative ideal of Ω denoted by [Ω; 
Ω]. Local behavior of D can be proved by adapting one of Proposition 
2.4 in [7] and using that the derivative ideal of Ω is Ω itself. Therefore 

xUD
is an m-derivation of 

xUW . Let’s give ( )xf F UÎ , as we know, 
xUy

¶
ÎW

¶
then 0

0
( ) ( )

x

a
U a

a n
D f D f D f

y y x< <

æ ö¶ ¶ ¶÷ç ÷= +ç ÷ç ÷ç ¶ ¶ ¶è ø is uniquely determined, where each Di 

is differential operator over the trivial bundle xU ´  cf. [3]. Thus, if 

necessary we can write 0 ,0 , 0,

0, 1, 1, 1

A B q r
A B q r

A B q r
A B q r

D
x x y y

c c c
+

³ ³ ³ ³

¶ ¶ ¶
= + +

¶ ¶ ¶ ¶
å , where A, B 

are multi-indices corresponding to coordinates.

Let’s apply xUD to , , , ,jx y y f
y y y y

é ùé ùé ù¶ ¶ ¶ ¶ê úê úê ú¼ ¼ê úê úê ú¶ ¶ ¶ ¶ê úë ûë ûë û
, where xn= y.  By 

definition of m-derivations and when f is replaced by monomials, we 
have:	

-	 If ( ) 2deg f ³ , ( )( )0 0, ,0 0D f ¼ = except for 2f yº .

-	 If ( ) 1deg f ³ , ( )( )0, ,0 0aD f ¼ = except for ( , )if yP x i nº ¹

where ( )iP x are free xn monomials.

By reasoning as in the previous, we compute 

, , , , ( , )
x

m i
UD y P x i n

y y y y

é ùé ùé ù¶ ¶ ¶ ¶ê úê úê ú¼ ¹ ¼ê úê úê ú¶ ¶ ¶ ¶ê úë ûë ûë û
. It is easy, using both the 

previous relation and the previous proof, to obtain the nullity of

( )( )( ) 0, ,0a iD yP x ¼ . By coordinates translations, we can affirm that 

each , 0jD j ¹  is a differential operator of order 0 and D0 is a sum of 

one of order 1 with one other	 ( )

2
0,2

2y
c

¶

¶ of order 2.

Computing in the same way as the previous calculus, 

, , , ,
xUD f y y

y y y y

é ùé ùé ù¶ ¶ ¶ ¶ê úê úê ú¼ ¼ê úê úê ú¶ ¶ ¶ ¶ê úë ûë ûë û
gives:

- for f yº ,
0,1

0 (1)D
y
c¶

=-
¶

.

- for jf xº except j n¹ ,
(0, ,0,1 ,0, ,0)

(1)
j

jD
y

c ¼ ¼¶
=-

¶
(1 j  means 1 is in 

j-th rank).	

By these results,	
( )(0, ,0,1 ,0, ,0)0,1

2
0,2

2L .
x a

a
U

y x

fD f f
y y yyc c

c
¼ ¼¶ ¶

+
¶ ¶

æ ö æ ö¶ ¶ ¶ ¶÷ ÷ç ç÷= ÷+ç ç÷ ÷ç ç÷ ÷ç ç¶ ¶ ¶è ø è ø ¶
 

Consequently,

( )

2
0,2

0 2D
yy

c
¶ ¶

= Ä
¶¶

 is a derivation of the ( )xF U -sub-module 

spanned by
y
¶
¶

. Applying D0 to 2 1, , , , my y
y y y y

-
é ùé ùé ù¶ ¶ ¶ ¶ê úê úê ú¼ ¼ê úê úê ú¶ ¶ ¶ ¶ê úë ûë ûë û

, we have 
0,2 ( 0) 0yc = = . By coordinate’s translations,	 we can write that
0,2 0c = .

We take Proposition 2.6 of [7] and we have (0, ,0,1 ,0, ,0)0,1
L

x a
a

U
y x

D
c c ¼ ¼¶ ¶

+
¶ ¶

= . 

Follwing the arguments of the proof of Theorem 2.7 in [7], we end the 
demonstration of the first assertion of our theorem. Taking that the 
derivative ideal of Ω is Ω itself into account, we can adapt the proof of 
Theorem 2.12 in [7] to state the second assertion.  

Remark 2.2. These theorems are correct if we consider OΩ to be 
dense over M and if the corresponding vector of the Lie derivative 
relative to the m-derivation cited by Theorem 2.1 can be smoothly 
extended towards M.

The m-derivations of Lie algebras defined by SA

We know that nil potency of order 1m-  of SA  forces any 
endomorphism of SA  to be an m-derivation. To avoid this triviality, 
we prove that:

Proposition 3.1. The lower central series of SA  are constant and 
equal to the module 1 1 2,S S S

é ùÅ ê úë ûA A A .

Proof.  The lower central series of SA is determined by ( )S SC A A

and for all 0p> ,	

( ) ( )1,p p
S S S

-é ù= ê úë ûC A A C A cf.[1]. By Proposition 3.7 of [4], the 
derivative ideal of SA  is 1 1 2,S S S

é ùÅ ê úë ûA A A . From the linearity of brackets, 

the Jacobi identity and the fact that 2
SA  is an ideal of SA , we deduce

1 1 2 1 1 2, , ,S S S S S S S
é ùé ùé ù é ùÅ = Åê ú ê úê úê úë û ë ûë ûë û
A A A A A A A . Then, we deduce the result.

We assume the following conventions about the index,
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, , {1, , }i j k pÎ ¼ , , , {1, , }a b c n q pÎ ¼ + - , and each index indexed by 0 
is fixed.				  

Proposition 3.2. Let D be a m-derivation of SA and U a domain 
of distinguished chart such that if SX ÎA over U vanishes, then ( )D X
over U on 1

SA is zero.

Proof. Let D be a such m-derivation and X an element of SA
satisfying the above hypothesis. We assume that ( ) 1|

0
SA U

D X ¹ , then it 
exists an open set zV containing z, such that the a0-th component of 

( ) 1| SA
D X on zV is everywhere non zero. Let’s consider ( )0 Mf FÎ such 

that ( )0
2

| z

a
Vf x= where ( )Supp f UÌ , and 3, , , mY X X¼ are elements of 

SA w i t h
0| ,

zV iY
y
¶

=
¶

0

0 03| 1| |,
z z z

a
V m V m Va aX X x X

x x-

¶ ¶
=¼= = =

¶ ¶
. 

By definition, we obtain

[ ] ( ) [ ] [ ]3 1 3 1, , , , ( ) , , , , ( ) , ( )m m m mD X fY X X X z D X fY X X X z X Z z- -
é ù é ùé ù é ùé ù é ù¼ ¼ = ¼ ¼ +ê ú ê úê ú ê úë û ë ûë û ë ûë û ë û      (3.1)

With SZ ÎA , a contradiction.

Proposition 3.3. The centralizer  of 1 1 2,S S S
é ùÅ ê úë ûA A A coincides with 

the vector 


-space S spanned by S.

Proof. Recall that
( ){ }1 1 2M / , , {0} .S S SX Xc é ùé ù= Î Å =ê úê úë ûë ûA A A

Choose X Î   and let be U a distinguished connected chart 
domain of the foliation. When 0p = , we have 0X = .  For 1p ³ , we 

put |
a i

U Ua iX X X
x y
¶ ¶¢= + Î
¶ ¶

C . By the fact 1, {0}SXé ù =ê úë ûA , 0aX = for all 

a and each ( ) ( )( ) ( ) ( )( )0 0
iX F U F U F U F U¢ Î - È Ç . Therefore, 1|

0
S

X =
A

and i
iX f X=  where all ( ) ( )( ) ( ) ( )( )0 0M M M Mif F F F FÎ - È Ç . Assume 

( )1 1 2,i
i S SY g X é ùÎ ê úë ûA A with 2j

j Sg X ÎA , 1 1
SY ÎA . It’s known that 

1 1 2, , {0}S S SXé ùé ùÅ =ê úê úë ûë ûA A A so ( ) ( )1 0i j
i jY g X f X =  for all ig and 1Y . 

Then all jf are in ( )0 MF and consequently they are constant, and 
is a subset of the 



-vector space spanned by S. The converse inclusion 
obvious.

Proposition 3.4.  All non-local m-derivations of SA vanish 

on 1 1 2,S S S
é ùÅ ê úë ûA A A and take their values in S . Conversely, all 



-endomorphisms D of SA which have these properties, is a m-derivation 
of SA . All theses maps are standard m-derivations.

Proof. To simplify, we pose a such m-derivation D. Then there 
is SX ÎA and a distinguished chart domain U so that | 0UX º with 

( )( ) 0D X z UÎ ¹ . Thus, we have an open set Vz in U containing 
z, with ( )D X everywhere non-vanishing. Recall that the center of 

SA is the intersection of its centralizer with itself. We reason by 
contradiction, we suppose that ( )D X  doesn’t belong to the center 
of SA . By Proposition 3.2, we claim that on Vz, the i0-th component 
of ( )D X  is everywhere non vanishing. So, this component is not 
a constant function. Consequently, we can assume that its partial 
derivative with respect to a 0ax  is non-zero at z. Then, we consider 

2 , , mX X¼ to be elements of SA  such that 2Supp( )X UÌ and
0

0 02| 1| |,
z z z

a
V m V m Va aX X x X

x x-

¶ ¶
=¼= = =

¶ ¶
. By the m-derivation 

definition,
[ ] ( ) [ ] [ ]2 3 1 2 3 1, , , , ( ) , , , , ( ) , ( )m m m mD X X X X X z D X X X X X z X Z z- -

é ù é ùé ù é ùé ù é ù¼ ¼ = ¼ ¼ +ê ú ê úê ú ê úë û ë ûë û ë ûë û ë û

Where SZ ÎA , we have a contradiction. Moreover, Proposition 

3.1 and the previous result lead to nullity of D over 
1 1 2,S S SAé ùÅ ê úë ûA A

It is easy to prove the last assertions of our proposition. 

We can note immediately that,

Lemma 3. For all 2k ³ , if D is a k-derivation of Lie algebra A then 
the center C of A  satisfies the following equation ( ) ( )2C , {0}kD -é ù =ê úë ûC A .

Proposition 3.6. Local m-derivations of SA stabilize 2
SA .

Proof. We set a local m-derivation D, |UD is still an m-derivation. 
Without trivial case 0p = , let , ,a b i be some fixed indices, we write

, ,
b c j m q p

U i b i bi c jD x D D
y x y

+ + -
æ ö¶ ¶ ¶÷ç ÷= +ç ÷ç ÷ç ¶ ¶ ¶è ø

And

1( 1) , , , , , .m b b a a
a U Ui i a a aD D x x x a

y y x x x
d-

æ öé ùé ùæ ö é ùé ù¶ ¶ ¶ ¶ ¶ ÷ç÷ç ê ú÷ê úê úç ê ú- ÷= ¼ ¼ "ç ÷ç÷ ê ú÷ç ê ú÷ ê úç ê úç¶ ¶ ¶ ¶ ¶ ÷è ø ç ë ûè øê úë ûë ûë û
     (3.2)

By using the (3.2), Lemma 3.5 and Proposition 3.3, we deduce that 
each ,

c
i bD is constant.

Let f  be an element of ( )0F U ,We remark that

, , , , .c c b
b c c i if x x x f

x x x y y

é ùé ùé ùé ù¶ ¶ ¶ ¶ ¶ê úê úê úê ú¼ ¼ =ê úê úê úê ú¶ ¶ ¶ ¶ ¶ê úê úë ûë ûë ûë û
       (3.3)

By mapping UD to (3.3) in the case where f  is a polynomial of degree 

greater or equal than two, the previous result and the fact that ,
c
i bD is a 

differential operator over U´ , proves that ( )2
U SiD f U

y
æ ö¶ ÷ç ÷Îç ÷ç ÷ç ¶è ø

A for 

all i . Furthermore, combining the previous results and the	 obtained 
relation by

( )2
, , , , 2b c c b

U Ub c c b iD x x x D x
x x x x y

é ùé ù æ öé ùé ù¶ ¶ ¶ ¶ ¶ ÷çê úê úê úê ú¼ ¼ =- ÷ç ÷ê úê ú ç ÷ê ú çê ú¶ ¶ ¶ ¶ ¶è øë ûê úë ûë ûë û

We see that , 0c
i bD = . Then, ( )2b

U SiD x U
y

æ ö¶ ÷ç ÷Îç ÷ç ÷ç ¶è ø
A

In addition,

, , , ,c c b
U Ui b c c iD f D f x x x

y x x x y

é ùé ùé ùæ ö é ù¶ ¶ ¶ ¶ ¶÷ ê úç ê úê úê ú÷= ¼ ¼ç ê ú÷ ê úê úç ê ú÷ç ¶ ¶ ¶ ¶ ¶è ø ê úê úë ûë ûë ûë û

and the previous statement leads to ( )2
U SiD f U

y
æ ö¶ ÷ç ÷Îç ÷ç ÷ç ¶è ø

A for all U.

Proposition 3.7. The Lie algebra 2
SA is stabilized by m-derivations 

of 
SA .

Proof. We deduce the result from Propositions 3.4, 3.6.

Theorem 3.8. We have equivalences between:

1. All m-derivation of SA is local. 

2. There is an 1
SX AÎ and ( )0 Mh FÎ such that ( )( ) 0 MX h x x¹ " Î . 

3. The derivative ideal of SA , [ ],S SA A coincides with SA  itself. 

Proof. In 2. 1.Þ , we use the same reasoning as the one of the 

proof of Theorem 3.11 in [4]. As for 1. 2.Þ  we suppose that there is 
an ( ) ( )( )1

0 0M MSf F FÏ A . Since 0S ¹ , then it exists k such that Xk is non-
zero on the open set Uk, and ( )0 Mg FÎ vanishing on Uk with( )|

0
kU

fg º . 
So, it is immediate that the  -linear map defined by
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{ }S k
j

k

0 ifX - fgX ,
( )

ifX=fgX whereD forallj=1, ,q.j
j

D X
D X

ì Îïï=íï Î ¼ïî





A

Is a non-local m-derivation when 0kD ¹ . Thus 1. 2.Û .

We reason in the same way as in [4] for 1. 3..Û

Remark 3.9. We assert that if the derivative ideal of SA  doesn’t 
coincide with SA , then it exists ( ) ( )( )1

0 0M MSf F FÏ A , zero on 
the open set where one Xk is non-vanishing. To realize a non local 
m-derivation D, we exploit the non-vanishing on ( )1 1 2,S S S S

é ù- Å ê úë ûA A A A

of the following 


-linear map:	

For iX gX= , ( ) ,
j

g i jD X D X= where 

( ) ( )( ) ( ) ( ) ( )
( ) ( )( )

0

0

0

0 0 0 0

,

,

1
0 0 0 0 ,

1
0 0

0
0

, M M / Supp M and Sup

if there is  non vanishing over the previous cited open set and

;

such that 

p Supp

their multiplication M s

0

M i

k
f k

i
i f k

i
S j j i h j

Sk

D or
X D or

i j h F F X X X D

or it exists anX d h F F

A

A



¢

¹
¹

$ Ï ¹ Ì $ ¹

Ï
0

0 ,

 zero on an

open set without non vanishing both over and if there is 0on k
k h kV V X V D ¢

ìïïïïïïïïïíïïï

î ¹
ïïïïïï

 

These results are immediate by using Theorem 3.8, Proposition 3.4 
and the definition of non local SA  m-derivation.

Proposition 3.10. The normalizer N  of SA  in ( )Mc  is 
locally isomorphic to ( ),S gl pA Å  as a vector space, where p is 
the corresponding leaf local dimension. So [ ], S SN A A=  locally

1 1 2, ,S S S SN A A A Aé ùé ùÅ =ê úê úë ûë û . Moreover, all local m-derivations of N  

stabilize SA

Proof. We define N  by the set of all vector fields X such that
[ ], S SX A AÌ . So, we are in a distinguished chart U, all | 'U sN elements 
are obtained with direct use of the definition of the normalizer of 

( ).S UA Indeed, |UN is the sum of ( )S UA and the vector 


-space 

spanned by i
jy

y
¶
¶

 . It’s clear that, this last space is isomorphic to 

( ),gl p  . The two results which follow are easily proved by the same 
argument as the previous. As for the last assertion, let’s take 1X NÎ , 

2 , , m SX X A¼ Î and D a local m-derivation of N . In accordance with 

the m-derivation definition, we have [ ]1 2 1, , , , .m m SD X X X X A-
é ùé ù¼ ¼ Îê úë ûë û

By local equation 1 1 2, ,S S S SN A A A Aé ùé ùÅ =ê úê úë ûë û
, Proposition 3.1 and the 

previous result where each iX runs through over the respective sets, 
we affirm that ( )| S SDA A is subset of SA .	

Theorem 3.11. Given that we have a local m-derivation D of SA

towards 2
SA . We find 1 differential closed forms ia and iw over U, 

where 1, ,i p= ¼ with ( )j j
U jD

y
a w

¶
= + Ä

¶
 denoted ( ),

UD a w such that
2( ) ( )j
Sker UAa É  and 1( ) ( )j

Sker UAw É . Besides, 

[ ] ( ) ( )1 2 1 2 2 1, . .i i iX X X X X Xa a a= -

1 2, ( )SX X UA" Î . The converse of this result is also true. 
Furthermore, the condition that the maps ( ),

UD a w , with ( )1, , pa a a= ¼

and ( )1, , pw w w= ¼ , are inner is equivalent to, for all i, 0iw º  and ia
are exact. Then we get ( , ) L

i
i

U f
y

D a w
¶

¶

=-  Where, i idfa =  with 0 ( ).if F UÎ  

Generally if 0a= , then ( ), L
ji

i j
U y C

y

D a w
¶

¶

= where j
iC Î

Proof. Agreeing with the above hypothesis, we pose i
U iD

y
g

¶
= Ä

¶
, where 

the i i a i j
a jdx dyg g g ¢= + with i

ag , i
jg ¢  belong to ( )0 UF . By the relations of 

m-derivations which come from 

0 0
, , , , ,a a

U j aa aD x x
y x x x

é ùé ùé ù¶ ¶ ¶ ¶ê úê úê ú¼ ¼ê úê úê ú¶ ¶ ¶ ¶ë ûë ûë û

we state that 0

0
0

i
j

ax
g ¢¶

=
¶

for all 0j and 0a . We write the subsequent 
equality 

0 0
, , , ,  at (0, ,0).a a

U a ba aD x x
x x x x

é ùé ùé ù¶ ¶ ¶ ¶ê úê úê ú¼ ¼ ¼ê úê úê ú¶ ¶ ¶ ¶ë ûë ûë û
		

				  

Then, we can have ( )0 0

0 0
0, ,0 0

i i
a b
b ax x

g gæ ö¶ ¶ ÷ç ÷ç - ¼ =÷ç ÷÷ç¶ ¶è ø
, for all 0 0,a b . So, 

with the help of coordinate’s translations, we get the previous equality 
at other arbitrary points in U. Thus, each 

ig is closed. By exploiting all 
these assertions, we can adapt the demonstrations of Proposition 3.14, 
3.15 et 3.16 of [4] and we achieve our proof.  

Let Â  be the set of pair of forms ( , )a w quoted before. We will 
denote by ( )UZ , the complement set of those of ( ),a w ÎÂ  such that α 
is exact and 0w= or 0a= . We might assume that (M)Z Z= .

Theorem 3.12. The form of m-derivations of SA  is ( , )
1LX D Dα ω ∈+ +Z

where X ∈N , for all distinguished chart U, ( , )
| 0UD a w = if the leaf 

dimension over U is zero; ( ),( , )
|

U
U UD D Za wa w Î= otherwise. And D1 is a non 

local m-derivation analogous to the one of Remark 3.9. Particularly, 
these m-derivations are derivations.

Proof. Taking D an m-derivation of SA , it is split into a sum of 
local m-derivation D0 and of a non-local m-derivation D1 of SA . So, 
D1 has the same form as the one of Remark 3.9. We can write D0 as 

11 12 21 22
0 0 0 0D D D D+ + +  with 0

ltD the 


-linear component of D0 

mapping l
SA  to t

SA , where , 1, 2.l t = By Proposition 3.7, 21
0 0D = . In 

accordance with the same proposition, we can divide SA  by 2
SA  and 

the quotient m derivation of D0 is denoted 0D . The map 0D becomes 
an m-derivation of 1

SA by the splitting of D0 we know that l
SA

is locally isomorphic to ( )n q pc + -
 . Then 0D coincides with LX

where 1
SX AÎ . Consequently, ( , )

0 LYD D a w= + with Y NÎ and ( , )D a w

, ( , ) Za w Î is defined by Theorem 3.11. With the help of Proposition 
3.4, respectively Theorem 3.11, D1 respectively D0 is a derivation.  

Proposition 3.13. All m-derivation of the Lie 


-algebra of all 
linear fields taking value in the constant fields Lie 



-algebra of t


is 
Lie derivative with respect to one constant field.

Proof. Let D be such m-derivation and ( )
1

l
l t

z
£ £

one coordinates 

system of t


. We note that u ul
vv lD z D

z z
æ ö¶ ¶÷ç =÷ç ÷çè ø¶ ¶

 with , {1, , }u v tÎ ¼ . It’s 

easy to verify that D vanishes if and only if ( )D E is zero too by using 
the following equation	

, , , , , , , ,u u
v vD E E E z E E E D z

z z

é ùé ù é ùé ù é ùé ù æ ö¶ ¶ ÷ê úçê ú ê úê ú ê úê ú¼ ¼ = ¼ ¼÷çê ú÷çê ú ê úê ú ê úê ú è ø¶ ¶ë û ê úë û ë ûë û ë ûë û
     (3.4)

Where E is the Euler vector field. Then, we write ( ) l
lD E C

z
¶

=
¶

. For 
different and fixed ,u v , we exploit the obtained relation from

, , , , .u u u u
u u u vD z z z z

z z z z

é ùé ùé ù¶ ¶ ¶ ¶ê úê úê ú¼ ¼ê úê úê ú¶ ¶ ¶ ¶ë ûë ûë û
 

Therefore, we have 0ul
vD =  where ,l u v¹ ; uv uu

v uD D= . In accordance 
with (3.4) when u=v, we state that u uu

uC D= and 0ul
uD =  for l u¹ . In 
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addition, (3.4) gives us 0uu
vD = . Thus, we proved that L

l
lC

z

D ¶

¶

= .

Proposition 3.14. All m-derivation of N  taking its value in is a sum 

of m-derivations of SA  towards S  and m-derivation of ( ) {0}SN A- È  
to S .

Proof. Let D be a m-derivation of N  towards S . It is known that 
every local m-derivation of N  stabilizes SA , ( ) {0}SN A- È is a Lie 
algebra and there is a direct sum of modules ( )( ){0}S SN A N A= Å - È
Moreover, every non local m-derivation of N  vanishes on [ ],SA N NÌ . 
Then 11 21D D D= + with 11D  (resp. 21D ) the linear component map of 
D from SA to S  (resp. of ( ) {0}SN A- È towards S ). By the fact that D 
is linear and 11D takes value in S ; 11D , 21D are m-derivations.  

Proposition 3.15. All m-derivations from ( ) {0}SN A- È towards S
are Lie derivative with respect to an element of S .

Proof. For {1, , }k qÎ ¼ , we consider the open set

{ M / ( ) 0}k kU x X x= Î ¹ . We know that all element of ( ) {0}SN A- È

is of the form i
jCf X whereC Î , ( )0 Mif FÎ  such that ( )jiX f  in

iU  equals 0 for all j i¹ , equals 1 for j i= . First, we show that such 
an m-derivation D is local. We fix ,i j  belonging to {1, , }q¼  with
i j¹ . Only in ( )Supp iX  we can find an distinguished open set 

U such that ( )
|

0j
i U

f X º  or ( )
|

0i
i U

f X º . It is immediate that 
( ) 1, , , , 1 mi i i j j

i i i i if X f X f X f X f X-é ùé ùé ù¼ ¼ = -ê úê úê úë ûë ûë û  by applying D to this last 

expression, we obtain ( )( )
|

0j
i U

D f X º . Now, we let the map D acts 

on the following bracket , , , , 0j j j i
j j j if X f X f X f Xé ùé ùé ù¼ ¼ =ê úê úê úë ûë ûë û . We 

have ( ), , , , 0j j j i
j j j i U

f X f X f X D f Xé ùé ùé ù¼ ¼ ºê úê úê úë ûë ûë û
 and ( )( )

|
0i

i U
D f X º . In 

addition, when we are unable to choose i j¹ , the proof is trivial. 
Thus, D is local.	

Second, suppose that D is local. Agreeing with the result of 
Proposition 3.13, we achieve our proof.

Theorem 3.16. All m-derivations of the normalizer N of SA have 
a form like the one of Theorem 3.12. Moreover, the normalizer of N is 
N itself.

Proof. Given 0 2D D D= + an m-derivation of N , where D0 is local 
and D2 non local. By Proposition 3.10, 0| S

D A is a m-derivation of 
SA . Let be 1X NÎ and 2 , , m SX X A¼ Î , we write the equation relative 

to m-derivation corresponding to [ ]0 1 2 1, , , ,m mD X X X X-
é ùé ù¼ ¼ê úë ûë û . By the 

definition of m-derivations, the previous result and Theorem 3.12, we 
prove that

( )( )( ) [ ],
0 1 1 2 1L , , , , 0X m mD D D X X X Xa w

-
é ùé ù- + + ¼ ¼ =ê úë ûë û      (3.5)

2 , , m SX X A" ¼ Î . Let’s denote by D¢ the m-derivation defined 
by ( ),

0 1LXD D Da w- + + , ( )1D X¢ belongs to the intersection of the 

centralizer of 1 1 2,S S SA A Aé ùÅ ê úë û with N . With Proposition 3.3, ( )1D X¢
becomes an element of S . In addition, we know that

2| 0
S

D A = . By 

using 1i SX A¹ Î in the relation of m-derivation similar to (3.5), the 
Proposition 3.1 and Proposition 3.3, we have 2 1( )D X SÎ . Then, 
Proposition 3.14 and Proposition 3.15 split D¢ to a sum of a derivation 
of SA and LX with X SÎ , 2D is zero. Moreover, we can affirm that 
the normalizer of N coincides with N   itself.   

Proposition 3.17. Every endomorphism D of the commutative 

Lie algebra S is a m-derivation of S . If D is local, it is a Lie 
derivative with respect to one element of  N . In the case where D is 
non local, then it is determined by the existence of i j¹ such that 

( ) ( )Supp Suppi jX XÆ¹ Ì with ( ) k
i i kD X Xl= , where each k

il Î

and j
il

*Î .

Proof. The first assertion is obvious. Moreover, it is clear that the 

normalizer of S is N , and its centralizer is SA .  Let D be a local 

endomorphism of S . On U, we put k
ii kD

y y
l

æ ö¶ ¶÷ç ÷=ç ÷ç ÷ç¶ ¶è ø
. Then LXD =

with k i
i kU

X y Y
y

l
¶

=- +
¶

and SUY AÎ , for all U. Thus, X belongs 

to N .In addition, if D¢ is a non-local endomorphism of  S , let’s 

write ( ) k
l l kD X Xl¢ = . It is easy to see that D¢  is non-local iff our last 

assertion is true.

With the help of the previous proposition, we can confirm 
immediately

Corollary 3.18. If all elements of S are densely supported over M 
or if S is reduced to a singleton, then all endomorphisms of S  is local.

Applications 
The following is a list of some Lie algebras for which our theorems 

hold.

We denote by cC the Lie algebra of all compactly supported vector 
fields on M which is an involutive distribution over M. We know that 
the normalizer of cC in (M)c is (M)c and M

c
OC = see [7].

We suppose that M is a differential manifold equipped with a 
nonsingular generalized foliation F see [1]. We denote ( )Fc  (resp. 

( )c Fc the involutive distribution of tangent vector fields to the foliation 
(resp. of compactly supported vector fields in ( )Fc ). The normalizer of 

( )Fc in (M) is denoted ( )N F . The foliation preserving vector fields 
Lie algebra is named ( )L F . 

Here, V is a smooth manifold and µ is surjective smooth map from 
M to V see [5]. It is well known that the set of µ-projected vector fields 

0 is a Lie algebra, and µ-zero-projected vector fields set 0h is an 
involutive distribution of M. The normalizer of 0h  in (M)c is denoted 
 and we assume that 

0
O Mh = .

Now, let G be a connection in the Grifone sense over M cf. [9]. 
We can cite the curvature horizontal nullity distribution space h

RN  
(R is the curvature), the distribution of horizontal projected vector 
fields in the curvature nullity space hAG

. Their respective normalizers 
in (TM)c  are designated by R , G  see [10] and we suppose that

TMh h
R

O O
N AG

= = .

We call Nk the k-nullity space distribution of vector fields in the 
Finsler space considered by Bidabad [11] such that the nullity index 
doesn’t vanish everywhere. Let’s note that k is its normalizer in the 
vector fields Lie algebra.

Thus, replacing respectively A  by ( )Mc , cC , ( )Fc , ( ),c Fc

( ),L F 0 ,h
0 , ,h

RN ,hAG Nk  and B  by ( )Mc , (M),c

( ),N F ( ),N F ( ),N F ,  , ,R , ;k G  we state that ”All 

m-derivation of A  (resp. ofB ) is inner with respect to B  (resp. is 
inner)”.
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In addition, let’s consider the system S composed by the Liouville 
vector field C on TM. We work on TM without zero section, we find all 
m-derivation of SA by our theorem, as well as its normalizer which is
locally isomorphic to ( )1,S glA Å  . By density of the foliation regular 
points set defined by S, we obtain analogous results on TM. All 



-linear maps of C< > into itself are local.

The author benefits an Ingrid Daubechies initiative scholarship 
in collaboration with” Institute for the Conservation of Tropical 
Environments” (ICTE) Madagascar.
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