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Abstract

The review is devoted to a novel Lie-algebraic approach to studying integrable heavenly type multi-dimensional
dynamical systems and its relationships to old and recent investigations of the classical Buhl problem of describing
compatible linear vector field equations, its general Pfeiffer and modern Lax-Sato type special solutions. Eespecially
we analyze the related Lie-algebra structures and integrability properties of a very interesting class of nonlinear
dynamical systems called the dispersionless heavenly type equations, which were initiated by Pleban’ski and later
analyzed in a series of articles. The AKS-algebraic and related R-structure schemes are used to study the orbits of
the corresponding co-adjoint actions, which are intimately related to the classical Lie—Poisson structures on them.
It is demonstrated that their compatibility condition coincides with the corresponding heavenly type equations under
consideration. It is shown that all these equations originate in this way and can be represented as a Lax compatibility
condition for specially constructed loop vector fields on the torus. The infinite hierarchy of conservations laws related to
the heavenly equations is described, and its analytical structure connected with the Casimir invariants, is mentioned.
In addition, typical examples of such equations, demonstrating in detail their integrability via the scheme devised
herein, are presented. The relationship of a very interesting Lagrange—d’Alembert type mechanical interpretation of

the devised integrability scheme with the Lax—Sato equations is also discussed.

Keywords: Lax-Sato equations; Heavenly equations; Lax integrabil-
ity; Hamiltonian system; Torus diffeomorphisms; Loop Lie algebra; Lie-
algebraic scheme; Casimir invariants; R-structure; Lie-Poisson struc-
ture; Bi-Hamiltonicity; Lagrange-d’Alembert principle

Introduction

In 1928 the French mathematician Buhl in his works [1,2] posed
the problem of classifying all infinitesimal symmetries of a given linear
vector field equation

Ay=0 (1)
where function ye C*(R%;R), and
0
A= —
j;a, K @

is a vector field operator on R" with coefficients a, € C'(R";R), j = 1n.
It is easy to show that the problem under regard is reduced [3] to
describing all possible vector fields

X 0
AW = Za‘,")(x)—
= J ax/
with coefficients a}’ € C'(R";R), j,k =1,n, satisfying the Lax type
commutator condition

A,AP]=0 (4)

for all xe R" and k=1,n. This M.A. Buhl problem above was
completely solved in 1931 by the Ukrainian mathematician Pfeiffer in
the works [4-8]; where he has constructed explicitly the searched set of
independent vector fields (3); having made use effectively of the full set
of invariants for the vector field (2) and the related solution set structure
of the Jacobi-Mayer system of equations; naturally following from (4).
Some results; yet not complete; were also obtained by Popovici [9].

3)

Some years ago the Buhl MA type equivalent problem was
independently reanalyzed once more by Japanese mathematicians
Takasaki and Takebe [10,11] and later by Bogdanov et al. [12] for a very

special case when the vector field operator (2) depends analytically on
a "spectral” parameter AeC:

~ 0 0 0
A=—+ ) a.(t,x; ) —+a,(t,x;1)—. (5)
ot jzl— a )ax_, Sy
Based on the before developed Sato theory [13,14]; the authors
mentioned above have shown for some special kinds of vector fields
(5) that there exists an infinite hierarchy of the symmetry vector fields
9 ) 0 G) 0
—+ > adr,x; ) —+a) (r,x;4)—, (6)
or, ,;7/ ( )axj v 5
where 7=(7,,7,,.) R keZ,, satisfying the Lax-Sato type
compatible commutator conditions

Izl(k) =

;1, ;1(/\’)] =0= [2(./’)’;1(’0] (7)
for all k,jeZ_ . Moreover; in the cases under regard; the compatibility
conditions (7) proved to be equivalent to some very important

for applications heavenly type dispersionless equations in partial
derivatives.

In the present work we investigate the Lax-Sato compatible
systems; the related Lie-algebraic structures and complete integrability
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properties of an interesting class of nonlinear dynamical systems called
the heavenly type equations; which were introduced by Pleban'ski [15]
and analyzed in a series of articles [10-12,16-20]. In our work; having
employed the AKS-algebraic and related R-structure schemes [21-26];
applied to the holomorphic loop Lie algebra G := diff (T") of vector fields
on torus T", nZ , the orbits of the corresponding coadjoint actions on
G"; closely related to the classical Lie-Poisson type structures; were
reanalyzed and studied in detail. By constructing two commuting flows
on the coadjoint space G*, generated by a chosen root element [ € G*
and some Casimir invariants; we have successively demonstrated that
their compatibility condition coincides exactly with the corresponding
heavenly equations under consideration.

As a by-product of the construction; devised recently in works
[27,28]; we prove that all the heavenly equations have a similar origin
and can be represented as a Lax compatibility condition for special loop
vector fields on the torus T". We analyze the structure of the infinite
hierarchy of conservations laws; related to the heavenly equations; and
demonstrate their analytical structure connected with the Casimir
invariants is generated by the Lie-Poisson structure on G'. Moreover;
we have extended the initial Lie-algebraic structure for the case when the
the basic Lie algebra G diff(T") is replaced by the adjacent holomorphic
Lie algebra G = diff,,(CxT") cdiff (CxT") of vector fields on C x T".
Typical examples are presented for all cases of the heavenly equations
and it is shown in detail and their integrability is demonstrated using
the scheme devised here. This scheme makes it possible to construct
a very natural derivation of well known Lax-Sato representation for
an infinite hierarchy of heavenly equations; related to the canonical
Lie-Poisson structure on the adjoint space G". We also briefly discuss
the Lagrangian representation of these equations following from their
Hamiltonicity with respect to both intimately related commuting
evolutionary flows; and the related bi-Hamiltonian structure as well
as the Bédcklund transformations. As a matter of fact; there are only
a few examples of multi-dimensional integrable systems for which
such a detailed description of their mathematical structure has been
given. As was aptly mentioned [29]; the heavenly equations comprise
an important class of such integrable systems. This is due in part to
the fact that some of them are obtained by a reduction of the Einstein
equations with Euclidean (and neutral) signature for (anti-) self-dual
gravity; which includes the theory of gravitational instantons. This and
other cases of important applications of multi-dimensional integrable
equations strongly motivated us to study this class of equations and
the related mathematical structures. As a very interesting aspect of our
approach to describing integrability of the heavenly dynamical systems;
there is a very interesting Lagrange-d’Alembert type mechanical
interpretation. We need to underline here that the main motivating idea
behind this work was based both on the paper by Kulish [30]; devoted
to studying the super-conformal Korteweg—de-Vries equation as an
integrable Hamiltonian flow on the adjoint space to the holomorphic
loop Lie superalgebra of super-conformal vector fields on the circle;
and on the insightful investigation by Mikhalev [31]; which studied
Hamiltonian structures on the adjoint space to the holomorphic
loop Lie algebra of smooth vector fields on the circle. We were also
impressed by deep technical results [10,11] of Takasaki and Takebe;
who fully realized the vector field scheme of the Lax-Sato theory.
Additionally; we were strongly influenced both by the works of Pavlov;
Bogdanov; Dryuma; Konopelchenko and Manakov [12,32-34]; as well
as by the work of Ferapontov and Moss [35]; in which they devised new
effective differential-geometric and analytical methods for studying an
integrable degenerate multi-dimensional dispersionless heavenly type
hierarchy of equations; the mathematical importance of which is still

far from being properly appreciated. Concerning other Lie-algebraic
approaches to constructing integrable heavenly equations; we mention
work by Szablikowski and Sergyeyev [36,37]; Ovsienko [17,18] and by
Kruglikov and Morozov [38].

We present interesting examples of the Lie-algebraic description
of typical integrable heavenly equations amongst which the Mikhalev-
Pavlov equation [31]; the first and second reduced Shabat type [39] and
Hirota heavenly equations [40], the Liouville type [33] equations and
some other.

We also generalized the Lie-algebraic scheme [27,28] subject to the
loop Lie algebra diff (§") of superconformal vector fields on S'V, being
a Lie algebra of the Lie group of superconformal diffeomorphisms of
the 1|N-dimensional supertorus S'" ~S'xAY, where A:=A @A is an
infinite-dimensional Grassmann algebra over C, A OC. It is applied to
constructing the Lax-Sato integrable superanalogs of the Mikhalev-
Pavlov type heavenly super-equation for every NeN\{4;5}. As a result
of suitably chosen superconformal mappings in the space of variables
(2:0,...,.0,)€S'™ the superanalogs of Liouville type equations are
obtained by means of using the loop Lie superalgebra diff (S'"). Some
results are also presented for a special Lie-algebraic integrability scheme
based on a metrized loop Lie algebra; generated by a semisimple sum

of the holomorphic Lie algebra G = diff,,,(CxT") and its coadjoint
space G".

The Lax-Sato Type Compatible Systems of Linear Vector
Field Equations

A vector field on the torus and its invariants

Consider a simple vector field X: RT"T(RxT") on the (n+1)-
dimensional toroidal manifold RT" for arbitrary

ne, which we will write in the slightly special form

A= 9+ < a(t,x),g >, (8)
ot Oox

where (t,x)eRxT",a(t,x)eE",gF (ﬁ,i,...,if and <-,-> is
0 ox, Ox, Ox

the standard scalar product on the Euclidean space

n

E". With the vector field (8); one can associate the linear equation
Ay=0 9)

for some function € C((RT*%;R), which we will call an “invariant” of the
vector field.

Next; we study the existence and number of such functionally-
independent invariants to eqn. (9). For this let us pose the following
Cauchy problem for eqn. (9): Find a function yeC*(RT*R), which
at point PR satisfies the condition ¥ (#,x) |t:t<0)= ¥ (x), xeR", for
a given function ¥ €C *(T";R). For eqn. (9) there is naturally related
parametric vector field on the torus T" in the form of the ordinary
vector differential equation

dx/dt=a(t,x), (10)

to which there corresponds the following Cauchy problem: find a
function x:R—T" satisfying

x(t) \H(O) =z (11)

for an arbitrary constant vector zeT". Assuming that the vector-
function aC'(RxT*R"); it follows from the classical Cauchy theorem
[41] on the existence and unicity of the solution to (10) and (11);
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that we can obtain a unique solution to the vector eqn. (10) as some
function ®eC'(RxT*%T"),x=®(t,z), such that the matrix 0d(t,z)0z
is nondegenerate for all teR sufficiently close to #”R. Hence; the
Implicit Function Theorem [42,43] implies that there exists a mapping
Y:RT"T", such that

Y(t,x)=z (12)

for every zeT" and all teR sufficiently enough to
t9eR.  Supposing now that the functional vector
Y(t,x) = (" t,x),w?t,x),...w" X)), (t,x) e RxT", is constructed;

from the arbitrariness of the parameter zeT" one can deduce that all
functions "’ :RxT" >R, j=1,n, are functionally independent
invariants of the vector field eqn. (9); that is Ay’ =0, j =1,n. Thus;
the vector field eqn. (9) has exactly neZ  functionally independent
invariants; which make it possible; in particular; to solve the Cauchy
problem posed above. Namely; let a mapping « :R"R be chosen such
that a(‘¥(¢,x)) \t:l«)) w(x) for all xeR” and a fixed #”eR. Inasmuch
as the superposition of functions & o ¥ : RxT" — R is; evidently; also
an invariant for the eqn. (9); it provides the solution to this Cauchy
problem; which we can formulate as the following classical lemma.

Lemma 2.1: The linear eqn. (9); generated by the vector field (10) on
the toroidal manifold RxT", has exactly #nZ _functionally independent
invariants.

Consider now a differential form y™eA"(T"), generated by
the vector of independent invariants (12); additionally depending
parametrically on the vector evolution parameter fR":

7" =dyV Adp® A Aady, (13)

where; by definition; for any ye CA(R"xT%R) the differential
d(//:=<a—y/,dx>. (14)
ox

As follows from the Frobenius theorem [35,42,44]; the Plucker type
form (13) is for t€R" nonzero on the torus T" owing to the functional
independence of the invariants. It is easy to see that the following [9]
Jacobi-Mayer type relationship

‘a;v )
Ox

holds on the manifold T" where on the right-hand side one has the
volume measure on the torus T", which is naturally dependent on teR"

owing to the vector field relationships (10). Taking into account that for
e C*(R™ xT";R)k =1,n there hold the differential

dy” Ady® Aady™ =dx, Adx, A Ad,, (15)

all invariante ®
expressions

dy® = oy

dt (16)

their substitution into (15) gives rise; owing to the independence of the
differentials dt,,s=1,n, to the following set of the compatible vector
field relationships

N, 3 [a'yj oy 0% _ (17)
Ot,  ioal\ox ), ot 6xj

for any s = 1,n. The latter property; as it was demonstrated by Pfeiffer
[9]; makes it possible to solve effectively the M.A. Buhl problem and has
interesting applications [13,35] in the theory of completely integrable
dynamical systems of heavenly type; which are considered in the next
section.

Vector field hierarchies on the torus with “spectral” parameter
and the Lax-Sato integrable heavenly dynamical systems

Consider some naturally ordered infinite set of parametric vector
fields (8) on the infinite dimensional toroidal manifold R xT" in the
form

a0 =2 < q® (txi)—>+aok)(tx/l)7 =9,

tk tk
where #, eR.keZ,(t,x;4) € (R™ xT")xC are the evolution parameters;

A(k)’ (18)

and the dependence of smooth vectors (¢{*,a")) e ExE" ,k e Z,, on

the “ spectral” parameter A=C is assumed to be holomorphic. Suppose
now that the infinite hierarchy of linear equations

AWy=0 (19)

for kZ, & has exactly n+l GZ common functionally independent
1nvar1ants 1//(/’ Qe C? (R + x'If” ;C), j =0,n on the torus T" suitably
depending on the parameter AeC. Then; owing to the existence theory
[42,43] for ordinary differential equations depending on the “ spectral”
parameter AeC, these invariants may be assumed to be such that allow
analytical continuation in the parameter AeC both inside S| <C
of some circle S'cC and subject to the parameter A € C,| 4| o,
outside S' = C of this circle S'cC. This means that as |1|—>c0 we have
the following expansions:

y O~ A+ 3w (0,
k=0

y(A) ~ if L (6, (D) + il//f)(t 2W(A) (20)

y ) ~ D26 (A + D (v, (M),
k=0 k=1

y ()~ D (0w, (A + D" (@ xw, (A)
k=0 k=1

where we took into account that ¥ (1) e C2(R* xT";C), 1 € C, is the
basic invariant solution to eqn. (19); the functions z{” € C*(R™ x T";R)
for all s=1,mlez, are assumed to be independent and
y? e CAR™ xT";R) for all keN,j=0,n are arbitrary. Write down
now the condition (15) on the manifold CxT" in the form

oY
d )
= o [ dy

Ady O Ady® A ady® =dAAdx Adiy A ndy,, (21)

where x:=(4,x)e CxT", |%P| is the Jacobi determinant of the

mapping ¥ := (', "y, p") e CHCx(R™ xT");C"") on
the manifold CxT" Inasmuch this mapping subject to the parameter
1eC has analytical continuation [43] inside S! = C of the circle S'cC
and subject to the parameter A"'C as |A\| > outside S' = C of this
circle S'cC, one can easily obtain from the vanishing differential
expressions

D) — g0, D oy 0 =0 22
dyY d«//’+z md’ (22)

for all j= 1,11 and the relationship (21) on the manifold CT" of the
independent variables xe CT", evolving analytically with respect to the
parameters 7. e R, j=1,nke Z., the following Lax-Sato criterion:

(\ar' dy @ Ady® Adyp® /\.../\dy/(n)J =0, (23)

where (...)_ means the asymptotic part of an expression in the bracket;
depending on the parameter A"'C as [A|—>co. The substitution of
expressions (22) into (23) easily yields
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n -1
6? = (aij ©0) (ﬂ) oY 4 (67?} W(O)(ﬂ)k ai (24)
ort X )y, EM | Lox ) . Ox,

forall keZ,,j=

hierarchy of Lax-Sato compatible [11,12] linear equations; where (...),
denotes the asymptotic part of an expression in the bracket; depending
on nonnegative powers of the complex parameter AeC. As for the
independent functional parameters 7\ e C*(R™ xT";R) for all
keZ,,j=1,n, one can state their functlonal independence by taking
into account their a priori linear dependence on the independent
evolution parameters tkeR, keZ+. On the other hand; taking into
account the explicit form of the hierarchy of eqn. (24); following [13]; it
is not hard to show that the corresponding vector fields

) 0 0 oY’ 0 k 0
AP {[;’j W)} = Z{(;)“’”W} ax, @)

on the manifold CxT" satisfy for all k,meZ,,j,I=
compatibility conditions

oA, oA A, AD (26)
=[A; 1,
o or "

m

1,n. These relatlonships (24) comprise an infinite

1,n, the Lax-Sato

which are equivalent to the independence of the all functional

parameters 7/ e C'(R* xT";R), keZ,,j=1,n Asa corollary of
the analysis above; one can show that the infinite hierarchy of vector
fields (18) is a linear combination of the basic vector fields (25) and
also satisfies the Lax type compatibility condition (26). Inasmuch
the coeflicients of vector fields (25) are suitably smooth functions

on the manifold R” xT”, the compatibility conditions (26) yield
the corresponding sets of differential-algebraic relationships on
their coefficients; which have the common infinite set of invariants;
thereby comprising an infinite hierarchy of completely integrable so
called heavenly nonlinear dynamical systems on the corresponding
multidimensional functional manifolds. That is; all of the above can
be considered as an introduction to a recently devised [11-13,33]
constructive algorithm for generating infinite hierarchies of completely
integrable nonlinear dynamical systems of heavenly type on functional
manifolds of arbitrary dimension. It is worthwhile to stress here that
the above constructive algorithm for generating completely integrable
nonlinear multidimensional dynamical systems still does not make it
possible to directly show they are Hamiltonian and construct other
related mathematical structures. This important problem is solved by
employing other mathematical theories; for example; the analytical
properties of the related loop diffeomorphisms groups generated by the
hierarchy of vector fields (18).

Remark 2.2: The compatibility condition (26) allows an
alternative differential-geometric description based on the Lie-
algebraic properties of the basic vector fields (25). Namely; consider

the manifold R"* , as the base manifold of the vector bundle
ER"™,G), E=Y . (GO®D/p G ={p 0 Y =aV o,
AU e AV(CxT"Ci,peGy for an equivalence relation p and the
(holomorphic in 2eS, US! cCl# structure group G=Diff, (CT");
naturally acting on the vector space E. The structure group

can be endowed with a connection Y by means of a mapping
d,,'l"(E)—>1"(T*(R”XZ*)®E) = [(Hom(T(R"“ ); E)), where

nxZ,

diffeomorphism @, € E, 7eR"™, generated
set of parametric vector fields (25); and naturally

any mapping e C’(R"" x(CxT"%C)  as
@ ow(r,x) =y (r,0.(x)), (r,x) e R"“ xT". It is easy now to see
that the corresponding to (27) zero curvature condition d; 0 is

equivalent to the set of compatibility eqn. (26). Moreover; the parallel
transport equation

dyp; oy =0 (28)

coincides exactly with the infinite hierarchy of linear vector
field eqn. (24); where y e CZ(]R"XZ+ xT";R) is their invariant.
Conversely; the Cartan integrable ideal of differential forms
h(a) e AR"™ xT")®T(T*(R"*)), which is equivalent to the
zero curvature condition d; =0, makes it possible to retrieve
[23,45] the corresponding connection Y by constructing a mapping
d,:T(E) > T(I*(R"*)® E) = [(Hom(T(R"**);E)) in the form (27).
These and other interesting related aspects of the integrable heavenly
dynamical systems shall be investigated separately elsewhere.

any cotangent
by the

acting on

Example: the vector field representation for the Mikhalev-
Pavlov heavenly type equation

The Mikhalev-Pavlov equation was first constructed [32] and has
the form

U, +u, =uu, —uu,, (29)

where ue C*(R>xT%R) and (t,y,x) e R*xT'. Assume now [13] that the
following two functions

O =2y~ Zﬂkr,( —“Vt+ Ay +x+ z«//jl)(t,y,r;x) A7/, (30)
k=3 =
where W' (t,y,5;x) = u, (t,y,7;x) € R*xR* xT', are invariants of
the set of vector fields (19) for an infinite set of constant parameters
7, e R,k =3,00, as the complex parameter A—co. By applying to the
invariants (30) the criterion (23) in the form

@™/ oxy ' dy™)_ =0, (31)

one can easily obtain the following compatible linear vector field
equations

Y 2+ au —u) ¥ =0 (32)
ot Y ox

oy
b SNNG) o _
5+(+)

VP ;L)— -0,

or,
where B (u;4),k= 3,00, are independent differential-algebraic
polynomials in the variable uC*(R*xR*xT") and algebraic polynomials
in the spectral parameter AeC, calculated from the expressions (24).
Moreover; as one can check; the compatibility condition (26) for the
first two vector field eqn. (32) yields exactly the Mikhalev-Pavlov eqn.
(29).

Example: The Dunajski metric nonlinear equation

0 The equations for the Dunajski metric [45] are
dgi= Ydr L ogrvpo<a® L, 27) : :
or (k) T Ox =0
jz, Wy g g =, —v=0, (33)
M .= (k) g..(k) nxL, . .
oV = aPdrP e A(R"™)QT(E), which is defined for _
Z‘/EZ" / / Vxll + szv + ux]/\l V‘XZXZ - Zuxlxz VXI.VZ - 0’
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where (u,v) e C*(R* xT*R*), (»,t;x,,x,) € R*xT*. One can construct now;
by definition; the following asymptotic expansions

ARV RN S (RUEV R (34)

J=1

~ Z(w“”)‘ =y Oy x 2y ()
j=1

@~ Z(W)‘ t? +y O+ x, + D w (L yx) (W),
k=2

1

where ou/éx, =y, 6u/éx, =

constant parameters. Then the condition (23)

|

yield a compatible hierarchy of the following Lax-Sato type linear
vector field equations:

y'v=y® and ¢ eR,s=1,2k=2,00, are

-1
"y )

a(]”xlaxz)

dy/<°)/\dy/<”/\dy/(2)] - (35)

0

2, L, 2
") G, 2 04

_ =0,

(/O)W _ aal " A(/O)W =0, Al =y
it

>

0,A" :=(A-u )i

A" :=6—W+AU‘) = tu,  —-v, —=
v Py v W) g i gy, oA

(5)
A% ]1//:72—(‘/+<P (; /1)—> 0,
T,

k
where P’(u,v;1)eE’,s=1,2,keN\{1}, are some independent
vector-valued differential-algebraic polynomials [33] in the variables
(u,v) e C*(R* xR* xT?*;R?) and algebraic polynomials in the
spectral parameter AeC, calculated from the expressions (24). In
particular; the compatibility condition (26) for the first two equations
of (35) is equivalent to the Dunajski metric nonlinear eqn. (33).

The description of the Lax-Sato equations presented above;
especially their alternative differential-geometric interpretation
(27) and (28); makes it possible to realize that the structure group
Diff, (CT") should play an important role in unveiling the hidden Lie-
algebraic nature of the integrable heavenly dynamical systems. This is
actually the case; and a detailed analysis is presented in the sequel.

Heavenly Equations: The Lie-Algebraic Integrability
Scheme

Let G, == Diff .(T"), n e Z,, be subgroups of the loop diffeomorphisms
group Diff (T") = {C > S' > Diff (T")}, holomorphically extended in the

interior S! = C and in the exterior S' — C regions of the unit circle
S'eC?, such that for any g(1)eG,, AeS!, g(o)=1eDiff (I"). The

corresponding Lie subalgebras ¢, =diff,(T") of the loop subgroups

G, are vector fields on T" holomorphic; respectively; on S. < C',
where for any @(4) € G_ the value () = 0. The split loop Lie algebra

G G. +G canbe naturally identified with a dense subspace of the dual

I= Zl/(x,l)dxi = (l(x;i),dx),
o (o a oY
mtroduced for brevity the gradient operator ™ ==

X 0x, 6x2 v axn
in the Euclidean space E” and chose the Sobolev type metric (-, -)Hq on
the space C*(T";R") < H(T";R") for some geZ_ as

>3 Js (6” (oh) 900 z)} (39)
X

J=1al=0,

(I(x;4),a(x;4))

where ox“:=ax"0x,>..0x," | a |= Z o, for a €Z’, generalized metric

used before [46]. The Lie commutator of vector fields d,b6 €G is
calculated the standard way and equals

a,b]=ab—b <<a(x 2), >b(x ), > (40)

- <<b(x;x1),§c>a(x;ﬂ),§c>.

The Lie algebra G naturally splits into the direct sum of two Lie
subalgebras

=6 @g, (41)
for which one can identify the dual spaces
g~: = ﬂp*lgi, g:* = lﬁ*lg’l,

where for any /(1)e G’ one has the constraint /(0)=0. Having
defined now the projections

PG=G g, (42)

one can construct a classical R-structure [25,26,47] on the Lie algebra
G as the endomorphism R : G — G, where

R=(P.-P)/2, (43)

which allows to determine on the vector space G the new Lie algebra
structure

a,b), =[Ra,b]+[a,Rb] (44)
forany @,b € G, satisfying the standard Jacobi identity.

Let DBEG ") denote the space of smooth functions on _C’; Then
forany f,geDH G*) one can write the canonical [23,25,26,45] Lie—
Poisson bracket

if.gh=a,

where 1 G’

v/ @), ve@), (45)
is a seed element and Vf, VgeG are the standard
functional gradients at 7 eg~* with respect to the metric (37).
The related to (45) space [ EEC;*) of Casimir invariants is defined
as the set [(G")cDHG") of smooth independent functions

h, eDHEG"),j=1,n, for which

space G* through the pairing ad;hjd)i =0, (46)
(] a) ——Cﬁ(l(x A),a(x, }L))Hq ,11’ (37) where for any seed element
[ =<I,dx> (47)
for some fixed p, qu We took above; by definition [29,42]; a loop
vector field ael’ (T(']I‘” )) and a loop differential 1-form I eA! (T the gradients
given as . P
" Vh.(l)={Vh, 1),> (48)
=30 (5,2) 2 = <a(x;i),a>, (38) 2 < D%
= ox, Ox
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and the coadjoint action (46) can be equivalently rewritten; for instance;
in the case g=0, as

<; Vh (1)>1+<1( Vh (1))> (49)

forany j =1,n. Ifone takes two smooth functions 1,1 ¢ 1(G") = D(G"),
their second Poisson bracket

(h 1) = (L[VAY VRO ,) (50)
on the space G* vanishes; that is
(R =0 (51)

at any seed element / € G, Since the functions ©,h" € I(G"), the
following coadjoint action relationships hold:
adw(y)(i)l =0, adw(,)(l_)l =0, (52)

which can be equivalently rewritten (as above in the case g=0) as

<aa Vh(”(l)>l+<l( Vh(y)(l))>

:<Vh”’)(l),§ >1+<(7 \/ (1))>l+<l (=— th(]))> (53)

=(VAY )+ BWU,) )

and similarly
9 VA (D)) + 1(3 VhO(1)) = (VRO()+B )l (54)
o’ Tox’ ' il 7

where the expressions
VAO(D) = th(l),i , VRO = Vh“)(l),ﬁ (55)
dx Ox

are true vector fields on T”, yet the expressions

I <( h(y)(l))>+[th(”(l)j, (56)
Vh ax

‘ 0 oy
B <( Vh“(l))> (6xVh”(l)j,

are the usual matrix homomorphisms of the Euclidean space E".
Consider now the following Hamiltonian flows on the space G*:

ol /oy =1{h" T}, =- , (57)

ad’
Vi (@),

ol /ot ={h" I}, =—ad" , I,

Vil (@),

where 2%, h € I(G") and y,teR are the corresponding evolution

parameters. Since KK €I(G") are Casimirs; the flows (57)
commute. Thus; taking into account the representations (53); one can

recast the flows (57) as
ol ot=—-(Vh (1), + Bwy) M, ol/dy=—(VA" )+ +BW) ), (58)

where

Vi), = <Vh(”(l)+,a>, V(D) = <Vh(”)(l)+,a>. (59)
ox ox

Lemma 3.1: The compatibility of commuting flows (58) is
equivalent to the Lax type vector fields relationship

0

VhO(D), - h(”(l) +[VAD(D),,VR"(1),]1=0, (60)

which holds for all y,teR and arbitrary AeC.

Proof. The compatibility of commuting flows (58) implies that
0’1/ otoy -0’1/ dyot=0 for all yteR and arbitrary AeC. Taking
into account the expressions (57); one has for any vector field

7 <Z—>eg
ox

. N N
vh(V](i)+l 2)+ 5(advh(')(l~)+l,z) a

0=(8% | otoy —°l | oyor,Z2) = —g(ad
76' W (7 A 0 = (7 1\ —
7—5(1,[% (l)+,Z])+5<l,[Vh ),.2) =
= 07 W (7 A 70 (s 7
f—(al,[Vh (l)“Z])—(l,[th ), 2D+

(LT vROd), 2D+ (v @), 2) =
oy oy

:(fld;h(,,, LIV (),,Z) - (1[ th(1) 2] -
* i Gy 5 710 o7y BT =

—(ad_ . LIVEO(),,Z) +(LI-VA"(),,Z]) =
vl i), oy

= (LIVA (D), .[VhO (D), 21 - (1 ,[gw‘”(i VA
(VRO () VRO D), 21 + (T ,[aﬁw“’(i)uz”]) -

y
=(1,[Vh (1), [VR(D),,

ZN-[VA (), [VRO (D), Z1]) +

+( i,[ % v (1), - h“’m 2= (61)

= (L,IVA (D), VR (D), T+ Vh"’(l) Vh‘”(l) ,Z)=

=(i,[ vh‘”(l) Vh‘”(l) +[VAY (), , VA (1),1,2]) = (ad; 1, 2),
where
o)== Vh‘”(l) 6Vh”)(l) +[VAO(D), VRO (),].  (62)

From (61) we obtain that adQ(i)l =( for all y,teR and arbitrary

A€C; that is the vector field (62) is the gradient of an analytical Casimir
type vector field 0(/)eG. Now based on the analyticity of the vector
field expression (62); one easily shows [13] that O(7) =0, thus finishing
the proof.

For the exact representatives of the functions 4z e | ((j") ;itis
necessary to solve the determining eqn. (49); taking into account that if
the chosen element / € G” is singular as [A| >, the related expansion

Py~ 2P -

VP ()~ A ,; Vh(DA, (63)
where the degree peZ _can be taken as arbitrary. Upon substituting
(63) into (49) one can find recurrently all the coefficients Vh(l)j, iz,
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and then construct functional gradients of the Casimir functions
WY, h® e I(G") projected on G, as

VEO(), = (A"VR(D),, V1), = (A" VA1), (64)

for some positive integers pyp Y/
Remark 3.2: As mentioned above; the expansion (63) is effective if
a chosen seed element [ € G* is singular as |\|->. In the case when

it is singular as |A|0, the expression (63) should be replaced by the
expansion

Vh(p)(l) ~ AP ZV/’lEm(l)lj (65)
jez,
for an arbitrary peZ , and the projected Casimir function gradients
then are given by the expressions

VA () = /1(/17[)~"71Vh(1)),, VA1) = AA"'Vh(l)).  (66)
for some positive integers p,pZ . Then the corresponding flows are;

respectively; written as
ol /ot =ad’ I,0l/0y=ad I. (67)

vi O 7y Vi (7.
The above results; owing to 3.1; can be formulated as the following
main proposition.

Proposition 3.3: Leta seed vector field / € G* and 41,4 € I(G")
be Casimir functions subject to the metric (-,-) on the loop Lie algebra
G and the natural coadjoint action on the loop co-algebra G'. Then

the following dynamical systems
ol /oy = —ad;hm( I, 0l /0t=—ad’ l (68)

v (@),
are commuting Hamiltonian flows for all y, teR. Moreover; the
compatibility condition of these flows is equivalent to the so called
vector fields representation

@/t +VhOD) ) w=0, (@/oy+Vh? (1) )y =0, (69)
where yeC*(® xT"C) and the vector fields VA¥(1),.VA”(), €G,.
given by the expressions (59) and (64); satisfy the Lax relationship (60).

The proposition above makes it possible to describe in a very
effective way the Bicklund transformations between two solution
sets to the dispersionless heavenly type equations resulting from the
Lax compatibility condition (60). Namely; let a diffeomorphism

(e BIﬁJ” (T"), depending parametrically on A,ueC and evolution
variables (y,f)eR? be such that a seed loop differential form
i (x;4, 1) € G* ~ A'(T") satisfies the invariance condition
T(&0x 2, ) 2) = K (x; 1) (70)
for some non-zero constant kC\{0}, any xT" and arbitrarily chosen AeC.

As the seed element [(&(x;A,u);4) e AN(T"), by the construction;

simultaneously satisfies the system of compatible equations following

from (68); the loop diffeomorphism & € Diff (T"), found analytically

from the invariance condition (70); should satisfiy the relationships
Lemvirq),. Le=vioa),, )
oy ot

giving rise exactly to the Backlund type relationships for coefficients of
the seed loop differential form " *"» = ##s ~tity:

Integrable Heavenly Type Equations: Examples

The Mikhalev-Pavlov heavenly type equation
This equation [20,32] is

Uy, +u, =uu, —ul,, (72)
where ueC*(R*xT') and (.7;)eR*xT'. Set G*:=diff (T') and take
the corresponding seed element / €G" as

[ =(A—2u,)dx. (73)

It generates a Casimir invariant 4 € /(G*) for which the expansion
(63) as |A| > is given by the asymptotic series

Vh() ~+u, | A—u, | 2 +O0(1/ 2) (74)

and so on. If further one defines

VRO, = (A°Vh), =2+ Au_ —u,, (75)

VhO (1), = (A'Vh), = A+u,,

it is easy to verify that

VAT, =< VRO(1),, 5= (4% + u, —u)— (76)
ox

VA (D), =< VA1), o= (4 + ux)—.
ox Ox

As aresult of (76) and the commuting flows (68) on G we retrieve
(the equivalent to the Mikhalev-Pavlov [20] ) eqn. (72) vector field
compatibility relationships

Y 2, —u)—"’—()—a"’+(/1+ ) (77)
ot ox oy
satisfied for v € C*(R*xTC), any (v,5x) e R*xT' and all AeC.
We now study the Bicklund transformation for two special
solutions u,i1 € C*(T'x R*;R) to the Mikhalev-Pavlov eqn. (72). Let
us consider a loop diffeomorphism & € Diff (T') that is the mapping

T' 5 x - %= &(x; ,1,4) € T', which parametrically depends on AeC*
and the evolution variables (y,t) eR?, satisfying the invariance condition
(70) for the seed loop differential form (73):

[A—2i.(%;¢,y)]dxX =[A —2u (x;t,y)]dx, (78)

where for simplicity; we define y=€C and the constant parameter k=1.
From (78) one easily finds that

A&, (xt,y) = 2[u(X;t,y) —u(x;t,»)], + 4
or; equivalently;

EA)=x+2@—u)/ A+a(y,t;A), (79)
where keC\{0} and acCR%R) is some mapping. As the loop
diffeomorphism (79) should simultaneously satisfy the vector field
eqn. (71); giving rise (at a(y,1,1)=0) to the following Backlund type
differential relationships

2, —u))/ A=A+, 2@ —u)l A=A} + i, i,

which hold for any AeC and two special solutions u,i e C*(T' xR*R) to
the Mikhalev-Pavlov eqn. (72).

Example: The Witham heavenly type equation
Consider the following [48-52] heavenly type equation:
U, =uu, —uu,, (80)

where #€C*(R*xT;R) and (¢,y;x) e R’ xT". To prove the Lax-Sato type
integrability of (80); let us consider a seed element 7 €G’, defined as

I=@ A" +2u, +A)dx, (81)
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where AeC is a complex parameter. The following asymptotic
expressions are gradients of the Casimir functionals 2“7 e I S,

related with the holomorphic loop Lie algebra G = diff (T"):

VRO () ~ Au A =1)+O(1/ A), (82)
as A—oo and
VAO (1) ~u, A7+ O(A2), (83)

as A—0 Based on the expressions (82) and (83); one can construct [29]
the following commuting to each other Hamiltonian flows

Ofeaa ,, T %0 =ad, T
ot v,

v iy
with respect to the evolution parameters y,t€R, which give rise; in part;
to the following equations:

(84)

uyt = uxu.\‘y - uvuxx’ (85)

u, :7u;2/2+3uf /2,

u, = —ui[(uxuy)x +uu,l,

where the projected gradients Vi,Vh" e are equal to the loop
vector fields

OFy — O 7y -t O (86)

VhO(), =(u, —A) P VA (1) P
satisfying for evolution parameters y, t€R* the Lax-Sato vector field
compatibility condition:

ﬁvw’(i ), — ﬁwﬁ}’)(i ) +[VAO(), , VAV (1).]1=0. (87)

oy ot

As a simple consequence of the condition one finds exactly the
first equation of the (85); coinciding with the heavenly type eqn. (80).
Thereby; we have stated that this equation is a completely integrable
heavenly type dynamical system with respect to both evolution
parameters.

Remark 4.1: It is worth to observe that the third equation of (85)
entails the interesting relationship

0 0 2

—(u)=—wu,),

ay( V) ax(A )) (88)
whose compatibility makes it possible to introduce a new function
vC*(ShR), satisfying the next differential expressions:

v.=lu, v, = uxuﬁ, (89)

which hold for all (x,y)eS'xR. Based on (89) the seed element (81) is
rewritten as

I=A" +2u, + A)dx, (90)
and the vector fields (86) are rewritten as
~ 0 o 1 0
VRO, = (u, = A)—, VA (). =——, o1
(1), = (u, )ax (). VA ox

whose compatibility condition (87) gives rise to the following system of
heavenly type nonliner integrable flows:

— -2 —
Vy - uxv.r > vxt - uxvxy + uxxv.n (92)
u,=1/v, u, =—v2/2+3ul/2,
compatible for arbitrary evolution parameters y,teR.

The Hirota heavenly equation

The Hirota equation describes [41,53] three-dimensional Veronese

webs and reads as
auxuyt + ﬂuyuxt + }/urux_v = 0 (93)

for any evolution parameters t,yeR and the spatial variable xT", where
a,f and yeR are arbitrary constants; satisfying the numerical constraint

a+f+=0. (94)

To demonstrate the Lax-type integrability of the Hirota eqn. (93)
we choose a seed vector field 7 € " =diff (R') in the following rational

form
W’ +u’ 2
GRS . Y 95)
2auu, u,(A-a)

~)

[ _m
ul(A+a)
The corresponding gradients for the Casimir invariants " e(G"),

j=1,2, are given by the following asymptotic expansions:

vyOy ~ 2V, (96)

JEL,

as A+a :==p—0, and
VIO~ XA, 97)
jez,

as A—a=—0. For the first case (96) one easily obtains that

vy () ~ —ZyZ—' +0(i), (98)

and for the second one (97) one obtains

VP ~ 2B+ 0, 99)
ux
where we took into account that the following two Hamiltonian flows
on G
dl | dy=ad’ ]

vilD () "’

dl /dt=ad

]
vi®(T)_

(100)

with respect to the evolution parameters y,t€R hold for the following
conservation laws gradients:

~ 2y u
VEO(1) = VyOaDy |, = =, (101)
D= pu(Vy D) e G+,
, } 28 u,
VA1) = Ny |, = -,
O =pVy2 D) s G-a)u

It is easy now to check that the compatibility (108) for a set of the
vector fields (109) gives rise to the Hirota heavenly eqn. (93); whose
equivalent Lax-Sato vector field representation reads as a system of the
linear vector field equations

v __ 2w Oy _, Qv 2P oy _

o u(l+a)dx oy u(l-a) dx

satisfied for y e C*(R*xT';C) for all u,, +uu,, —uu,=0and Le C\{ta}.

(102)

s>

The first reduced Shabat type heavenly equation
The entitled above equation [40] reads as
uy, +up, —uu, =0 (103)
forafunction # € C*(R* xR%R), where (7,%:x) € R* xR'. To show the Lax-

Sato integrability of the eqn. (103); take a seed element 7 G =diff (R
in the following form:

2 2 2 -2
= | u, u, —uy Lly
BN VETRR R
uu,

where 1€ C\{0,~1}. This element generates two independent hierarchies

(104)

of Casimir functionals »",7® € 1(G"), whose gradient expansions are
given by the following asymptotic expansions:
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VyO () ~u, + 00, (105) by the expressions
1) -1 -2
as A+1 =u—0; and VY () ~ (0,1)" + (uxzx2 U YA +0(A7), (118)
VyOl) ~u, + O, (106) VEO(D) ~ (L0 + (=1, )'A™ + O(A7),
as A :=p—0. Having put now; by definition; and so on. Now; by defining
VEOU). = w7V D). |y VRO = pu?Vy ) s (107) VA1), = (AVAO D), = (A=) (119)
) - @ - T
one easily ensues from the compatibility condition VET(D), = (AVAED), = (Atug =g, )
Kl one obtains for (116) the following [16] vector field representation
Py — V() - Vh“)(l) =[VA(D)_,Vh()_], (108) B 5
Wi, W amu =0, (120)
for a set of the vector flelds ot oy, 27 ox,
7 t 0 -2 , 0 al// 8w 8{//
V(1) = Vhf>(l)+§, v (1), = Vhf”(l)a (109) +(A+u Uy ax, Uy o o, =0,

a compatible Lax-Sato representation as the following system of vector
field equations:

Oy  _u, Oy _, Oy 0w _

- 5 —r 4 2T =

ot A+l ox v A ox

satisfied for w e C*(R*xR%;C), any (f,y;x)€ R*xR' and all 1eC\
{0,~1}.

(110)

s

The second reduced Shabat type heavenly equation
The entitled above equation [40] reads as

U, —uu, +uu, =0 (111)

for a function ue C(R*xR%R), where (y,tx)eR?T". In this case for
demonstrating the Lax-Sato integrability of the eqn. (111) we will take
a seed element [ ¢ §* == giff (T') as

I = (/114;2 +2(u, + u}z)u‘_3 +A7'u,Bu, + 4u",)u;4)dx, (112)

giving rise to two independent Casimir functionals 3",y eI ()
whose gradient expansions are given by the following asymptotic
expansions

Vy () ~=Au, +u, +O(1/ A%), (113)
Yy () ~ Au, — (, +u,)+O0(1/ 2)

as A—o0. Having put now; by definition;
VA (1) = (AVyV (D) |, = Au, = Au,, (114)

VA (1) = ~(AVy V() + AV YD ()|, = A,

one obtains from (108) and (109) for the heavenly eqn. (103) the
following compatible Lax-Sato vector field representation

Wy, -2y 0, Wy, OV g, (115)
ot 7 ox oy " ox
satisfied for ye C(R>xR%C), any (t,y;x) e R*R" and all AeC.
Pleban’ski heavenly equation
This equation [16] is
Uy = Uy +U U =ty =0 (116)
1 72 171 272 )

for a function ueC(R%T?), where (y,t;xl,xz)e]sz']I‘z. We set

G'=diff (T%) and take the corresponding seed element 7 <" as

I=(A-u,, +u,)dy+(A-u, +u,, )dx,.

XyX)

(117)

XXy

This  generates two independent Casimir functionals
Y, h® e 1(G*), whose gradient expansions (63) as |A|—>o0 are given

satisfied for y e C*(R*xT%C), any (¢,3;x,,X,) € R xT* and all AeC.
General heavenly equation

This equation was first suggested and analyzed by Schief [21,53];
where it was shown to be equivalent to the first Pleba n'ski heavenly
equation; and later studied by Doubrov and Ferapontov [54]; it has the
form

auylux],\‘z + ﬂulrzu)rl +yu

=0, (121)

&3] /”2
where a,5 and y<RR are arbitrary constants; satisfying the constraint

a+p+=0, (122)

and t,yeR,(x,x,)eT’. To demonstrate the Lax integrability of the

eqn. (121) we choose now a seed vector field IeG = a/hff'*(’ﬂd) in the
following rational form

2 2
IN — H 1% + u-‘l“‘z _ 'uu-‘l-"z dx. +
1
yu+p)  a  Plu-y)

y(u+p) a ﬁ(# 7)
where a,.b,eC*(T*:R), j=0,1, are smooth functions and ueC is a
complex parameter. The corresponding equations for independent
Casimir invariants »" e1(G"),j=1,2, are given with respect to the
standard metric \>” by the following asymptotic expansions:

(123)

VRO (1) ~ Zth,”(l)/lf , (124)
jeZ+
as y+p=A->0 and
VhO (1)~ Y VAP (DA, (125)
/'EZ+
as y—y=—>0. For the first case (124) one obtains that
T
ﬂu X IX ﬂ Xy X
Vh“>(z)~[—"2 —f2 L 04 (126)
Xy X, uX X ul‘ X
% 2 1%
and for the second one (125) one finds that
yu u yu !
Vh(Z)(l) ~ [ Xy n Xy /1,— Y4 J + 0(/12) (127)
u u
Xlx2 XIXZ XIXZ

Here we took into account that the following two Hamiltonian
flows on &*
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I, ol lot=ad"

ol | oy = ad; foa !

(128)

(T

with respect to the evolution narameters y, t€R hold for the following
dy, Bu,,

conservation laws gradients:
T
. (129)
U, (1t )’ uw(wﬂ)J

:
i, yi, ]

(ﬂ 7’ o (1=7)

VA, = /1(/1*2Vh<‘>(1),\lzy+ﬂ [

VA1) = AAPVAR () |, [
A=p-y
/\1 x)
Owing to the compatibility condition of two commuting flows
(129); one can easily rewrite it as the Lax relationship

VR () 1ot —oVhO(I)_ /oy =[VAY(I)_,VA()_], (130)
where
- o ,, o, Bu, o
vhO(). = <Vh(”(l)7,—> = 2 L~ (131
o ur B u i+ pox, (30

ik, i e 9
U (M=) 0% u, (u=7) 0x,

V(D) = <Vh<-">(1),> =
Ox

An easy calculation shows that the general heavenly eqn. (121)
follows from the compatibility condition (130); whose equivalent
vector field representation is given as

M, oy Pu oy oy
U, (B oxu, (u+p)ox, ot

Hily, Oy Ty Oy 81// —0
(u=y)yox, u,, (u=y) 8x2 oy

=0, (132)

‘1)2

for a function y e C}(R*xT%C) for all (76%,x,) eR*xT?.
The Alonso-Shabat heavenly type equation

This equation [40] has the form

Upe) = Uy, U, = 0,

(133)
where ueC"(R*xT*R),(y,)eR® and (x,x,)eT% To prove its Lax
integrability; we define a seed element 7 e G* = diff (%) of the form

I= 2 (A+Ddx, +2, 2, (A+1)dx,, (134)
for a fixed function zC*(T%R). Then one easily obtains asymptotic

expansionsas |A|—>o for coeflicients of the two independent Casimir
functionals 4V r® e I(G") gradients:

Vh“)(l)w(l/z +he, |z, ,—k)T+0(1/ A%),
VA (1)~ (2, /z ,71)T+0(1//12)

x|

(135)

where k#1 is a constant and «,,a,C*(T%R) are different functions. Uing
the Casimir functionals (135); one can construct the simplest two
commuting flows

ol /oy = —ad;hm(ml, ol /ot = _ad;h(y)<i>+l (136)
with respect to the evolution parameters y,teR, where
VRO (1), = (AVA (D), = (A / z, + Az, |z —Ak) = (Auy,—Ak)T,
VAO(1), = (AVh(1)), = (Az,, [z, =)= (Au,, =) (137)

for some function u € C*(R*xT%R). From relationships (137); as a result
of the commutativity of the flows (136); one derives the equivalent Lax
type relationship (60) for the vector fields; namely

VRO(D), = Au 8/ ox, —kAd/ dx,, VRO (), = Aud/ ox, - 20/ bx,, (138)

which can be rewritten as the compatibility condition for the following
vector field equations:
W W% o Vg VY,
ot "ox,  ox, oy " ox, o,
satisfied for y eC’(R*xT%C), any (iy;x.x,)eR*xT> and all 1eC. The
resulting equation is then

(139)

uyxz - uluyxl + uyu/xl + kuzxz =0, (140)
which reduces at k=0 to the Alonso-Shabat heavenly eqn. (133).

Remark 4.2: It is interesting to observe that the seed elements
T eg of the examples presented above have the differential geometric
structure:

(141)

where 7 and peC”(R*x(CxT?);C) are some smooth functions. For
instance;

[ =d(Ax—2u) —Mikhalev— —Pavlovtypeequation,
[=d (Ax, + Ax, — u, tu, ) — Pleban’skiheavenlyequation,
=u Sdu, &= (uly(u+ B +a” — upu~)]") - generalheavenlyequation,
= (ﬂ. + 1)ZX| dz — Alonso — —Shabatheavenlytypeequation.
The Generalized Lie-Algebraic Structures and Related
Heavenly Type Quasi-Hamiltonian Systems

It is well known that the loop Lie algebra G == diff (I") can be centrally
extended as G = (diff (T");R") only [55] for the case n=1, where for any

two elements (@;¢) and (5:8) <G the commutator

(@a).(b; B = (a,ble,(a,b) G (142)
nd the 2-cocycle @, :GxG — R’ satisfies the condition
@,([@,51,6) + @, ([b,1,a) + w,([¢,d],b) = 0 (143)

for any a,b and ¢ €G. For the case n=1; the Gelfand—Fuchs 2-cocycle
[55] on the loop Lie algebra G equals the expression

o )= (}-) Pa(x;A) db(x;A)) dA
: 2m o’ T ox o A

0 b= b(x;/l)g
ox

(144)

for any vector fields @ = a(x; l) G on T'and a fixed

integer peZ.

TheThe integrable dynamical systems related to this central
extension were described in detail [47]. Concerning a further
generalization of the multi-dimensional case related to the loop group G
for nZ_ one can proceed in the following natural way: as the Lie algebra

G gz}’j‘ (T") consists of the elements formally depending additionally
on the “ spectral” variable AeC', one can extend the basic Lie structure
on Gdiff(T") to that on the adjacent holomorphicin A €S, Lie algebra
G :=diff,,(CxT") c diff (CxT") ofvector fieldson (C']I‘" Thishas elements

representable as  @(x;1)=<a(x; ﬂ), = Za (x; /1) +a0(x ,1)

for some holomorphic in 4 €S, vectors a(x;4) EExE" for all xeT",

where i;: (i i i £)T is the generalized Euclidean
Ox oA ox, ox,” " ox,

vector gradient with respect to the vector variable x := (4,x) e CxT".
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It is now important to mention that the Lie algebra § < diff( CxT")
also splits into the direct sum of two subalgebras:

G=G. @3, (145)
allowing to introduce on it the classical R-structure:

a,bl, =[Ra,b]+[a,Rb] (146)
for any a,b €G, where

R=(P.-P)/2, (147)

and

PG=G.cg. (148)

The space G' ~ A'(CxT" 4, adjoint to the Lie algebra G of vector
fields on CxT", can be functionally identified with G subject to the
Sobolev type metric

- _ 1 -
C.@)=7 gardid.a),,. (149)
S

where peZ, qeZ, and for arbitrary F=<lxA),dx>= Y15 )dx; €G

j=0.n

a= Za,(x;/l),ai eG one defines
On X

j=0.n J

n g 8“1 0%,
(lLa) , = dx———+—=. (150)
! /Zomz\::()i;[ ox" ox
In particular; for g=0 one has
— 1 n
l,a)=—@A7? |dx > a,, 151
(7.a) 27”_3? I 24 (151)

the case which will be mainly chosen later on. Then for arbitrary
f,geD(G"), one can determine two Lie-Poisson brackets

(f.g} =V ). Ve))) (152)
and

where at any seed element < the gradient element vy(7) and
ve(l)eG are calculated with respect to the metric (149).

Now let us assume that a smooth function #e(G") is a Casimir
invariant; that is

ad:, -1 =0 (154)

Vi(T)
for a chosen seed element 7 €G". As the adjoint mapping ady,;,/ for
any eD( ) can be rewritten in the reduced form as

N - &/l 8
ady, - (1) = <6X,Vf(l)>l + /z;<<z Foaf0) >,dx>,

where Vf(I)=<V/f (l),ai >. For the Casimir function heD(G"), the
X
condition (154) is then equivalent to the equation

B B ~
<6X,Vf(l)>l + <l’(ax Vh(l))> =0,

(155)

(156)

which should be be solved analytically. In the case when an element

T eG" is singular as [A|—o, one can consider the general asymptotic
expansion

=P ] (P 4-i

Vh:=Vh? ~ 2! ZL: VA"

Jet,

for some suitably chosen integers peZ , and upon substituting (157)

into the eqn. (156); one can solve it recurrently.

(157)

Now let 2% A € I(G*) be such Casimir functions for which the
Hamiltonian vector field generators

VHO(D), = (VD). VEOW), = (VE D), (158)

are; respectively; defined for special integers p ,p,€Z . These invariants
generate; owing to the Lie-Poisson bracket (153); for the case g=0 the
following commuting flows

_ /0 o Ny 159
ol / ot <8X,Vh (z)+>1 <l’(8xVh (l)+)>, (159)

ol /oy =— <aa,wz<>')(z)+>1 - <l’(ai Vh‘”(l)+)> >,
X

where y,teR are the corresponding evolution parameters. Since the
invariants 4 4 e I(G") commute with respect to the Lie-Poisson

bracket (153); the flows (159) also commute; implying that the
corresponding Hamiltonian vector field generators

O\ — (1) i WM(7Y — (€3] E
v (1), : <Vh (Z)*’ax>’ VA1), : <Vh (1)*’ax> (160)

satisfy the Lax compatibility condition

Svio@y, - 2@, = Vi@, v @)1
oy ot

for all y,teR. On the other hand; the condition (161) is equivalent to the
compatibility condition of two linear equations

(161)

C v @) =0, (Z+viOD), =0 (162)
ot oy

for a function y e C*(RxT";C) for all y,teR and any 1eC.

The above can be formulated as the following key result:

Proposition 5.1: Let a seed vector field be 7 €G* and #*,h"” e 1(G")
be Casimir functions subject to the metric (-,-) on the loop Lie algebra
G and the natural coadjoint action on the loop co-algebra G*. Then the
following dynamical systems

ol /oy =—ad 1,00 /6t=—ad"

I3
vl (1),

(163)

Vh(y)(f)+
are commuting Hamiltonian flows for all y, teR. Moreover; the

compatibility condition of these flows is equivalent to the vector fields

representation
@/at+VE (), w =0, (@/y+VhY () )w=0,

where y € C*(R* xCxT";C) and the vector fields va*(7),,vi" (1), G, are
given by the expressions (160) and (158).

(164)

Remark 5.2: As mentioned above; the expansion (157) is effective
if a chosen seed element 7 €G" is singular as |A|—c0. In the case when
it is singular as [A|—0, the expression (157) should be replaced by the
expansion

VAP Iy ~ A7 D VA (DA

jez,
for suitably chosen integers pZ , and the reduced Casimir function
gradients then are given by the Hamiltonian vector field generators

‘).,

for suitably chosen positive integers p,.p,€Z, and the corresponding
Hamiltonian flows are; respectively; written as

ol /8t =—ad" } 1,08l /8y=—ad’

I
vl (T)_ v (T_

(165)

-p, -1

VRO, = A2 "'

(p,,

VRO ()= A" VR (1) (166)

(167)

As in Section 3 the Proposition 5.1 above makes it possible to
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describe the Bicklund transformations between two special solution
sets for the dispersionless heavenly equations resulting from the Lax
compatibility condition (163). Let a diffeomorphism ¢ € Diff,,,(CxT")
be such that a seed loop differential form 7(4,x)eG ~A'(CxT")
satisfies the invariance condition

1(&(xs 1)) = KL (X) (168)

for some non-zero constant kC\{0}, any x=(Ax) and
X =(u,x) e CxT" and arbitrarily an chosen parameter ueC. As
the seed element 7(&(x;u))eA), (CxT") satisfies simultaneously
the system of compatible equations (163); the loop diffeomorphism
¢ € Diff,,(CxT"), found analytically from the invariance condition

(168)‘ satisfies the compatible system of vector field equations

*CE N @3 ff VE (D),

giving rise to the Backlund type relationships for the coeflicients of the

seed loop differential form 7 € G* =~ A},,( CxT").

It worth mentionoing that; following Ovsienko’s scheme [18,19];
one can consider a wider class of integrable heavenly equations; realized
as compatible Hamiltonian flows on the semidirect product of the
holomorphic loop Lie algebra G of vector fields on the torus T* and
its regular co-adjoint space G*, supplemented with naturally related
cocycles. We plan to analyze this aspect of the construction; devised in
the present study; in a separate work under preparation (60). Heavenly
type equations: the modified Lie-algebraic integrability scheme

The rest of this Section is devoted to describing the Lie algebraic
structure and integrability properties of a generalized hierarchy of the
Lax-Sato type compatible systems of vector field equations and related
nonlinear dynamical systems; based on the AKS-algebraic and related
‘R-structure schemes [22-26]; recently devised in B. Szablikowski and
A. Sergyeyev [37,38]; V. Ovsienko [18,19] and also in refs. [28,29]. The
devised there technique we apply to the holomorphic metrized loop
Lie algebra G := diff (T")x diff (T")", the semidirect sum of the loop Lie
algebra diff (T"):=Vect(T") of vector fields on the torus T", 5 e 7Z,, and
its dual space diff (T"Y’, studying the orbits of the coadjoint actions
on the dual space G~ _C';, related with the classical Lie-Poisson type
structures on them. This construction; being centrally extended; makes
it possible to construct commuting to each other Hamiltonian flows
on the suitably extended adjoint space G°, generated by a suitably
chosen seed element @/ €G" and the related Casimir invariants.
We successively demonstrate that their compatibility condition; being
equivalent to that for a system of specially constructed three linear Lax-
Sato type vector field equations; gives rise to an infinite hierarchy of
new heavenly type Hamiltonian flows; interesting for applications.

Let Diff .(T"),neZ,, be subgroups of the loop diffeomorphisms
group  Diff (T"):= {C >S" > Diff (T")},
respectively; on the interior §' cC and on the exterior S!cC
regions of the unit circle §'cC', such that for any g(1)e Diff .(T"),
AeS', g(oo)=1e Diff (T").
diff ,(T") = Vect(T") of the loop subgroups i, (1") are vector fields on

holomorphically extended;

The corresponding Lie subalgebras

T holomorphic; respectively; on S} = C', where for any a(4) e diff (T")

the value a(w0) = 0. The splitloop Liealgebra ¢ G, + G canbe naturally
identified with a dense subspace of the dual space diff (T")" through the
pairing

0.0, = L ats),,

1
s!

(169)

for any elements 7 ediff (T")" and aediff (T"). We took above; by
definition [29,42]; that a loop vector field Vect:(T") Vect.(T")

=T(7(T")) and a loop differential 1-form 7A'(T") are presented in

the form

Za‘f’(x /1)7 =<a(x; 1) = (170)

J=1 /

[ =31,(x;A)dx, =<I(x;4),dx >,
j=1

;
introduced for brevity the gradient operator 2 = i i ,i
X ox,ox,” o,

in the Euclidean space E" and chose the metric (., ),0 On the space

C*(T";R") < H'(T";R") as

(x5 A),a(x;4) = Z j dx(1,(x; Ha? (x;2)).

J=\pn

(171)

The Lie commutator of vector fields ﬁ,l; eg is calculated the
standard way and equals

a,b]=ab- ba<<a(x ), >b(x ), >

< b(x; /1) a(x; /1),6>.
X

(172)

The Lie algebra G is naturally split into the direct sum of two Lie
subalgebras

diff (T") = diff ,(T"), ®diff (T"),
for which one can identify the following dual spaces:

diff (T") =~ Adiff (T"),  diff (T")" =~ Adiff .(T"),
where for any /(1) e diff (T")" there holds the constraint 7(0)=0.

(173)

Construct now the Lie algebra G = diff (I")xdiff (I")"  as the semidirect
sum of the Lie algebra g (1") and its dual space diff (T")", whose Lie

structure is given by the following expression

& %1, @, %1 1:=[a,a,1x (ad; I, — ad; 1) (174)
foranypairofelements (@ x/).(@ xL) € G, where a4, .., diff (1) — diff (T")’
is the standard coadjoint mapping of the Lie algebra 4iff(T") onits adjoint
space diff (T")" with resspect to the pairing (169). The Lie algebra G
proves to be metrizable; as it can be endowed with the nondegenerate
ad-invariant bilinear symmetric product:

(a,xl,a,xL)=1,a), +(1,a,), (175)

where @ X/,d,xXl, € G are arbitrary elements. Owing to the

holomorphic structure of the Lie algebra diff (T"), the ad-invariant
product (175) makes it possible to identify the Lie algebra G with its
dual G', thatis G" ~G. Moreover; the Lie algebra G can be naturally
split [18,19,38] with respect to the the pairing (169) and the Lie bracket
(174) into two subalgebras ¢ G, @G , where; by definition;

G, = diff (T"), w A" diff (T"Y", G := diff (T")_ w A”diff (T"Y...
The latter allows to defiine on the Lie algebra G a new Lie bracket

= [Rw, W, ]+ [, Robs ]

(176)

0], (177)
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for any elements W,W,e G, where R:=(P.-P)/2 is the standard
R-matrix homomorphism [22,23,25] on § and; by definition;
P,:G — G, c G are projectors. The construction above makes it possible
to apply to the Lie algebra § the classical AKS-scheme and; respectively;
to generate a wide class of completely integrable Hamiltonian systems
as the commuting flows on the adjoint space §* ~¢, generated by the
corresponding hierarchies of the Casimir invariants subject to the basic
Lie bracket (175).

To describe this cheme in more details; we need to find the
corresponding Casimir functionals re(G"), satisfying; by definition;
the following relationship:

Vh(l,a),axl =0, (178)

where; by definition; the gradient Vi(7,a):=Vh xVh, G satisfies the

following from (178) differential-algebraic equations:
Vh.,d] =0, ad;hl_i —ad;Vh, =0 (179)

for arbitrarily chosen element a ix I eG. The eqn. (179) can be rewritten
[29] in details as

Vhl,E a- a,i Vi, =0, (180)
ox ox
Q,Vh, [+ Z,(éVh/) - ﬁ,a Vh, - Vha,(éa) =0,
Oox ox Ox ox
where we put; by definition; that
Vh; = Vh,,2 , 4= a,2 R (181)
ox ox

I:=(l,dx),Vh,:=(Vh,,dx).

The system of linear eqn. (180) for a given element axleg,
singular as A—oo, can be; in general; resolved by means of the
asymptotical expressions

Vh ~ Y VhPAT Vb~ Y VEOAT (182)
jez, jez,
giving rise to an infinite  hierarchy of  gradients

Vi (a,0) = A*Vh(a,i)eG, peZ,, for the corresponding Casimir

functionals 7”’ € I(G"), p € Z. Similarly; if a given element dx/ € G
is chosen to be singular as A—0, the system of linear eqn. (180) can be
resolved by means of the asymptotical expressions

Vh ~ Y VhPA Vi, ~ Y VAL, (183)
Jez, jez,
also  generating an  infinite  hierarchy  of  gradients

vh?(I,a)=A"Vh(a,i)eG, pez,, for the corresponding Casimir

functionals 4" e 1(G*),peZ,.

Let us now assume that we have already found the gradients
VA (@, 0) = 2" VhO (@), VA (@1):=2"Vh? (@) eg, related
with two Casimir invarints A%,#® e I(G") (not necessary different)
for some integers p,, p €Z, satisfying the determining eqn. (180). Then;
owing to the classical AKS-scheme [22,23,25]; one can construct two
commuting to each other flows with respect to the evolution parameters
y,teR on the adjoint space §* ~ G

0 0

e -VAa)—a={Vh.a), (184)
and

Ofaa - ad> (VA - ad:(Vh"),  (185)
6y Vh;,yj a 4 ’6t Vh;fi a a,

where; we have denoted by
(VA x VI := YR (@,0) € G (VA" w VI ) := PVA(a,]) € G,

the projections on positive degree parts of the corresponding asymptotic
expansions (181)- (183). The flows (184) and (185) are; by construction;
Hamiltonian; as they result from the expressions
O o Iye o anit O ai Tym (b 7]
5(61%1)7{/1 ,axl},R,a(alxl)f{h Laxlyy, (186)
for a chosen element @x/ €G", stemming from the R-deformed Lie-
Poisson [22,23,25,48] bracket

th [ = [ d=@xLIVAL @),V T, a)])

on the space ¢, defined for any smooth functionals %, / € D(G"). From
the reasonings above one can derive by means of easy yet cumbersome
calculations the following important proposition.

(187)

Proposition 5.3: The Hamiltonian flows (186) generate the
separately commuting evolution flows (184) and (185); giving rise to
the following unique Lax type compatibility condition:

VA Vh' - Tvne 4+ Lypo —o,
1+ 1+ 8t 1+ 8}/ 1+
being equivalent to some system of nonlinear heavenly type equations
in partial derivatives.

(188)

The presented above construction of Hamiltonian flows on the
adjoint space ¢ still allows the next important generalization. Namely;

let us endow the point product G := Hg of loop Lie algebra G with the

zes! _ _
central extension generated by a two-cocycle @, : G xG — C, where
w,(a,x1,a,xL)= Isldz[(ll,adz /62, - (1,,0d, / z),] (189)

for any pair of elements &, x/,,d, xI, € G. The resulting R-deformed
Lie-Poisson bracket (187) for any smooth functionals 4,1 € D(G") on
the adjoint space ¢° becomes equal to

th [ = [ d2(@x T IVATLa), v/ (T, a)le) +

+0,(RVI(,a),Vf ([ ,d)) + @,(Vh({ ,d), RVf (I ,d)).

(190)

The corresponding Casimir functionals #*’ e 1(G"),peZ,, are defined
with respect to the standard Lie-Poisson bracket as

{h””,f} = lez(d X i,[Vh“”(l’,ﬁ),vf(aai)]) +w, (Vh(p)(ﬁj),vf(ﬁ,i)) =0 (191)

for all smoth functionals /eD(G"). Based on the equality (191) one
easily finds that the gradients vi”e¢ of the Casimir functionals
W e 1§, pe,, satisfy the following equations:

UG . 7 . 0
—[Vhi,a]+5Vhl~ =0, adw]_l —ad.Vh, —gv}t& =0

(192)

for a chosen element dx/ €G’. Making use of the suitable Casimir
functionals A"’,n” € I(G*), one can construct from (190) the
following commuting Hamiltonian flows on the adjoint space G":

0 = = 0 = =
—(axD)={n,axl},, —(@xl)=Hh",axi},, (193)
6)}( )=1 ix o axhD =1 Iz
which are equivalent to the evolution equations

9= VA, a]+ EVh;”,ga =—[Vh",a]+ QVh;” (194)
oy a oz ot a oz
and

O7r_ 1 7 v _ 2 wpm

—Il=ad” | —ad,(Vh}')——Vh’, (195)
ay V/119+) a oy oz oy
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05

a—l*aa’ (,) [ —ad; (VK" )~ =Vh.

0
0Oz

Asa consequence of the obtained above results one can formulate
a next proposition.

Proposition 5.4: The Hamiltonian flows (193) on the adjoint space
G' generate the separately commuting evolution flows (194) and (195);
giving rise to the following unique Lax type compatibility condition:

VA VH ]~ LR EVh;fi =0,

1.+ ot 4 ay
being equivalent to some system of nonlinear heavenly type equations
in partial derivatives. Moreover; the system of evolution flows (194) and
(195) can be considered as the compatibility condition for the following
set of linear vector equations

(196)

Oy +Vh(‘)1// Oa—-ﬂzl// Oa—-th(’)y/ 0 (197)
Y oz ot

for all (y,;,4,z,x) e R*x(CxS")xT") and a function v € C*(R*xCx(S'xT");C .

The following examples demonstrate the analytical applicability of
the devised above Lie-algebraic scheme for construction a wide class
of nonlinear multidimensional heavenly type integrable Hamiltonian
systems on functional spaces.

Example: Einstein-Weyl metric equation
Define G* = diff,,,(T' xC) and take the seed element
I = (u‘xl —2uy, —u, )dx + (12 —-vA+v + vf_)dﬁ,,
which generates with respect to the metric (149) (as before for g=0) the
gradient of the Casimir invariants 4,4 € I(G") in the form
VAO(l) ~ 22 (0,1) + (=u,,v,) A + (u,u—v ) + o™, (198)
VA (1) ~ 20,1 + (—u,,v,)" + (uy,—v),_)T/'if1 +0(17%)
as [\|[> at p=2, p=1. For the gradients of the Casimir functions
h(l)’h(y) e ](g*),
corresponding Hamiltonian vector field generators

determined by (158) one can easily obtain the

VhO(D), :<Vh")(l)+,aa > (A +Av, +u— v, ) +( Au, +u )
X
9
t oA
satisfying the compatibility condition (161); which is equivalent to the
set of equations

(199)

s

M7y = ) N\ = —
vi(T), <Vh (l)+’ax> (’HV")ax u

u, +tu, + (uu,), + v, =V, = 0, 00
200

VTV, tuv Fvy, —vy = 0,
describing general integrable Einstein—Weyl metric equations [56].

As is well known [17]; the invariant reduction of (200) at v=0 gives

rise to the famous dispersionless Kadomtsev—-Petviashvili equation
(u, +uu), +u, =0, (201)

for which the reduced vector field representation (162) follows from
(199) and is given by the vector fields

_ 0 0
VAO(T), = (A + 1)+ (—Au, +u,)~—, (202)
(). =( u)ax (—Au, u},)a/1
R
‘) l =4 -y —
. ox s “oA

satisfying the compatibility condition (161); equivalent to the eqn.
(201). In particular; one derives from (162) and (202) the vector field
compatibility relationships

oy +(,12+u)—+( u, +u, )—70
ot ox oA
(203)
W v, v,
oy ox  ToA
satisfied for y e C*(R’xT'xC;C) and any y,teR,(x,A e T' xC.
The modified Einstein-Weyl metric equation
This equation system is
u, =u, +uu, + uf_wx ‘uu, +u wotu a, (204)

w, =uw, +uw +ww, +aw, —a,

where a,:=uw, —w,, and was recently derived [37]; In this case we take

also G- = aiff, (T'xC), yet for a seed element 7 € G we choose the form
] = [Au, + (2uxwx +u,+ 3uu¥)/l +2u 0 'uw, + 214X6;1uy + (205)
Buw + 2u,w, +6uu,w, +2uu, +3u’u, —2au )dx +

+HA® + +(w, +3u)A+20'uw, +20, u,+w, >+ 3uw, +3u’ —aldA,

which with respect to the metric (149) (as before for g=0) generates two
Casimir invariants 4,4 € I(G"), whose gradients; as follows from
(158); equal to

VO (1) ~ P[(u,,—1)" + (uu, + u,,—u+ w)TA + (206)
+(0,uw, —a) A1+ 0™,
VA (1) ~ A, ~1)" +(0,w)" 2]+ 0™,
as [A| > at p =1, p,=2. The suitable positive projections
VEO(D), = WA, ~A+w,), (207)

Vi), = WA + (uu, + uy)/l,—iz +(w, —uw)A+uw_—a)'.
of the gradients (206) generate the Hamiltonian flows (163); giving rise

to the compatible Lax-Sato vector field system

oy 0
+( -A+w )—+uﬂ v _ (208)
Y

oA
Y 24w —wa+uw, —a) Yk @ 22 /1—=o
2 w, —u)A+uw, a) +(u +(uu, +u)A) R
satisfied for v € C*(R*xT'xC;C) and any y, teR, (A eTlx(C.

Example: The Dunajski heavenly equations

This equation; suggested [48]; generalizes the corresponding anti-
self-dual vacuum Einstein equation; which is related to the Pleban’ski
metric and the celebrated Plebanski [16] second heavenly eqn. (116). To
study the integrability of the Dunajski equations

2 _
ug Hu, fuu —u —v=0, (209)
VXll + V + u‘(lxl XXy - 2”)(1\’2 VXIXZ = O’
where  (u,v) e C*(R*xT%;R%),  (y,6x,x,)eR*xT?,  we define

G" = diff;,,(CxT") and take the following as a seed element / €G"

=+, —u, +u, Y +(A+y, +u Ydx, +(A—x —x,)dA.  (210)

oy " My
With respect to the metric (149) (as before for g=0), the gradients of

two functionally independent Casimir invariants 4"’ ,i"’ € 1(G") can
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be obtained as [A| >0 in the asymptotic form as
) +0(A,
) +0(27)

VA" (1) ~ A(0,1,0)7 + (-, ,—u (211)

*1‘1

VA" (1) ~ 2(0,0,-1)" + (v, ,u

277N Xl x

at p=1=p . Upon calculating the Hamiltonian vector field generators

: ( ))

VA (1), = VR (D), = oAt ot ) (212)
(1) — (1) 0 = - P ﬂ

Vh (1) =<Vh{ "x —>= uzza (A lz)a 26},’

following from the Casimir functlons gradlents (211); one easily obtains
the following vector fields

VAO(I), =< th”,i >=u_ i—(/1+u” )iwx i, (213)
ox 272 Ox, 270x, 204
VT, =< Vi, L o= (A-u, . 2y i—vx 2
ox 27 o, i ox, 10A
satisfying the Lax-Sato compatibility condltlon (161)
oy oy oy oy
—+u +v, —=0,
6t XyXy 6 x| %)) a 2 x) 6l (214)
a—l//-i—(l—u” a—l//ﬁ-u” v _ xa—l//=0,
oy 127 O, "ox, 104

equivalent to the the Dunajski [56] eqn. (209) and satisfied for
e CY(R*xCxT%C), any (p.tx,v,)eR°xT’ and all AeC. As was
mentioned [56]; the Dunajski eqn. (209) generalize both the
dispersionless Kadomtsev—Petviashvili and Pleban’ski second heavenly
equations; and is also a Lax-Sato integrable quasi-Hamiltonian system.

A generalized Liouville type equation

In an interesting work [34]; devoted to studying Grassmannians;
closed differential forms and related N-dimensional integrable systems;
authors have presented; in particular; a Lax-Sato type representation
for the well known Liouville equation

0’p/ dyot = expo, (215)

written down in the so called "laboratory" coordinates y,teR? for a
function e C*(R%R) and having different geometric interpretations.
Their related result; obtained via some completely formal calculations;
reads as follows: a system of the linear vector field equations

Oy 13y +(A> +vA+1)oy /04 =0,
oy 1ot —udy /94 =0

(216)

for a function yeC2(R%C) is compatible for all y,teR? where
u,ve C*(R*R) are functional coefficients and AeC is a complex
parameter. Under the simple reduction u=1/2exp the compatibility
condition for (216) coincides exactly with the Liouville eqn. (215).

Being interested in the deepest Lie-algebraic and geometric nature
of the Lax-Sato representation (216) for the Liouville eqn. (215); we
have posed the following problem:

to find a seed element for the complex torus diffeomorphism
group Diff (1)), whose specially chosen coadjoint orbits generate the
compatible system of linear vector field eqn. (216)?

As a first step for solving this problem one needs to consider the

corresponding Lie algebra G := diff (T.) and its decomposition into the
direct sum of subalgebras

G=0.0G (217)

of Laurent series with positive as z—0 and strongly negative as z—
degrees; respectively. Then; owing to thew classical Adler-Costant-
Symes theory [23,25,26,57,58]; for any element / €G" ~A'(T.) the
following formally constructed flows

dl /dy=—ad’ 1, dl /dt=—ad"

= I
v (@, "’ v (1), (218)

along the evolution parameters y,t€R* are always compatible; if h%) and
h € I(G") are arbitrarily chosen functionally independent Casimir
and vi"(1),,VA"(I), are their gradients; suitably
projected on the subalgebra G.. Keeping in mind the mentioned above
result; consider the Casimir functional h% on G, whose gradient
VHO (1) = VA (1)0/ &z as z—>o0 is taken; for simplicity;

functionals on §*,

Vh()’)(f):(wzzz +wlz+w0+wilzil)5/526g7, (219)

giving rise to the gradient projection Vi* (1), =(mz"+wz+w)d/éz€G,,

where zeT., z—>w, is a complex torus parameter and

w, € C*(R%;R),j=~1,2, are some functional parameters. As the root
element 7 =1(y,t;z)dz satisfies; by definition; the differential equation

1,20V HO (1)) = (220)
dz
we obtain from (220) and (219) that the element
c(y,1)? i
I(y,t;z)= 7(Vh(‘);)(3))2 =2 +vz+v, +v 277, (221)
where ceC((R%R) is an arbitrary function and

v, ==w,/ceC*(RR),j=-1,2. If to put for brevity that v =1, the element
(221) becomes

Iy t;2)= (2 +vz+v, +v z )7 (222)

Observe now that the relationship (220) makes it possible to
formulate the following lemma.

Lemma 5.5: The set /(G") of the functionally independent Casimir
invariants is one-dimensional.

As a consequence of the Lemma above we state that in the case of
the element 7 = /4z « G*, generated by the expression (221); there exists

the only flow on G from (218) with respect to the evolution variable
yeR:

dl/ dy = (223)

VA (D) [l(y,t VA (1), T

Concerning the flow from (218) with respect to the evolution variable
teR one can take the constant functional 4 := const € I(G*),VA“ (1) = 0,
and construct the trivial flow on G as

dl/dt= (224)

vE(D), a + ZIE(Vh(’)(Z)J =0.
0Oz oz

What is now important to observe that the compatibility condition

of these two flows for all y,teR is equivalent to the following system of

two a priori compatible linear vector field equations

W vnow, ¥ —o, Wy (1) (225)
oy 0z Ot
or
a—V/+(zz+vlz+v0)afl//=0, oy 061// 0 (226)
0z ot 0z

for a smooth function yeC*(R%C), meaning; in particular; that the

complex parameter z € T is constant with respect to the evolution
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parameter t€RR. The linear eqn. (226) are; evidently; equivalent to the a
priori compatible system of vector fields

dz/dy=Vh"(I), =2 +vz+v,, dz/dt=Vh"(I),=0 (227)

on the complex torus Ty, which can be rewritten subject to the
following ~diffeomorphic mapping T.>z—>z-a(t,y):=21eT,

generated by an arbitrary smooth function o€ C*(R%R):
dAldy =27 +AQa+v)+ (@ +av +v,—0a/dy), dA/di=—dald. (228)

This system is; evidently; also compatible for all y,teR and can be
expressed as

dAldy=2"+Av+w,dA/dt =—u, (229)
where we put; by definition;
200+ v, =v,a’ +av, +v,—0a/dy:=w, da/ot:=u. (230)

Moreover; the a priori compatible system of linear vector field eqn.
(226) can be suitably rewritten as

67‘//+(,12+W1+W)87'//:0, al_u(l//:o (231)
oy oA

oy 04
for the corresponding function weC*(R*C), giving rise to the

following system of heavenly type nonlinear equations:

v, =2u=0,u,—uv+w,=0. (232)

The latter can be; in particular; parametrized by means of the
substitution u:=1/2exp as follows:

P, = expp— (2w, exp(=9)),. (233)

The next reductions w:=1 or w:= —lexp¢) give rise to the well
known Liouville equations 2

¢7yt =CXpo, q’yt — ¢, =EXpop, (234)

respectively; which; as is well known; possess [57] standard Lax type
iso-spectral representations. As a result of the reasonings above one
formulate as the next proposition.

Proposition 5.6: The system (232) of heavenly type nonlinear
equations possesses the Lax-Sato type compatible vector field
representation (231); whose Lie-algebraic structure is governed by the
classical Adler-Costant-Symes theory; as it was recently developed
[28,29].

Concerning the starting root element 7 =I(y,54)dA€G" we can
take into account the relationships (230) and find from (222) that

I )=+ v+wrv (A+a)")7, (235)

where the coefficient v e C*(R%R) and mapping acC(R%R) are

arbitrary functional parameters.

Remark 5.7: The above presented analysis can be equivalently
developed for the following regularized seed-element

I(y;z)=z[1-2vz' + (3 =2w)z 2 Jdz € G", (236)

where zeC and coefficients v,weCYR*%R). The gradient of the
corresponding Casimir invariant 4€/(G") allows the asymptotic as

|z|—>o0 series representation
Vh(l) ~ Z2tvz+w+ wflzf1 + wfzzf2 +.., (237)

whose projection on the Lie subalgebra G, gives rise to the nontrivial
evolution equation

ol /oy =-ad;, ;. 1, (238)

where; by definition; v, :=vna(),6/6:, and which generates the
related vector fields

dz/dy=Vh(l), =2 +vz+w, dz/dt=0 (239)

with respect to the evolution veriables y,t€R. Having now made the
usual change of variables zz=A—-a(y,t) for some mapping ac C}((R%R),
one can easily derive from (239) the compatible system of linear eqn.
(231) with the same coefficient u=a/d t.

Remark 5.8: The same way as above one can describe in detail the
Lie-algebraic structure for other generalized Liouville type heavenly
equations; presented in the work [34] for a higher order in 1eT;
system of linear vector field eqn. (225).

Integrability; Bi-Hamiltonian Structures and the

Classical Lagrange-d’Alembert Principle

It is evident that all evolution flows like (57) or (163) are Hamiltonian
with respect to the second Lie-Poisson bracket (153) on the adjoint loop
space G' =diff (T") or on the subspace G* = diff;,,(C x T"), respectively.
Moreover; they are poly-Hamiltonian on the corresponding functional
manifolds; as the related bilinear forms (37) and (149) are marked by
integers peZ. This leads to [25] an infinite hierarchy of compatible
Poisson structures on the phase spaces; isomorphic; respectively; to the

orbits of a chosen seed element | G* or of a seed element | ¢ G".
Taking also into account that all these Hamiltonian flows possess an
infinite hierarchy of commuting nontrivial conservation laws; one
can prove their formal complete integrability under some naturally
formulated constraints. The corresponding analytical expressions
for the infinite hierarchy of conservation laws can be retrieved from
the asymptotic expansion (63) for Casimir functional gradients by
employing the well-known [22,23,25,58] formal homotopy technique.

As an arbitrary heavenly equation is a Hamiltonian system
with respect to both evolution parameters t,yeR* and AeC, one can
construct [22,23,45,58] its suitable Lagrangian (or quasi-Lagrangian)
representation under some natural constraints. Thus; it is possible to
retrieve the corresponding Poisson structures related to both these
evolution parameters t,yeR? and A€ C, which; as follows from the Lie-
algebraic analysis in Section 3; are compatible to each other. In this
way; one can show that any heavenly type equation is a bi-Hamiltonian
integrable system on the corresponding functional manifold. It should
be mentioned here that this property was introduced by Sergyeyev in
(arXiv:1501.01955); published [53]; and rediscovered and applied in
detail [30] for investigating the integrability properties of the general
heavenly eqn. (121); first suggested by Schief [53] and later studied by
Doubrov and Ferapontov [54].

In his book "Mecanique analytique"; v.1-2; published in 1788
in Paris; J.L. Lagrange formulated one of the basic; most general;
differential variational principles of classical mechanics; expressing
necessary and sufficient conditions for the correspondence of the real
motion of a system of material points; subjected by ideal constraints; to
the applied active forces. Within the dAlembert-Lagrange principle the
positions of the system in its real motion are compared with infinitely
close positions permitted by the constraints at the given moment of
time.

According to the d’Alembert-Lagrange principle; during a real

motion of a system of NZ, particles with massess £ D j=1,N, the
sum of the elementary works performed by the given active forces

J Generalized Lie Theory Appl, an open access journal
ISSN: 1736-4337

Volume 11 « Issue 3 + 1000286



Citation: Blackmore D, Hentosh EO, Prykarpatski AK (2017) The Novel Lie-Algebraic Approach to Studying Integrable Heavenly Type Multi-
Dimensional Dynamical Systems. J Generalized Lie Theory Appl 11: 286. doi: 10.4172/1736-4337.1000286

Page 17 of 19

FY.j=1,N, and by the forces of inertia for all the possible particle
dlsplacements oxV e, j=1,N, is equal to or less than zero:

. dx”
X <FV-m,

(
j=LN t

63 > <0 (240)
at any moment of time teR, where <-,-> denotes the standard scalar
product in the three-dimensional Euclidean space [E’. The equality in
(240) is valid for the possible reversible displacements; the symbol =
is valid for the possible irreversible displacements ox eE’, j=1,N.
Eqn. (240) is the general equation of the dynamics of systems with ideal
constraints; it comprises all the equations and laws of motion; so that
one can say that all dynamics is reduced to this single general formula.

This principle; established by J.L. Lagrange by generalization
of the principle of virtual displacements with the aid of the classical
d’Alembert principle. For systems subject to bilateral constraints
J.L. Lagrange based himself on formula (240) to deduce the general
properties and laws of motion of bodies; as well as the equations of
motion; which he applied to solve a number of problems in dynamics
including the problems of motions of non-compressible; compressible
and elastic liquids; thus combining "dynamics and hydrodynamics as
branches of the same principle and as conclusions drawn from a single
general formula".

As it was first demonstrated in the work [28]; in the last case of
generalized reversible motions of a compressible elastic liquid; located
in a one-connected open domain Q R with the smooth boundary 0 Qf,
teR, in space R",neZ , the expression (240) can be rewritten as

oW (t) = JQ <I(x(t);A),0x(t)>d"x(t)=0 (241)

for all te R, where [(x(£); 1) € T"(R") is the corresponding virtual vector
"reaction force"; exerted by the ambient medium on the liquid and called
a seed element; which is here assumed to depend meromorphically on a
constant complex parameter A€ C. If now to suppose that the evolution
of liquid points x(t)€Q, is determined for any parameters A#u<C by
the generating gradient type vector field

BO _E Gn 1)) o
dt u—-2
and the Cauchy data

x(8)],_,=xeQ,

for an arbitrarily chosen open one-connected domain Q cT" with the
smooth boundary d Q cR" and a smooth functional /: ™(R") >R,
the Lagrange-d’Alembert principle says: the infinitesimal virtual work
(241) equals zero for all moments of time; that is W(t)=0=W(0)
for all fR. To check that it is really zero; let us calculate the temporal
derivative of the expression (241):

%(SW([) = % Lll <U(x(8); A),5x(1) > d"x(t) =

a(x(t) u( v(t)

=, <1030 4 P [ = jn (S UG 2).0x(0) > = D' < =

(243)
*J‘ [7<[ (£); A),0x(t) > + < I(x(t); ),0x(t) >dsz(;z)]\ \d 0 =

= Ig/[% <I(x(t); A),8x(2) > + < 1(x(2); 1), 5x(2) > divK (1))d"x(2) = 0,
if the condition
% <I(x(); A),6x(f) > + < 1(x(£); A), 5x(t) > divK (u; ) = 0 (244)

holds for all teR, where

R(us 2y =—E—vn(T () = (245)
pu=A u-

is a vector field on R", corresponding to the evolution eqn. (242). Taking
into account that the full temporal derivative d /dt:==0/0t+ Ly, .,
where Lg (.., =iz @ +dig,., denotes the well known [23,44,58]

Cartan expression for the Lie derivation along the vector field (245);
can be represented as p,A>e0,|A/u|<1 in the asymptotic form

Zﬂ + > Lg o

iz, jez,

F < Vi Z(u»,— >

(246)

the equahty (244) can be equivalently rewritten as an infinite hierarchy
of the following evolution equations

ol /ot =—ady , 1(A) (247)
J +

for every jeZ_ on the space of differential 1-forms A'(R")~ G", where
1(A)=<I(x;A),dx>e A ( ) , G: diff(R") is the Lie algebra
of the corresponding loop diffeomorphism group Diff (R"). As from
(245) one easily finds that

K,(A)=Vh(I) (248)

for AeC and any jeZ , the evolution eqn. (247) transform equivalently
into

al(y/ot, = —ad’ O, 1, (249)

allowing to formulate the following important Adler-Kostant-Symes
type [22-25,27,54] proposition.

Proposition 6.1: The evolution eqn. (249) are completely integrable
commuting to each other Hamiltonian flows on the adjoint loop space
G" for a seed element /(1)eG", generated by Casimir functionals
Vi (hy I(Z') =0,
Jje€Z,, with respect to the modified Lie-Poisson bracket on the
adjoint space G"

(X))} =X, Y1),

defined for any X ,YE_ G by means of the canonical R -structure on
the loop Lie algebra

hY e [(G"), naturally determined by conditions ad’

X, V1, =[X.7.1-[X.7], (250)
where "Z " means the positive (+)/(-)-negative part of a loop Lie

algebra element 7 e G subject to the loop parameter AeC.

If; for instance; to consider the first two flows from (249) in the
form

ol(A) /o, =0l(A)/dy= —ad;h(y)(i) (),
ol(A)/ot,=dl(A)/ot= i),

which are; by construction; commuting to each other; from their
compatibility condition ensues some system of nonlinear equations in

(251)

(l)(,)

partial derivatives on the coefficients of the seed element /(1) eG".
As the latter is; evidently; equivalent to the Lax-Sato compatibility
condition of the corresponding vector fields
VRO, =< VRO, ,0/ x> VO (), =<Vh?(]),,8/ x> G
8/ oy +Vh(D),,0/0t+Vh"(I),]1=0, (252)

aresulting from (252) system of nonlinear equations in partial derivatives
is often called of heavenly type and was before actively analyzed in a
series of articles [11-13,17-21,53,54] and recently [13,33,34,35]. These
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works are closely related to the problem of constructing a hierarchy
of commuting to each other vector fields; analytically depending on
a complex parameter AeC, which was in general form studied and
completely solved by Pfeiffer in his classical work [6,7,9].
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