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Abstract

In this manuscript, we introduce variation of parameter method for solving homogeneous linear second order
ordinary differential equations with constant coefficients. Moreover, we derive general solution method to solve
homogeneous linear second order ordinary differential equations with constant coefficients.
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Introduction

A differential equation is an equation that relates an unknown
function and one or more of its derivatives of with respect to one or
more independent variables [1]. If the unknown function depends only
on a single independent variable, such a differential equation is ordinary
differential equation. The order of an ordinary differential equation is
the order of the highest derivative that appears in the equation [2]. A
differential equation with an unknown function is said to be linear if
it is linear in that unknown function and its derivatives. A differential
equation of the form ay®+by®+cy=f(x) is said to be second order linear
ordinary differential equation with constant coefficients if a,b and c are
constants and a is non zero scalar, where f(x) is a function of x. The
associated homogeneous equation of second order linear ordinary
differential equation with constant coefficients ay®+byV+cy=f(x)
is ay@+byW+cy=0. First we solve equation ay®+by+cy=0 to solve
second order linear ordinary differential equation with constant
coefficients ay@+by+cy=f(x). The polynomial ap?+bp+c is called
the characteristic polynomial of ay®+by®+cy=0 [3]. The function
y=exp _[m dx is solution of ay®+by®+cy=0 if and only if m is root of the
characteristic polynomial ap?+bp+c [3]. Thus, the solution of equation
ay@+byW+cy=0 is given by y=exp jmdx whenever it is second order
linear ordinary differential equation with constant coefficients, where
m is a number such that am*+bm+c=0. We solve the characteristic
equation am?+bm+c=0 of ay®+byV+cy=0 to solve ay@+by"+cy=0.
Clearly the characteristic equation am®+bm+c=0 of ay®+by®+cy=0
is quadratic equation in m. Thus, we consider three cases for solution
of the characteristic equation am?*+bm+c=0 of ay®+by"+cy=0. Most
authors of differential books used this technique to derive solution
method for solving second order linear ordinary differential equation
with constant coefficients. We apply Moivre’s theorem to find general
solution of ay®+by+cy=0 when b*-4ac<0 [4]. In this manuscript, we
introduce variation of parameter method to find general solution of
homogeneous second order linear ordinary differential equation with
constant coefficients. Furthermore, we do not use Moivre’s theorem
to find general solution of homogeneous second order linear ordinary
differential equation with constant coefficients. If we replace a scalar
m by a function u(x) and assume that yZGXPIM(x)dX is solution of
homogeneous second order linear ordinary differential equation with
constant coefficients, then y:eXpIu(X)dx is variation of parameter
method for solving second order linear ordinary differential equation
with constant coefficients, where u(x) is a function of x to be determined.
Finally, we determine u(x) by assuming » = exp J.M(X)dx as solution of
homogeneous second order linear ordinary differential equation with

constant coefficients.

Motivation Research Questions

Determine u(x) if y=exp|u(x)dx is solution of homogeneous
second order linear ordinary differential equation with constant
coefficients.

Linear first order differential equations
The linear first order ordinary differential equation with unknown
dependent variable y and independent variable x is defined by
a,(x)y+a,(x)y" = g(x). 1)

Solution of linear first order differential equations: The general
solution of the equation in equation 1 is given by

Hx)g()
_ J. a dx (2)

T

where 4()= equ(%)dx) [51.

Linear second order differential equations

The second order linear ordinary differential equation with
unknown dependent variable y and independent variable x is defined
by

a,(x)y +a, ()" +a,(0)y® = g(x). 3)

Fundamental set of solutions: A set of functions y, (x),y,(x),...,y_(x)
is said to be linearly dependent on an interval I if there exist constants
C,sC,-..C, not all zero, such that ¢y (x)+c,y,(x)+...+c y (x)=0 for every
x in the interval. If the set of functions is not linearly dependent on the
interval, it is said to be linearly independent. Any set y, (x),y,(X),...,y, (x)
of n linearly independent solutions of the homogeneous linear nth-
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order differential equation on an interval I is said to be a fundamental
set of solutions on the interval [3].

General solution of linear second order differential equations:
The associated homogeneous differential equation of nonhomogeneous
linear nth order differential equation

ay(x)y+a, @)y -t a,, xX)y" ™ + a, x)y" = g(x)
is
ay(x)y +a,(x)y" +-+a, (x)y" " +a,(x)y" = 0Dennis.

Theorem 1: Let YpYp--os¥, be linearly independent solutions of the
homogeneous linear nth order differential equation

ay(0)y+a, )y ++a, ()Y +a,(0)y" =0 4

on an interval I. Then the general solution of the equation in 4 on
the interval I is

YEOy H Oy, e 6, 6,
Where c,(i=1,2,...,n-1,n) are arbitrary constants [6].
The general solution of the equation in equation 3 is

yEoytoy, vy, (5)

Wherey, and y, are linearly independent solutions of the associated
homogeneous equation of the equation in 3 and y, is particular solution
of the equation in 3. Here c,(i=1,2) are arbitrary constants [5].

Construction of a second solution from a known solution: Let

ay® +by" +cy=o (6)

be homogeneous linear second order ordinary differential equation
with constant coefficients. Let y, be a non-zero known solution of the

equation in 6. Thus, we have
oy +byP +ay® =0 (7)

Then we assume that y,(x)=u(x)y,(x) as another solution of the
equation in equation 6 to construct the second solution of the equation
in equation 6.

It follows  that  {"()=u”(y @) +ux)y’(x)  and
P20 =1 (03, () + 20 ()" (1) +u(x)y? () - Since 3200 =) ()
is solution of the equation in equation 6, we have

ey, +by\V +ay® =0 (8)
From equation in equation 8 it follows that

cu(x)y, (0 +bu()y” +u"y ]+ au@)y? + 2y u® +u®y1=0. )
Using equation in equation 7, the equation in equation 9 is reduced to
bluy ]+ al2y"u? +uy,1=0 (10)
From equation in equation 10 it follows that

[y, +2ay" u® +[ay,Ju® =0 (11)
Let u=V. Then from equation in equation 11, we have

[y, +2ay" v +[ay, " =0 (12)

The equation in equation 12 is linear first order ordinary differential
equation. Thus, using the formula in equation 2, we get

H(x)0
R (13)
ux) )’

by, +2ay” ) b
where u(x)= exp(.[(iy ! tlyay' Ydx) = yi exp( I (Z)dx).

Thus, u = |vdx, where

1 b
v=— and p(x)=y exp(|(Z)dx) .
H(x) a
Therefore,the second solution y,(x)=u(x)y,(x) of the equation in
equation 6 is
12 (0) = y,(x) vy, (14)

where

v=— and w0 = exp(J )
u(x) a

From Theorem 1 we observe that

Y=o+, (15)

is the general solution of 6, where y, and y, are linearly independent
solutions of the equation in 6.

The general solution of the equation in equation 3 is

y=an+toy,+y,, (16)

Wherey, and y, are linearly independent solutions of the associated
homogeneous equation of the equation in 3 and y, is particular solution
of the equation in 3. Here c,(i=1,2) are arbitrary constants [5].

General Solution of Homogeneous Second Order
Linear Ordinary Differential Equation with Constant
Coefficients

Theorem 2: The general solution of second order linear ordinary
differential equation ay®+by®M+cy=0 with constant coefficients

a,b and c is y=cxexpax+c, expax if 4ac-b*=0 and a=—

2a

—b V4ac-b*

y=expax[c, cos fx +sin fx] if 4ac-b>0, a=% and p=

2a
y=c exp(a+B)x+exp(a—P)x if 4ac—b><0, a:;—b and /}:7‘17;_4“
a a

Proof: We know that most authors assumed that y:exp_fmdx
as solution of homogeneous second order linear ordinary differential
equations with constant coefficients, where m is a scalar to be
determined. In this manuscript, We introduce variation of parameter
method to prove this theorem. First we assume that y=exp |u(x)dx
as solution of homogeneous second order linear ordinary differential
equations with constant coefficients, where u(x) is a function to be
determined. Then we transform a homogeneous second order linear
ordinary differential equation with constant coeflicients to separable
first order ordinary differential equation by this assumption. Finally, we
solve an equivalent separable first order ordinary differential equation
to prove this theorem.

Suppose that y=exp Ju(x)dx is solution of the equation in 6. It
follows that y  =uy and y?=(u"+u,)y.

Since j=exp J'u( x)dx is solution of the equation in 6, we have
a@" +u*)y+buy +cy = o - Since y is non zero function, it follows that

a@® +u*)+bu+c=o0 (17)
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Consider the expression a(u® +u*)+bu+c .

)

a@® +u*)+bu+c=au +au® +bu+c

b ¢
=au® +alu’ +—u+—]
a a

2 X 2
:au(1)+a[u2+éu+ b,Jrifb—2
a 4a° a 4a
b 4ac-b’
=au® +al(u+—) +
[« 2(1) 44° ]
b 4ac—-b
=au +a(u+-—)"1+
1 2a)] 4a

Thus,

dac-b’ (18)
4a

a@® +u*)+bu+c=au® +a(u +2i)2]+
a

b
Let u *22 7 . Then we have u®=v", Thus, the equation in 17 is

_ 12
equivalent to av"” +av’ + 4ai b _
a
Hence
vy 4 dac b’ =0 (19)

4a*
The equation in 19 is separable first order ordinary differential
equation because it is equivalent to

dv
=
o+ 4ac—b* (20)
4a*

We consider three cases to solve the equation in 20.

Case I: Suppose that 4ac-b?=0. Then the equation in 20 is equivalent
to —dx= ‘if . This implies that v= ! .
v? x

-b
Let @ =— . Then u=l+a.
2a X

Thus, y=exp Iu(x)dx = exp.[(l +a)dx = xexpjaa’x = xexp(_—b)x
X 2a

—-b
Therefore, y,=x exp(z)x is solution of the equation in 6.

We construct the second solution of the equation in 6 by using the

formula in equation 14. Thus, s (x) =y’ exp(I( )dx)=x* and y=
Hence

120 = 1@ = rexpCo) = ~exp( ) 1)

Therefore, y=c¢xexpax+c,expax is general solution of the
equation in 6 because y is linear combination of y, and vy, if 4ac-b’=0

and a-2
2a
b [ 12
Case II: Suppose that 4ac-b>>0. Let a= %2 and g= 4%17 .
a
Then the equation in 20 is equivalent to _g, — ¥ . This implies that

ﬁ2+V2

—-Xx= %arctan (%) .

It follows that %Ztan(fﬂx)zftan(ﬁx)‘

v=—ftan(Bx) . Since u=v+a, we have u=-ptan(fx)+a . It follows

This implies that

that ju(x)dx = J.(fﬂ tan(Bx) + a)dx = ax +In(cos fx) .

=(cosBx)expax is solution of the equation in 6

Vdac - b’
2a
solution we can construct the second solution by using equation in 14.

)dx = I sec’xdx = tan(ﬂﬁx)

Therefore, ¥,

and pg= . From this known

whenever 4ac-b*>0, « :%b
a

_ J- exp2ax
exp2axcos’x

Thus,
22(3) = 3, () = (cos fx)(expa)(ZEY)

5 = E(sinﬂx)(expax) (22)

Therefore, y=expax[c,cos fx+sinfx] is general solution of the
equation in 6 because y is linear combination of y, and y, if 4ac-b*>0,

o 2
a:;b and ﬂ:Lb_
2a 2a

\b* —4ac

Case III: Suppose that 4ac-b?<0. Let « =;—b and £= 2a
a

dv
5 :

Then the equation in 20 is equivalent to dx=

Consider J. dv,

1
ﬁ27v2

1 B 1 )
j/fzfvz dv_j(/fw)(ﬂw)d

:Lj( Lo e :ij L ve Lo
2B° p-v f+v 2B° f-v 287 B+v
=i[ln(ﬂ+V)—ln(ﬂ—V)]

_ p+v
Zﬂ[ (ﬂ

This implies that x= i[ln(

)

L+v
B-

It follows that % — exp2fix |

This implies that v(1+exp2fx) = f(exp2fx—1)

exp2fx—1

Thus, V= AL o

ﬁ[exp2ﬁx ]

+a,
1+exp2fx

Since u=v+a, we have u =
It follows that

[utra= [p 2222

p2/3x

exp2fx—1
1+exp2fx

)+ a)dx

= [ B —ydx+ [aydx

exp2fx—
ﬂj(l + epoﬁx)dx rex

exp2fx+1-2

Ydx + ax
1+exp2fx

= B«

Y RS S
=Ala N expapn T

dx +ax

“pr2 ﬁ".l‘Feszﬂ

Thus,
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_ 1 (23) _ 1
dx = fx =2 | ————dx - -
Jutyds= px ﬂjl+exp2ﬁx rax 28(1+exp25x)
Let’s evaluate J';dx . Let z=1+exp2fBx. Then 1 exp— fBx
1+exp2fx :(727 —
B (exp Bx +exp— Bx)
dz=2[exp2fxdx - Thus
This implies that dr="2"g-—__1__g. 25 | 4
is implies that dx= = . Thus, ex| exp—
P 25 @p)Nz-1) O e AL (27)
(1+exp2px) 2" (exp fx +exp— fx)
1 1 1
] 1+ exp2fix d = ﬁj Z-1) dz It follows from equations in 26 and 27 that
_ exp2ax B 1 exp— fx
11 - dy=(-—)—2P7PX
= —I— ——dz ! I((exp(a + B)x +exp(a — B)x) yde=( Zﬂ) (exp fx +exp— fBx) (28)
2°z—-1 =z
1 Thus,
= [In(z=1)~In(2)]
2p - - _L exp— fx L _
1 1 V(%) =y (u =y, (D[( 2,8) (exphxt exp—ﬂx)] ( 2ﬂ)exp(0¢ Bx (29)
-
=—1In( )
2B z Therefore, y=c exp(a+ f)x+exp(a - f)x is general solution of the
1, exp2fx equation in 6 because y is linear combination of y, and y, if 4ac-b’<0,
28 l+exp2pfx a:;b and f= I —4ac
Thus, 2a 2a
Hence proved
J~ 1 x:i ( exp2fx 4
l+exp2Bx 28 l+exp2fx (24) Results and Discussion
It follows from equations in 23 and 24 that Most authors of differential equations used Moivre’s theorem
exp2fx to find general solution of ay®?+by®+cy=0 when b*4ac<0 [4]. In
_[M(x)dx =(a+B)x~-In (71 Texp2fix (25) this manuscript, we introduced variation of parameter method to
1+ exp2fx find general solution of homogeneous second order linear ordinary
Thus, y, = (W) exp(a+B)x  =(l+exp2pBx)exp(a—B)x differential equation with constant coefficients. Furthermore, we

=exp(a+ f)x+exp(a— f)x
Therefore, y, =exp(a + ff)x+exp(a — f)x is solution of the equation

_ 2
in 6 whenever 4ac-b*<0, o = z—b and g= Vb —4ac

a a

. From this known

solution we can construct the second solution by using equation in 14.
Let’s consider u in equation 14.

exp2ax

"o I((exp(a + B)x+exp(a - f)x)

)dx

= J.(%)dx
(exp fx + exp— fx)

_ -[( exp2fx )
(1+exp2fx)’

Thus,

exp2ax

“:J.( exp2fx )
(exp(a + B)x +exp(a — B)x) 2

(1+exp2px)

)= (26)

Let z=1+exp2Bx . Then dz=2pexp2Bxdx.
This implies that exp2Bxdx = idz .

j( exp2fx d= 11

x=—|—d:
(rexp2pxy 212"
1

20z

found general solution of homogeneous second order linear ordinary
differential equation with constant coefficients without applying
Moivre’s theorem .

Conclusion

In this manuscript, we determined undetermined functions u(x)
by assuming » =exp J.u(X)dx as solution of homogeneous second
order linear ordinary differential equation with constant coefficients.
Moreover, we proved in theorem 2 by applying variation of parameter
method for solving homogeneous second order linear ordinary
differential equation with constant coefficients.
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