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Introduction
A freeform lens has variety of applications such as LED TV, micro-

projector, auto fog light and headlight, etc. [1,2]. Methods for freeform 
lens design are primarily based on the grids mapped by equi-luminous 
flux rays on a target plane. Typical methods may include those to 
calculate global surface grids simultaneously [3] and local surface grids 
successively [4,5]. The surface grids are required to be smooth to ensure 
the applicability of the edge-ray principle [6,7] and the satisfaction of 
the integrability condition [8]. 

Freeform lens design for uniform illumination has been widely 
studied, but for illumination with different luminance intensities the 
studies are few. Lenses with discrete freeform surfaces may be designed 
to generate illumination with different luminance intensities [4] 
However, it could be inadequate in practice if the size of the source is 
a significant factor, and the manufacturing cost is still high currently 
[9,10]. 

A pioneer work to design a freeform lens for illumination with 
two different luminance intensities was proposed [11]. Three alphabets 
“oec” with higher luminance intensity than the background is achieved 
using a tailored-made lens. However, an efficient approach to construct 
the grids mapped by equi-luminous flux rays was missing. It deserves 
an advanced study to make the design of a lens for illumination with 
two different luminance intensities become more efficient. Henceforth, 
initiation of such a study is proposed here. 

In this study, a new approach to design the grids mapped by equi-
luminous flux rays is proposed. The grids to design are called the target 
grids (TG). Illumination grid (IG) is introduced over the illumination 
area. The IG is associated with the luminance intensity distribution. 
For example, it is uniformly distributed for uniform distribution of 
luminance intensity. Uniformly-distributed IG will be defined as 
reference illumination grids (RIG). The IG associated with desired 
luminance distribution with different intensities is named desired 
illumination grid (DIG). The proposed approach to calculate the TG 
for illumination with two different intensities is based on relocation of 
the TG for uniform illumination and interpolation of the DIG among 
the RIG. 

Target Grids for Uniform Illumination
Typical candela distribution of an LED light is of a Lambertian type. 

The distribution and its accumulation after normalization are given in 
Figure 1. The accumulation is equally divided into Nϕ  divisions along 
the inclination and Nθ  divisions along the azimuthal,
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where sϕ  denotes the inclination angle of a light ray; e the candela 
distribution; *

,s iϕ  the inclination angle of equi-luminous flux; *
,s jθ

the azimuthal angle of equi-luminous flux; *
,( )s iEϕ ϕ  and *

,( )s jEθ θ  
accumulation of equi-luminous flux. For uniform illumination, the 
TG denoted by the *

pϕ -contours and the *
pϕ -contours in Figure 2 are 

for illumination with circular, rectangular, triangular, and trapezoidal 
contours [12,13]. For non-circular illumination, variation of the 
contours is smooth from an inner ellipse toward the rectangular. The 
designed freeform lenses for the TG are in Figure 3. The outer contours 
of the lenses agree with the illumination contours. Simulation results 
of luminance intensity distribution generated by the lenses using Light 
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Abstract
Mapping of equi-luminous fluxes from a point source through a freeform lens for illumination with different 

luminance intensities is studied. The freeform surface is associated with the mapping and the grids to design on a 
target plane. Relocation of the target grids designed for uniform illumination is proposed by comparing the grids with 
reference and desired ones for interpolation to achieve the desired illumination distribution. Target-grids relocation for 
rectangular illumination with vertical, horizontal, tilt, circular, ring and rectangular cut-off for two different luminance 
intensities is demonstrated. The target grids after relocation are smooth in distribution, and the lens with a smooth 
freeform surface is achieved. The adequacy of the proposed methodology is proved by simulation.
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(a) Normalized Candela distribution of 
light source

(b) Normalized Candela accumulation of 
light source

0 ϕ  s

0 

1 

0

1

0 ϕ  s

Eϕ  

eϕ  

ϕ  s,i

i/N

∗

Figure 1: Normalized candela distribution and accumulation of light source. 
a. Normalized Candela distribution of light source. b. Normalized Candela
accumulationoflight source.
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Tools for Nϕ=50, Nθ =200 and 50,000 tracing rays are shown in Figure 
4. The luminance intensity is normalized and good uniformity of 
illumination is achieved.

Example Studies
An example of RIG for rectangular uniform illumination is in 

Figure 5a. Then RIG is uniformly-s-distributed grids and described 
below:
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where W denotes the width of the rectangle; H the height of the 
rectangle Rx(k) and Ry(k); the distance of kth grid from the left edge 
and the bottom edge of the rectangle, respectively; Nx the number of 
grids distributed along the x axis; Ny the number of grids along the 
y axis. The DIG for illumination with a vertical cut-off line at x=0 is 
shown in Figure 5b. The DIG for illumination with a horizontal cut-off 
line at y=0 is in Figure 5c. The DIG for illumination with a tilt cut-off 

(a) Target grids for circular contour 
of uniform illumination 
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(b) Target grids for rectangular contour 
of uniform illumination 

(c) Target grids for triangular contour 
of uniform illumination 

(d) Target grids for trapezoidal contour  
of uniform illumination 

Figure 2: Target grids for design of freeform lenses for different contours of 
uniform illumination. a. Target grids for circular contour of uniform illumination.  
b. Target grids for rectangular contour of uniform illumination. c. Target grids 
for triangular contour of uniform illumination. d. Target grids for trapezoidal 
contour of uniform illumination.

(a) Lens for circular contour of 
uniform illumination 

(b) Lens for rectangular contour of 
uniform illumination

(c) Lens for triangular contour of 
uniform illumination 

(d) Lens for trapezoidal contour of 
uniform illumination

Figure 3: Freeform lenses designed based on the target grids shown in Figure 
2 for different contours of uniform illumination. a. Lens for circular contour of 
uniform illumination. b. Lens for rectangular contour of uniform illumination. 
c. Lens for triangular contour of uniform illumination. d. Lens for trapezoidal 
contour of uniform illumination.
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Figure 4: Simulated luminance intensity distribution generated by the lens 
shown in Figure 3 for different contours of uniform illumination. a. Luminance 
intensity distribution generated by the circular lens. b. Luminance intensity 
distribution generated by the rectangular lens. c. Luminance intensity 
distribution generated by the triangular lens. d. Luminance intensity distribution 
generated by the trapezoidal lens.

(a) Reference illumination grids 
for rectangular illumination 

(b) Desired illumination grids for  
rectangular illumination with  
vertical cut-off 

0 
x 
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(c) Desired illumination grids for 
rectangular illumination with  
horizontal cut-off 

(d) Desired illumination grids for  
rectangular illumination with  
tilt cut-off 

Figure 5: Reference and desired illumination grids for rectangular illumination 
with vertical, horizontal and tilt cut- off. a. Reference illumination grids 
for rectangular illumination. b. Desired illumination grids for rectangular 
illumination with vertical cut-off. c. Desired illumination grids for rectangular 
illumination with horizontal cut-off. d. Desired illumination grids for rectangular 
illumination with tilt cut-off.
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where Dy(k) the distance of the kth grid from the bottom edge of the 
rectangle.

The distance of the TG from the bottom edge of the rectangle is 
given below:

( , ) ( , ) , 1,.., , 1,
2d y

WT i j T i j i N j Nϕ θ= + = =  		                   (7)

where Ty(i, j) denotes the y coordinate of the (i, j)th grid of the TG. 

By comparing the y coordinate of each of the TG with Ry(k), from 
k=1 until Ry(k*)<Td(i,j) ≤ Ry(k*+1), and we have
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and Tx(i, j) denotes the x coordinate of the (i, j)th grid of TG; the TG 
after interpolation is shown in Figure 6c.

The TG after interpolation is shown in Figure 6d. The DIG for 
illumination with a tilt cut-off line at (x,y)=(0,0) is shown in Figure 5d 
where the slope of the line is 2. The designed freeform lenses for the 
above DIG are shown in Figure 7. The outer contours of the lenses agree 
with the unbalanced illumination. Simulation results of 50,000 tracing 
rays using Light Tools for Nϕ=50 and Nθ=200 are shown in Figure 8, 
and the desired illumination with two different luminance intensity is 
achieved. For illumination with a circular, ring and rectangular cut-
off area, the TG after relocation is shown in Figure 9. The designed 
freeform lenses are in Figure 10. The freeform surfaces of the lenses 
are popped-up with a smooth circular, ring and rectangular area. 
Simulation results of luminance intensity distribution generated by the 
lenses are in Figure 11, and illumination with desired distribution of 
luminance intensity is achieved.

line at (x,y)=(0,0) is shown in Figure 5d where the slope of the line is 
2. The TG for rectangular uniform illumination is in Figure 6a. The 
distribution density at the right is twice higher than that at the left and 
it is described as below:
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where Dx(k) the distance of the kth grid from the left edge of the 
rectangle. 

The distance of each of the TG from the left edge of the rectangle 
is given below:

( , ) ( , ) , 1,..., , 1,
2d x

WT i j T i j i N j Nϕ θ= + = =  		                (4)

where Tx(i,j) denotes the x coordinate of the (i, j)th grid of the TG.

By comparing the x coordinate of each of the TG with Rx(k), from 
k=1 until Rx(k*)< Td(i,j) ≤ Rx(k*+1), and we have
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and Ty(i, j) denotes the y coordinate of the (i,j)th grid of the TG; ( '
xT , '

yT ) 

denotes the TG after interpolation and it is in Figure 6b. The DIG for 
illumination with a horizontal cut-off line at y=0 is in Figure 5c. The 
distribution density at the bottom is twice higher than that at the top, 
and it is described as below:

(a) Target grids for rectangular contour 
of uniform illumination 

(b) Target gridsfor rectangular  
illumination with vertical cut-off 

(c) Target grids for rectangular  
illumination with horizontal cut-off

(d) Target gridsfor rectangular  
illumination with tilt cut-off 

Figure 6: Target grids for rectangular illumination with vertical, horizontal and 
tilt cut-off. a. Target grids for rectangular contour of uniform illumination. 
b. Target grids for rectangular illumination with vertical cut-off. c. Target 
grids for rectangular illumination with horizontal cut-off. d. Target grids for 
rectangular illumination with tilt cut-off.

 

(a) Lens for rectangular 
illumination with  
vertical cut-off 

(b) Lens for rectangular 
illumination with  
horizontal cut-off 

(c) Lens for rectangular 
illumination with  
tilt cut-off 

Figure 7: Freeform lenses designed based on the target grids shown in Figure 
6 for rectangular, illumination with vertical, horizontal and tilt cut-off. a. Lens for 
rectangular illumination with vertical cut-off. b. Lens for rectangular illumination 
with horizontal cut-off. c. Lens for rectangularillumination with tilt cut-off.
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(a) Luminance intensity 
distribution with  
vertical cut-off 

(b) Luminance intensity 
distribution with  
horizontal cut-off 

(c) Luminance intensity 
distribution with  
tilt cut-off 

Figure 8: Simulated luminance intensity distributions generated by the lenses 
shown in Figure 7 for rectangular illumination with vertical, horizontal and tilt 
cut-off. a. Luminance intensity distribution with vertical cut-off. b. Luminance 
intensity distribution with horizontal cut-off. c. Luminance intensity distribution 
with tilt cut-off.

 

(a) Target grids for 
rectangular illumination 
with circular cut-off 

(b) Target grids for 
rectangular illumination 
with ring cut-off 

(c) Target grids for 
rectangular illumination 
with rectangular cut-off 

Figure 9: Target grids for rectangular illumination with circular, ring 
and rectangular cut-off contours. a. Target grids for rectangular 
illuminationrectangular with circular cut-off. b. Target grids for rectangular 
illumination with ring cut-off. c. Target grids for rectangular illumination with 
rectangular cut-off.

(a) Lens for rectangular 
illumination with  
circular cut-off 

(b) Lens for rectangular 
illumination with  
ring cut-off 

(c) Lens for rectangular 
illumination with  
rectangular cut-off 

Figure 10: Freeform lenses designed based on the target grids shown in 
Figure 9 for rectangular illumination with circular, ring and rectangular cut-off.
a. Lens for rectangular illumination with circular cut-off. b. Lens for rectangular 
illumination with ring cut-off. c. Lens for rectangular illumination with 
rectangular cut-off.
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(a) Luminance intensity 
distribution with  
circular cut-off 

(b) Luminance intensity 
distribution with  
ring cut-off 

(c) Luminance intensity 
distribution with  
rectangular cut-off 

Figure 11: Simulated luminance intensity distribution generated by the 
lenses shown inFigure 10 for rectangular illumination with circular, ring and 
rectangular cut-off. a. Luminance intensity distribution with circular cut-off. 
b. Luminance intensity distribution with ring cut-off. c. Luminance intensity 
distribution with rectangular cut-off.

Conclusion
Freeform lens design for illumination with different luminance 

intensities is studied. The proposed approach is an extension of the 
previous one for uniform illumination. Examples of the TG of equi-
luminous fluxes for uniform illumination are given in Figure 2. The IG 
distribution is associated with the distribution of luminance intensity. 
Examples of RIG and DIG are given in Figure 5. Methods to relocate the 
TG for illumination with different luminance intensities are proposed 
by relocating the TG for uniform illumination and interpolation of 
the DIG among the RIG. The TG for rectangular illumination with 
vertical, horizontal, tilt, circular, ring and rectangular cut-off has been 
demonstrated in Figures 6 and 9. The *

pϕ  and *
pϕ contours vary smoothly 

according to the interpolation. The freeform lenses designed by the 
proposed method are smooth as shown in Figures 7 and 10. The desired 
illumination is achieved as shown in Figures 8 and 11. This proves the 
adequacy of the proposed methodology. Extension for complicated 
and biased shapes of cut-off is currently under investigation.
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